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FOREWORD 

There  has  long  been  a  need  in  science  and  engineering  for  sys- 
tematic publication  of  research  studies  larger  in  scope  than  a 
journal  article  but  less  ambitious  than  a  finished  book.       Much 
valuable  work  of  this  kind  is  now  published  only  in  a  semiprivate 
way,    perhaps    as    a    laboratory    report,    and    so  may  not  find    its 
proper    place    in    the    literature    of   the    field.      The    present    con- 
tribution is  the  eighteenth  of  the  M.I.  T.    Press  Research  Mono- 
graphs,   which  we  hope  will  make  selected  timely  and  important 
research  studies  readily  accessible  to  libraries    and   to  the    in- 
dependent worker. 

J.    A.    Stratton 
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conducted  while  the  author  held  a  Research  Training  Fellowship 
given  by  the  Social  Science  Research  Council.      This  fellowship, 
together    with   attendance  at  the  S.  S.  R.  C.     Summer    Institute    in 
Mathematics  for  Social  Scientists,    enabled  the  author  to  formu- 
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CONFLICT  AND  CONFORMITY: 

A  Probability  Model  and  Its  Application 


Chapter    1 

MATHEMATICAL  MODELS  AND  THE  STUDY 
OF  CONFORMITY 


1.1  Introduction 

This  investigation  concerns  conformity  behavior  as  it  occurs 
in  highly  abstract,     highly    controlled    situations.       We  want   to 
understand  and  describe  the  core  of  the  conforraity  phenomenon 
before  it  is  overlaid    with   the    complexity   of   other    variables 
operating  in  less  controlled  settings.      We  believe  these  experi- 
mental situations,    particularly  Asch'  s  experiments  (Asch,    1951, 
195Z,    1956),    capture  the  core  of  the  phenomenon,    and  represent 
an  appropriate  starting    point   for    constructing    an   explanatory 
theory.    We  believe  that  close  examination  of  the  behavior  which 
occurs  in  the  Asch  setting,      as    well  as  careful    scrutiny   of  the 
properties  of  the  setting  itself,    will  contribute    to   the    develop- 
ment of  such  a  theory. 

Systematic  investigation  of  any  phenomenon  requires  adequate 
conceptual   tools,     in   this  case  the  development   of   a   formal, 
mathematical    model  to  describe   behavior  in  this    experimental 
setting.      The  major  part  of  this  investigation  has  been  devoted 
to  the  construction  and  testing  of  a  probability  model  for    con- 
formity.     Once  we  are  satisfied  that  our  model  provides  an  ade- 
quate description  of  the  phenomenon,    the  model  itself  becomes 
a  vehicle  for  the  analysis  of  other  similar  experiments.       This 
monograph  then  is  a  description  of  the  development,  testing,  and 
application  of  a    probability    model   that   we    term   the    "conflict 
nnodel.  " 

Before  introducing   the    conflict  model,     however,     we    must 
dispose  of  several  questions  relating  to  the  development  of  the 
model.       Some    of  these    are    quite    general    and    concern  the  re- 
search strategy  involved  in  model  building;    others  are  specific 
to  the  choice  of  this  experiment  as  the  basis  for  formalization. 
The  next  section,    1.2,    will  examine    briefly   the    role    that  mathe- 
raatical  models  can  play  in  social  science  research.       Section 
1.3  will  provide  the  first  look  at  the  experiraental  situation,    in- 
dicating some  of  the  questions  it  raises  and  pointing  out  some 
of  the  factors  that  make  it  strategic  for  the  development   of  a 
mathematical  model.       A  summary  of  this  chapter  and  the  plan 
for  the  remainder    of  the    monograph   will   appear    in  Section  1.4. 


2  Mathematical  Models  and  the  Study  of  Conformity 

1.2  Models  as  a  Tool  for  Social  Science 

(1)   Why  should  a  social  scientist  look  to  a  mathematical  model 
for    aid    in    advancing    his    knowledge    of   a    substantive    problem? 

(2)  What  is  a  mathematical  model,    and  what  results  can  it  yield? 

(3)  What  have  some  of  the  current  social  science  models  accom- 
plished?     Some  consideration  of  these  issues  is  necessary  back- 
ground for  the  evaluation    of   the  model  to  be  presented    in    this 
report. 

Let  us  turn  to  the  first  question. 

One  of  the  problems  confronting  much  of  social  science    and 
particularly  sociology  is  the  gap  that  separates  theory  and  ob- 
servation.     On  the  one  hand,    the  abstract  and  necessarily  general 
character  of  theory  often  discourages  the  empirically  oriented 
sociologist  from  designing  his  research  to  test  a  body  of  princi- 
ples.     On  the  other  hand,    the  concrete  and  specific  nature    of   a 
particular  empirical  study  frequently  prevents  the  theorist  from 
seeing  the   study  as  an  instance  of  the  propositions  he  advances. 
The  gap,    with  all  of  its  implications  for  the  failure  to  cumulate 
knowledge,    will  remain  as  long  as  there  are  no  serious   efforts 
to  formulate  unambiguous   "chains  of  reasoning"  that  link  general 
principles  to  observational  statements.      While  we  social  scien- 
tists have  devoted  a  great  deal  of  attention  to  the  problem  of  ob- 
taining interobserver  agreement  on  the  observations  we    take, 
•  we  have  not  shown  similar  concern  with  obtaining  such  agree- 
ment on  the  meaning  of  the  assumptions  we  make  or  on  the  con- 
sequences that  follow  from  these  assumptions.        Thus,     when  a 
theoretical  principle  is  advanced,    there  are  no  restraints  on 
the  operations  which  may  be  used  to  "test"  that  principle;     and 
when  a  particular  empirical  finding  is  reported,    there    are    no 
directions  to  indicate  how  that  finding  may  be  generalized.    The 
empiricist  who  sneers  at  a  theory,    'It  isn't  testable!  "    and  the 
theorist  who  jeers  at  an  experiment,    'It  isn't  generalizable!,  " 
miss  the  central  issues.      These  issues  involve  restricting,    by 
explicit  argument,    the  observations    comprising    the    subject 
matter  of  the  theory  and  tying,    again  by  explicit  argument,    re- 
sults obtained  from  any  set  of  these  observations  to  the  abstract 
principles  of  the  theory.      Until  such  links  are  established,     the 
social  sciences  will  consist  largely  of  a  body  of  untested  princi- 
ples and  a  catalog  of  ungeneralized  observations. 

One  function  of  a  mathematical  model  is  to  present  an  explicit 
chain  of  reasoning  from  assumptions  to  observations.     The    con- 
flict model  developed  here  formalizes  some  general  assumptions 
about  conformity,    and,    as  a  formal  description,    it  explicates 
the  chain  of  reasoning  from  these  assumptions  to  the  observa- 
tions collected  in  experiments. 

Formal  models  would  perhaps  be  more  congenial  to  social 
scientists  if  they  could  be  stated  solely  in  verbal  terms.      But 
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to  expect  these  chains  of  reasoning  to  be  developed  in   purely 
verbal  terms  is  too  sanguine  a  hope  in  view  of  the    complexity 
of  ideas  with  which  we  deal  and  in  view  of  the  difficulties    with 
language  itself.      To  be  sure,    the    assumptions    of  the    conflict 
model  will  be  stated  verbally.      But  any  attempt  to  draw  out  the 
implications  of  these  assumptions  is  altogether  too  cumbersome. 
For  one  reason,    as  only  the  most  cursory  familiarity  with  so- 
ciological  discussions    of   conformity    quickly   demonstrates, 
social  science  terms  carry  connotations  beyond  those  intended 
in  our  assumptions,    and  these  surplus  meanings  would  contin- 
ually lead  us  astray  in  our  effort  to  derive  implications.    Hence, 
it  is  necessary  to  translate  our  assumptions  into  a  contentless 
symbolic  language  that  possesses  rules  for  logical  manipulation, 
manipulate  these  symbols  to  arrive  at  conclusions,    and  then  re- 
translate these  symbolic  conclusions  into  the  language  of  our 
observations.      It  is  important  to  stress  the  fact  that  the  sym- 
bolic language  is  a  basic  tool  which  adds  nothing  to  the  content 
of  the  model.      If  translating  our  notions  into  symbols  added  con- 
tent to  these  ideas,    it  would  defeat  the  purpose  of  the  transla- 
tion. 

Symbolic  languages  can  take  various  forms.      Physical  repli- 
cas,   computer  programs,    and  mathematical  systems  are  among 
the  most  common  means  of  symbolic  representation.       In  the 
present  model  for  conformity  we  employ  concepts  and  results 
from  a  part  of  mathematics,    probability  theory. 

The  earlier  discussion  of  motives  for  model  building  in   the 
social  sciences  briefly  alluded  to  several  important  features  of 
a  mathematical  modelo      Now  we  shall  focus  directly    on  these 
features.      Earlier  we  asked,    "What  is  a  mathematical  model 
and  what  results  can  it  yield?"     Phrasing  these  questions  sim- 
ply can  mislead  us  into  believing  that  there  are  simple  answers. 
Such  is  not  the  case;  there    are    many   unresolved    issues    con- 
cerning the  nature  and  function  of  mathematical  models,    most 
of  which  are  beyond  the  scope  of  the  present  discussion.    It   is 
possible,   however,    to  outline  several  important  and  agreed-upon 
properties  of  these  models. 

A  mathematical  model  is  the  application  of  a  mathematical 
system  to  an  empirical  phenomenon.        Coombs,     Raiffa,     and 
Thrall  (1954,    p.    21)  discuss  the  mathematical  system  and  the 
process  by  which  it  is  related  to  the  empirical  world: 

A  mathematical  system  consists   of  a    set   of   assertions 
from  which  consequences  are  derived  by  mathematical  (logi- 
cal) argument..     The  assertions  are  referred  to  as  axioms  or 
postulates  of  a  mathematical  system.      They  always  contain 
one  or  more  primitive  terms  which  have  no  meaning    in   the 
mathematical  system.  .  .    . 
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Our  view  of  the  role  that  mathematical  models  play  in   a 
science  is  illustrated  in  (the  following  diagram): 


real  world 


abstraction  (A) 


mathematical 
system 


experiment 
(T) 


mathematical 
argument  (M) 


physical 
conclusions 


interpretation  (I) 


mathematical 
conclusions 


With  some   segment  of  the  real  world  as  his  starting  point,  the 
scientist,    by  means  of  a  process  we  shall  call  abstraction  (A) , 
maps    his    object    system   into   one    of  the    mathematical    sys- 
tems. .  o  .      By  mathematical  argument  (M),    certain   mathemat- 
ical conclusions  are  arrived  at  as  the  necessary  (logical)  con- 
sequences of  the  postulates  of  the  system.    The  mathematical 
conclusions  are  then  converted  into  physical  conclusions   by 
a  process  we  shall  call  interpretation  (I). 

In  their  diagram,    these  authors  point  to  the  comparison  of  the 
mathematical  conclusions  with  physical  conclusions  arrived  at. 
by  experimentation;  this  comparison  serves  to  test  the  goodness 
of  fit  of  the  model.      The  particular  importance  of  the  processes 
of  abstraction  and  interpretation,     (A)    and    (I)    in  the    previous 
diagram,    should  be  noted.      These  processes  relate  the    mathe- 
matical system  to  the  empirical  phenomenon  through  a  series 
of  identifications  and  coordinating  definitions.      In   the    present 
investigation,    we  attempt  to  capture  the  essential  ingredients 
of  the  conflict  process,    which  leads  to  conformity  or  deviance, 
in  the  mathematical  system  we  choose;  then  we  derive  conclu- 
sions about  abstract  variables,    which  are  then  related    to    the 
experimental  measurements  we  actually  make. 

Bush  (I953,    p.    2)   suggests  six  possible  results  that  a  mathe- 
matical model  may  yield: 

1.  [  A  model]    provides  a  shorthand  for  communication, 

Z.  It  may  organize  assumptions  and  uncover  hidden  ones. 

3.  It  may  suggest  new  experiments  or  new  theoretical  ideas. 

4.  It  may  display  the  complexities  of  a  problem. 

5.  It  may  predict  the  results  of  experiments. 

6.  It  may  serve  to  relate  different  problems. 

While  most  of  these  are  self-explanatory,    they  do  require   soine 
comment.      With  the  model   and    a    small    number    of   numerical 
quantities  estimated  from  the  data,    that  is,    parameters,    it  may 
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be  possible  to  describe  a  large  number  of  experimental  results. 
In  the  present  study,    the  model  and    the    parameters    could    de- 
scribe time  changes  in  conformity  behavior,    the  amount  of  con- 
formity at  any  point  in  time,    total  performance,    that  is,     total 
number  of  conforming  responses,    of  the   subjects,      and    other 
statistics  drawn  from  the  data.      This  fact  also  illustrates  an  es- 
sential difference  between  constructing  a  model  and    "fitting    a 
curve"  to  a  set  of  data.      In  fitting  a  curve,    only  a  single  assump- 
tion is  involved,    namely,    that  a  particular  function  (exponential, 
logarithmic,    etc.)  describes  a  set  of  data.      Even  if  this  assump- 
tion is  adequate,    that  is,    if  one  can  find  a  function  to  fit  the  data, 
nothing  is  known  about  the  other  properties  of  the  data.    In   this 
research,    for  example,    it  is  quite  possible  to  find  a  best- fitting 
function  to  describe  the  changes    in  the    proportion   of   subjects 
who  conform,    but  such  a  function  would  not  predict  other  results 
such  as  the  frequency  distribution  of  conforming  responses    for 
the  whole  experimental  situation. 

Bush  (1953)  feels  that  if  a  model  accomplishes  any  of  the  six 
results  he  lists,    it  is  worth  considering.      Most  of  the  models 
that  have  appeared  in  the  social  science  literature  fulfill   this 
weak  criterion.      We  can  illustrate  some  of  these  accomplish- 
ments by  examining  several  social  science  models. 

Simon  (1952)  and  Simon  and  Guetz^kow  (1955)  have  attempted 
to  formalize  current   theories    of    small   group   behavior.        The 
first  report  presents  a  model  for  Romans'    conceptualization  of 
the  interrelations  of  sentiment,    interaction  and  activity  (Romans, 
1950),    whereas  the  later  work  deals  with  Festinger'  s  theory  of 
informal  social  communication  (Festinger,    1950).      Both  of  these 
models  were  intended  to  clarify  theory  rather  than  to    describe 
existing  data.      They  succeed  in  making  explicit  several  assump- 
tions that  were  implicit  in  the  verbal  statements  of  the  original 
authors. 

In  the  present  author's  opinion,    there  are  two  basic  difficul- 
ties in  Simon's  approach.  ^      The  first  involves  the  use  of  'fclas- 
sical"  mathematics,    which,     in   its    assumptions    of   continuous 
variables,    requires  more  sophistication  in  measurement   than 
is  currently  present  in  the  social  sciences.    The  second  difficul- 
ty concerns  the  relations  of  the  abstract  system  to  the  empirical 
world.      The    elements    of   the    abstract    system   are    meaningful 
terms  such  as.  "friendliness,  "  "interaction,  "  etc.  ,     and    Simon 
does  not  further  identify  these  elements  with  well-defined  so- 
ciological concepts.     In  failing  to  do  so,    he  misses  the  oppor- 
tunity to  clarify  some  of  the  notions  he  has  taken  directly   from 
Romans.      It  is  doubtful  that  his  model  would  apply  to  all  of  the 
current  operations  defining  these  everyday  terms. 

Other  authors  avoid  the  difficulties  present  in  Simon'  s  work 
by   applying   other    branches    of   mathematics    not   involving 
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continuous  variables  and  by  identifying  the  elements  of  the    ab- 
stract system  with  observables  rather  than  conceptual  entities. 
Thus  Anderson  (1954)  presents  a  probability  model  for  analyzing 
time  changes  in  attitudes  in  which  he  identifies  the  states    of    a 
Markov  chain^    with  response  classes  on  an  attitude  question- 
naire.    As  Anderson   points    out,     it   is    desirable    to    construct 
models  based  on  well- developed  theory;  in  the  absence    of    such 
theory,    however,    it  is   safer  to  coordinate  the  model  to  observa- 
bles rather  than  to  concepts  for  which  there  are  conflicting  op- 
erational definitions. 

It  should  be  noted  that  Simon  and  Anderson  are  dealing    with 
somewhat  different  problemSo      One  wishes  to  explicate  existing 
theory,    and  the  other  wishes  to  describe  a  set  of  data  in  an  area 
in  which  theory  is  relatively  scarce.      Because  we  desire  to  de- 
scribe experimental  data,    the  present  approach,    although  it  con- 
tains substantive  elements,     will   be    more    similar    to    that   of 
Anderson  than  it  is  to  Simon. 

We  should  mention  a  few  examples  of  probability  models    for 
social  science  problems  to  illustrate  some  of  the  fruitful   out- 
comes of  this  approach. 

Mathematical  learning  theory  is  the  area  of  most  widespread 
interest  in  formal  models.^        Bush   and   Mosteller  (1955)    have 
developed  a  model  for  learning  which  has  been  applied  to    data 
more  extensively  than  any  other  model.        Although   the    model 
does  not  incorporate  any  specific  learning  theory,    it  describes, 
a  wide  range  of  phenomena  that  are  of  interest  to  learning  theo- 
rists.     The  model  is  quite   successful  in  describing  acquistion 
in  both  human  and  animal  subjects,    and  various  types  of  learn- 
ing such  as  rote  learning,     imitation,     and    avoidance    learning 
have  been  analyzed  with  the  model.      In  addition,    the  model  has 
led  to  numerous  experiments,    including  an  effort  to    apply    a 
special  case  of  the  general  model  to  group  behavior  (Hays    and 
Bush,    1954). 

Another  major  line  of  development  in  learning  stems  from  the 
work  of  Estes  (e.  g.  ,    Estes,    1950).         The    Estes- Burke    (1955) 
model  formalizes  a  "stimulus  sampling  theory"  and  yields  spe- 
cific numerical  predictions  for  quantities  usually  examined    in 
learning  experiments.     Suppes  and  his  associates  have  expanded 
on  this  type  of  model  and  applied  their  results  to  group  learning 
(Atkinson  and  Suppes,    1958)  and  to  a  situation  similar  in    some 
respects  to  the  Asch  conformity  experiments  (Suppes  and  Krasne, 
1959)o^ 

Anderson's  paper  (1954),    which  we  have  already    mentioned, 
represents  an  effort  to  construct  a  baseline  model  for  attitude 
change  in  order  to  discover    systematic    deviations    from   this 
baseline.      Thus,    for  example,    he  assumes  that  an  individual  can 
be  in  one  of  two  states;  that  the  state  on  "trial"  n  +  1    depends 
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only  on  the  state  on  "trial"  n  (which  defines  a  Markov  process); 
and  that  the  probabilities  of  movement  between  states  are  con- 
stant over  all  "trials.  "      When   he    considers    Republicans    and 
Democrats  interviewed  at  several  points  before  the   1948  elec- 
tion,   he  finds  that  more  switching  between  parties  occurs  at  the 
time  of  the  party  conventions.      Finding  such  a  deviation  from 
his  model  suggests  classes  of  events  for  special  study  as    well 
as  further  assumptions  necessary  to  improve  the  fit  of  the  model 
to  the  data. 

Another  interesting  application  of  Markov    processes   is   the 
study  of  Leeman  (1952),    who  develops  a  model  for  sociometric 
choice.      The  important  feature  of  this  investigation  is  the  high- 
ly abstract  experiment  he  designs  to  test  this  model.    His    work 
indicates  the  possibility  of  new   and    relatively    simple    experi- 
ments arising  from  attempts  to  test  a  model. 

A  quite  different  branch  of  mathematics,    graph  theory,    is  the 
basic  tool  in  Cartwright  and  Harary  (1956).      These  authors  pre- 
sent a  formal  definition  of  structural  balance  and  examine    the 
consequences  of  their  definition.      The  importance  of  this  model 
lies    in   the    fact   that    structural   balance    is    the    key    concept  in 
Heider'  s  theory  of  cognitive  organization  (Haider,    1946).  Cart- 
wright  and  Harary  are  able  to  clarify  and  extend  Heider's  notion 
through  the  introduction  of  graph  theory. 

Other  areas  in  which  models  have  been  developed  include  such 
diverse  fields  as  psychoanalytic  displacement  (Bush  and  Whiting, 
1953);  labor  mobility  (Blumen,      Kogan,     and   McCarthy,     1955); 
language  and  information  (Miller,    1952;  Miller  and  Frick,   1949; 
Newman,    1951);    and    pecking    order    (Rapaport,     1949a,     1949b, 
1950).      The  work  of  Blumen,    Kogan,    and  McCarthy,    although  it 
does  not  represent  a  model  that  adequately  describes    the    data 
of  the  study,    presents  an  excellent    example    of  how   a    research 
team  develops  and  applies  a  sequence  of  models  to  an  important 
social  science  problem,    that  of  the  flow  of  workers  through  the 
industrial  structure  of  the  United  States. 

We  have  presented  these  examples  to  illustrate  some    of  the 
areas  of  application  of  mathematics  and  also  some  of  the  pos- 
sible benefits  of  such  application.      In  addition,    the  studies  con- 
sidered suggest  something  about  the  strategy  of  model  building, 
namely,    that  efforts  to  develop  a  raodel  are  most    appropriate 
when  there  is  sufficient  theory  to  formalize  or  a  large  body  of 
reliable  data  to  describe.      Studies   such  as  Anderson  and  Blumen 
and  associates  further  indicate  that  the  process  of  developing  a 
model  involved  examining  a  sequence  of  models,    beginning  with 
simple,    baseline  -models  and  proceeding  from  these    as    more  is 
learned  about  the- data.      As  Chapter  3  will  show,    this  sequential 
procedure  was  followed  in  the  present  study. 
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1.3  The  Asch  Situation:    A  Strategic  Area  for  Model  Building 

The  essential  features  of  the  Asch  situation  are  well    known 
because  its  simplicity  has  led  to  extensive  use  both  in  research 
and  as  a  classroom  demonstration.      The  procedure    requires  a 
naive  subject  to  judge  the  equality  of  line   segments  in  the  face 
of  the  clearly  incorrect    responses    of   an    instructed    group   of 
peers.       Typically,     a    subject   is    asked    to    make    eighteen    such 
judgments  of  a  variety  of  stimulus  lines.      The  correct  response 
for  each  such  judgment  is  clearly  discriminable,    but  on  most  of 
the  trials  the    subject   is    confronted    with   a    response    which  di- 
verges from  his   sense  perception  and  which  is  unanimous.    The 
subject  then  must  choose  between  reporting  the  correct  line  or 
yielding  to  the  pressure  of  his  peers. 

The  data  are  also  extremely  simple,    consisting  of  a  sequence 
of  correct  and  yielding  responses  for  each  subject.        These  se- 
quences are  usually    summarized    for    a    sample    of    subjects    by 
giving  each  subject  a  "conformity  score"  based  on  the  number 
of  times  he  has  yielded  to  group  pressure  and  presenting  a  fre- 
quency distribution  of  these  scores.      The  resulting  distributions 
show  remarkable   similarity  from  study  to  study  even  though  the 
types  of  subjects  used  vary  markedly.       In  addition  to    replica- 
tions of  Asch's  original  study,    numerous  investigators  have  re- 
lated these  conformity  scores  to  other  variables    such    as    per- 
sonality tests,    modalities  of  judgment,    and  characteristics    of 
the  confederates. 

Here  then  is  a  situation   which  because    of   its    simplicity   is 
readily  repeatable  and  which  has  generated  widespread  interest 
among  students  of  conformity.      Furthermore,    there  is    general 
agreement  that  the  behavior  elicited  is  not  flippant   but   a    sig- 
nificant manifestation  of  a  conformity  phenomenon.    These  prop- 
erties of  the  Asch  situation  fulfill  what  we  regard  as  prerequi- 
sites for  the  development  of  fruitful  models:      (1)      Numerous 
replications  indicate    that    the    phenomenon    is    not    transitory. 
(2)     There  is  considerable  appreciation  of  the  importance  of  the 
phenomenon  as  well  as   some  understanding    of   its    nature.       (3) 
There  is  a  desire  to  make  further  use  of  the  experimental    set- 
ting as  a  standardized  test  situation  in  which  to  study  the  effects 
of  related  variables.      Finally,    and  perhaps  most  important,    a 
number  of  questions  about  the   situation  and  the  behavior  it  elic- 
its remain  unanswered. 

While    the    experimental    situation    meets    prerequisites    for 
fruitful  model  building,    this  is  not  sufficient  to  motivate  a  sub- 
stantive worker  to  construct  a  model.      What  of  our  understand- 
ing of  the  phenomenon  itself?     A  model  must  add  to  this  under- 
standing.     If  the  model  formalized    a   theory   and    the    symbolic 
language  were  used  to  derive  implications  of  this  theory,      then 
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its  potential  substantive  contribution  would  be  clear.    The  pres- 
ent model,    however,    does  not  forma.lize  a  theory;    its    purpose 
is  descriptive.^      But  a  successful  descriptive  model  can  be    an 
important  antecedent  to  the  development  of  theory.   This  can  best 
be  illustrated  by  considering  some  of  the    issues    that   arise    in 
connection  with  this  experimental  situation  and  model  building. 

It  is  unfortunate,    in  view  of  the  interest  in  Asch's  work,  that 
there  have  not  been  any  attempts  to  explain  in  other  than  a  cor- 
relational sense  the  behavior  occurring  in  the  Asch  experiment. 
Neither  have  there  been  many    attempts    to    analyze    properties 
of  the  situation  nor  to  formulate  the  abstract  concepts  that  could 
be  used  to  generalize  the  results  of  Asch- type   situations  to  other 
conformity  experiments.       While  there  has  been   a    cumulative 
series  of  studies,    primarily  these  studies  are  related  only   in 
the  sense  that  they  consider  the  same  dependent  variables ;  they 
are  not  tied  together  in  a  common  effort  to  develop  and  extend 
a  theory. 

One  feature  of  this  conformity  research  which  hinders  the  de- 
velopment of  theory  is  the  concentration  on  "frequency  of  yield- 
ing" as  a  crucial  variable.       Even  a  simple    laboratory    experi- 
ment has  a  number  of  component  variables.    Instead  of  devoting 
full  attention  to  a  "total  performance"  measure  such  a  frequen- 
cy of  yielding,    one  could  ask  questions  such  as:    What  happens 
to  the    subjects'    responses  through  time?    Do    subjects  become 
consistent  in  their  responses?       If   subjects  tend  to    stabilize, 
does  this  equilibrium  point  occur  after  a  few  judgments,    or    is 
group  pressure  effective  even  after  a  large  number  of   trials? 
While  it  is  true  that  Asch  considered  these  questions,      subse- 
quent research  has  by  and  large  ignored  them.    Furthermore, 
Asch  treated  the  indices  he  computed  as  if  they  were  independ- 
ent and  unrelated  analyses.     In  the  absence  of  theory,    his  best 
assumption  probably  was  that  the  variables  implied  by  the  pre- 
ceding questions  could  be  treated  independently.      If   a   descrip- 
tive model  could  indicate  the  interrelations  among  these  varia- 
bles,   it  might  clarify  what  aspects  of  the  phenomenon  should  be 
taken  as  elements  of  a  theory. 

Another  factor  related  to  the  preoccupation  with  conformity 
scores  is  the  fact   that   the    distribution   of  these    scores  shows 
large  individual  differences  in  frequency  of  yielding.    On  seeing 
such  a  distribution,    many  investigators  assume  that   it   is    re- 
lated to  enduring  individual  differences  in  such  areas    as    per- 
sonality traits,    intelligence,    and  the  like.     Hence,    the  litera- 
ture   is    filled    with    attempts    to    relate   behavior    in   this  type  of 
experiment  to  measures  of  personality.      But  is  this  assumption 
necessary?      There  are  many  other  variables  whose    operation 
could  give  rise  to  the  type  of  response  distributions    observed. 
One  aim  of  developing  a  model  is  to  set  down  explicitly  the  as- 
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sumptions  underlying  the  experimental  situation  in  order  to  de- 
termine those  which  are  necessary  and  those  which  are  excess 
baggage. 

Any  experiment  has  some  elements  which  are  essential  to  the 
production  of  the    phenomenon   and    some    elements    which   can 
easily  be  modified  or  eliminated  without  altering  the  main  ex- 
perimental effect.      This  situation  is  no  exception,    but  the  basis 
for  distinguishing  between  peripheral  and  central  features  of  the 
situation  depends  on  the  purpose  of  the  research.       For  example, 
if  one  is  interested  in  demonstrating  that  the  "conformity  effect" 
is  independent  of  the  stimuli  used,    then  a  variety  of  stimuli   is 
a  central  feature  of  the  design.      The  conflict  model,     however, 
is  concerned  with  describing  the  core  of  the  conformity  phenom- 
enon,   not  its  variability;  hence  any  variations    that   can   be    re- 
moved without  removing  the  "conformity  effect"  become  periph- 
eral features  of  the  procedure.   To  build  a  model,  it  is  necessary 
to  abstract,    because  the  model  is  an  idealization.      The  process 
of  abstraction  forces  a  decision  regarding  what  are  central  and 
what  are  peripheral    elements    of  the    experiment.        In  this  re- 
search,   we  were  forced  to  consider  what  variables    could   be 
removed  without  noticeably  reducing  the  amount  of  conformity 
observed.      We  found  that  we    did    not   need    to    vary   the    stimuli 
presented  and,  in  retrospect,   saw  that  other  Asch-type  research 
could  have  omitted  this  variable  and  achieved  more  stable  re- 
lationships.     Model  building,    then,    can  also  contribute  to  a  clar- 
ification of  the  experimental  procedure. 

These  examples  illustrate  the  model'  s  utility  for  clarifying 
and  ordering  a  phenomenon.      In  addition,    the  model  provides  a 
basic  tool  for  another  aspect  of  the  problem —  the  study  of   a 
social  process.      An  important  objective  of  the  model  is  to  de- 
scribe the  changes    in   conformity   behavior    which   take    place 
through  time.     Since  this  concern  with  process  represents    a 
different  orientation  from  most  previous  conformit^^  research, 
it  is  worth  while  to  examine  the  problem  in  some  detail. 

Coleman  (I96O)  has  suggested  that  small  group  research  gen- 
erally has  concerned  itself  with  the  demonstration  of  single  re- 
lationships rather  than  with  the  detailed  examination  of  proc- 
esses.    His    statement   is    especially   applicable    to    studies    of 
conformity.      We  may  call  those  studies  focusing    on    single  re- 
lationships  "structural"  studies ,    since  they  deal  with  structural 
conditions  (such  as  characteristics  of  a  group,    of  a  person,    of 
a  social  climate,    etc.  )  that  lead,    in  the  case  of  studies  of  con- 
formity,   to  more  or  less  norm-oriented  behavior.    The  typical 
design  of    this   type    of   research   consists    of  two    experimental 
conditions    established   by    some    classification   of   subjects    or 
groups;  each  of  the  experimental  conditions  is  subjected  to  the 
same  social  process,    and  then  summary  measures  of  behavior 
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are  compared  for  the  two  groups.      The  important  contribution 
of  structural  studies  is  the  demonstration  of  the  conditions  un- 
der which  we  observe  a  particular  phenomenon.^  Although  there 
have  been  significant  results  in  this  area,    there  is  a  difficulty 
present  in  studying  conformity  solely  in  structural  terms. 

The  effects  of  a  particular  structural  variable  are  usually  ex- 
amined at  a  point  in  time,     and    it   is    usually    assumed   that   the 
state  in  which  the  subject  is  found  at  that  point  in  time  is  a  ter- 
minal state.      For  example,     a   thirty- minute    discussion   is    fol- 
lowed by  an  opinion  questionnaire  to  measure  how  much  the  sub- 
ject  changed   his    opinion   as    a   result   of   group   pressure;      the 
answers  that  the   subject  gives  are  assumed  to  represent  the  an- 
swers he  would  give  at  other  points  in  time.     Although  most  in- 
vestigators are  aware  that  this  is  a  tenuous  assumption  and  that 
the  terminal  states  observed  might  differ  if  measurements  were 
taken  at  other  stages  of  the  process,    it  does  seem  that  the  prob- 
lem deserves  additional    consideration.       The    question   may   be 
phrased  as  follows:     When  are  the    observed    states    temporary 
and  when  are  they  "absorbing"?        An   illustration   naight    serve 
for  the  moment  to  define  temporary  and  absorbing.  An  individual 
is  in  a  group  for  thirty  minutes,    the  last  twenty  of  which  he  has 
conformed  to  the  majority  opinion.      Looked  at  after  thirty  min- 
utes, conformity  is  a  terminal  state  for  that  individual.     Suppose, 
however,    that  the  group  continued  for  thirty  minutes  longer,  and 
during  that  time  the  same  individual  rejected  the  majority  opin- 
ion for  the  whole  thirty  minutes.   Then  conformity  was  only  a  tem- 
porary state  for  that  subject.       If   the    subject   began   to    conform 
and  continued  to  conform  no  matter  how  long  the  group  continued, 
confer nnity  would  be  an  absorbing  state  for  that  individual. 

In  addition  to  measures  of  terminal  behavior,    for  example, 
opinion  at  the  end  of  a  discussion,    some  investigators,    as  we 
have  noted,     have    compared   total   performance   measures    of 
groups  that  differ  on  some  characteristic.     Such  a  measure  as 
the  number  of  communications  in  a  discussion  period  is  an  ex- 
ample of  the  latter  approach.      But  the  variation  in  time  of  some 
of  these  measures  is  not  often  considered.         This  variation  in 
time    could  be   as    significant  as   total   performance    measures. 
Studying  time  changes  in  conformity  may  lead  to  increased  un- 
derstanding of  the  factors  producing  such  changes;  hence  such 
investigation  could  expand  our  knowledge  of  the  conditions  un- 
der which  conformity  behavior  occurs.      For  example,    a  person 
who  vacillates  between  conformity  and  nonconformity  may  differ 
from  a  person  who  is  a  consistent  conformer  or  nonconformer , 
with  respect  to  motivation,    attitude  toward  the  group,     personal 
security,    etc. 

Several  investigators  have  studied  social  processes,^  but  re- 
search on  time  changes  in  conformity  has  met  two  main  obsta- 
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cles.      First,  it  is  difficult  to  construct  appropriate  experiments 
because  taking  repeated  measurements  often  introduces  spuri- 
ous factors.       Second,     once    these    measurements    have   been 
taken  through  time,    there  are  relatively  few  means  of  summa- 
rizing   them   which    (1)    preserve    the    time- series    character  of 
these  observations  and  (2)  are  comparable  from  study  to  study.  ^ 
The  present  study,    however,    indicates  that  it  is  possible  to  deal 
effectively  with  these  problems.      We  obtain  repeated  measure- 
ments   in   the    experiment   without   the    subjects   being    acutely 
aware  of  this  repetition.^     And  we  can  summarize  these  meas- 
urements by  constructing    a   process    model   and   treating  other 
aspects  of  the  phenomenon  as  consequences.      In  this  study,    we 
postulate    an   underlying    process    that   generates    the    observed 
process  as  well  as  total  performance  scores  and  other  proper- 
ties of  the  data.         The    postulated    process    represented   by   the 
conflict  model  is  much  simpler  to  describe  and  summarize  than 
the  observed  process.      Since    the    model   fits    the    observations 
reasonably  well,    it  provides  the  means  for  describing   the    ob- 
served process. 

The  major  reason,    then,    for  our  belief  that  this  experimental 
situation  is  strategic  for  model  building  is  that  model  building 
is  strategic  for  our  understanding  of  the  process  which  the  ex- 
periment involves.      The  model  enables  us  to  focus    on   what   we 
regard  as  the  crucial  aspect  of  the  experiment,     an   aspect  that 
has  not  been  adequately  treated,    namely,    the  time    changes    in 
conformity  behavior. 

1  o4  Summary 


This  chapter  has  presented  the  major  considerations    behind 
the    decision   to    develop   a   mathematical   model   for    situations 
similar  to  the  Asch  conformity  experiments.      Vre  have  not  at- 
tempted to  develop  a  systematic  analysis  of  the  properties  and 
functions  of  mathematical  models,    or  even  a  systematic  anal- 
ysis of  the  theoretical  possibilities  inherent  in  the  Asch  situa- 
tion.     Rather  we  have  posed  a  general  problem  confronting  the 
social  sciences —  the  discrepancy  between  abstract  principles 
and  specific  observations  —  and  have  described  one  means    of 
coping  with  that  problem,    that  is,    the  development  of  mathe- 
matical models. 

While  the  discussion  of  the  properties  of  a  model  and  the  con- 
sideration of  current  social  science  models  clearly  indicate  that 
models  can  and  do  serve  a  variety  of  purposes,    these  purposes 
all  represent  some  form  of  codification.      The  codification   may 
deal  with  a  theory,    or  with  the  elements    of   a    phenomenon;      it 
may  take  place  at  different  levels  of  abstraction;  it  may  be  more 
or  less  fruitful.      But  a  model  is  an  effort  to  organize  ideas  and 
explicate  the  relations  among  these  ideas.       As    an    organizing 
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tool,    a  model  serves    as    a   baseline    from   which   to    proceed   to 
cumulate  knowledge. 

The  second  issue  considered  was  the  strategic  position  of  the 
Asch  situation.      This  dramatically  simple  experiment  has    re- 
ceived widespread  attention.      In  fact,    it  is  one  of  the  few  social 
experiments  for  which  there  are  numerous  replications.  Despite 
the  remarkable  consistency  of  experimental  findings,  there  have 
been  no  efforts  to  organize  and  systematize  what  is  going  on  in 
the  Asch  situation.     At  present,    we  are  not  ready  to  formalize 
a  theory  about  this  phenomenon,     but    some    codification   of  the 
situation  can  contribute  to  the  development  of  theory  by  describ- 
ing the  interrelations  among  the  variables  present  and  by  gen- 
erally clarifying  the  experimental  procedure. 

The    last   issue    discussed —  the    problem   of   studying    social 
processes  —  has  broad  implications.      Many  of  our  notions    are 
process  notions.      For  example,    "If  the  frequency  of  interaction 
between   two    or    more    persons    increases,     the    degree    of  their 
liking  for  one  another  will  increase.  ..."     (Romans,     1950)     In- 
vestigation   of   such   propositions    has   been   handicapped   by   the 
difficulty  of  constructing  appropriate  experiments  and  the  lack 
of  conceptual  tools  for  handling  process  variables.       We  believe 
that  (1)  experience  with  the  Asch  situation  indicates  that  it  is  a 
fruitful  prototype  for  process  experiments,    and  (2)  the  present 
study  points  to  mathematical  systems  which  provide    adequate 
descriptive  tools  for  dealing  with  process  variables. 

We  have  indicated  the  motivation  for  this  research.    The  task 
now  is  to  describe  the   steps  by  which  models  are  constructed, 
the  conflict  model  itself,    the  fit  of  the  conflict  model  to  experi- 
mental data,    and  the  ways  in  which  the  model  may  be  extended. 


NOTES 

1.  See  Coleman  (I960)  for  a  detailed  analysis  of  Simon's  model. 

2.  A  finite  Markov  chain  is  a  special  type  of  probability  proc- 
ess that  involves  a  number  of  "states"  and  movement  through 
these  states  probabilistically  in  a  sequence  of  steps.      If  at 
any  point  in  time  the  process  is  in  one   state,    call  it  a-,      it 
moves  on  the  next  step  to  another  state  a-,    with  probability 
p— .      These  probabilities  p—  are  called  transition  probabil- 
ities.     The. process  is  completely  determined  by    specifying 
these  transition  probabilities  and  the  state  in  which  the  proc- 
ess begins.      For    an  introduction   to   Markov   chain   theory, 
see  Kemeny,    Snell,    and  Thompson  (1956),  Chapters  4  and  5. 

3.  For  an  excellent  review  of  the  background  of  mathematical 
learning  theory  written  for  those  not  familiar  with  learning 
theory,    see  Bush  (I960). 
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4.  The  Suppes- Krasne  experiment  was  designed  prinaarily  as 
a  learning  situation  and  was  analyzed  from  that  point  of 
view.  Since  reinforcement  was  built  into  the  experimental 
procedure,  their  study  is  not  directly  comparable  with  the 
present  work„ 

5.  Although  the  conflict  model  is  based  on  substantive  notions, 
these  notions  are  extrinsic;  that  is,    they  are  guides  in  the 
development,    but  they  do  not  imply  any  particular  model  as 
a  consequence, 

6.  Thus  Sherif  (1936)    showed  that  when  the   stimulus  field    is 
ambiguous,    subjects  may  be    influenced   to   perceive    it   in 
terms  of  an  experimentally  induced  norm;  Asch  (1951)  dem- 
onstrated that  yielding  to  group  forces  was  a  function  of  (1) 
the  character  of  the   stimulus   situation,    (2)  the  character  of 
group  forces,    particularly  unanimity,    and  (3)  the  character 
of  the  individual.      Festinger,    Schachter,     and    Back   (1950) 
and  Festinger  and  Thibaut  (1950)  found  that  uniformity  in  a 
group  increases  as  the  cohesiveness  of  the  group  increases. 
Although   this    last   generalization   is    phrased   in   process 
terms,    it  was   studied  with  a  structural  design.        That  is, 
three  conditions  differing  in  cohesiveness  were  experimen- 
tally created  and  then  compared  on  the    amount   of  opinion 
change. 

7.  The  efforts  that   have   been   made    to    study    social   process 
should  not   be    overlooked.        Bales's    Interaction   Process 
Analysis  (1950)    provides  a  tool  for  a  wide    variety    of   con- 
tent areas;  his  consideration  of  phase  movement  (Bales  and 
Strodtbeck,    1951,    and  Bales  and  Slater,    1955)   represents  an 
attempt  to    uncover  the  time    changes  in  group    discussions. 
Schachter  (1950)  has  examined  time  changes  in  communica- 
tion to  the  deviant,    and  Asch  has  examined  his  data    (1956) 
to  see  if  there  were  systematic  differences  between  halves 
of  the  experiment. 

8.  It  is  possible,  of  course,  to  compare  two  time  series  graph- 
ically,   but  such  analysis  is  often  unsatisfactory,     and    the 
analyst  is  led  to  fitting  curves  to  the  two  sets  of  observa- 
tions in  order  to  simplify  his  comparison.      But  then  he  has 
taken  a  step  toward  developing  a  model. 

9.  We  believe  that  many  of  the  spurious  factors  arising  in  sit- 
uations of  repeated  measurement  result  from  the  subject's 
awareness  of  what  is  taking  place.      A  particular  concern  is 
with  the   subject'  s  loss  of  motivation  when  he  realizes  that 
he  is  doing  the  same  thing  over  and  over  again.       Although 
some  subjects  are  aware  of    the    repetition   in  the    present 
version  of  the  Asch  experiment,    loss  of  motivation   does 
not  appear  to  be  a  problem. 


Chapter  Z 
DESCRIPTION  OF  THE  EXPERIMENTS 


2.1  Introduction 

One  of  the  strategic  considerations  discussed  in  the  previous 
chapter  was  the  presence  of  a  sufficiently    large   body    of  data. 
The  regularity  of  the  phenomenon  one  wishes  to  describe  is    a 
major  reason  for  this  concern.      In  addition,    some  understanding 
of  the  conditions  under  which  the  phenomenon  occurs  and  of  the 
factors  that  affect  it  is  a  prerequisite  to  any  formalization.      It 
is  unlikely  that  a  mathematical  model  will  have  much  predictive 
or  much  heurisitic  value  if  the  phenomenon  is  either  transitory 
or  little  understood.      Fortunately,    a  large  number  of  investiga- 
tors have  used  the  procedures  that  Asch  originated  to  study  con- 
formity behavior;  as  a  result  of  this  previous  research,    we  can 
have  confidence    in   the    reliability   of  the    conformity    resulting 
from  these  procedures.      Furthermore,    many  of  the  insights  of 
these  investigators,    particularly  Asch,    can  aid  in  the    present 
attempt  to  develop  a  formal  description  of  the  process  involved 
in  these  experiments. 

Since    Asch's    research   is    central   to    the    present    study,    the 
next  section  will  discuss  some  of  Asch'  s  experiments  on   con- 
formity and  independence.     It  will  describe  his  procedures    and 
present  some  of  his  results.     Section  2.3  will  indicate  the    ex- 
perimental procedure  used  in  the  present  investigation  and  also 
point  out  where  this  procedure  departs  from  Asch.    Finally,  Sec- 
tion 2.4  will  examine  some  of  the  results  of  the  present  author's 
experiments  and  compare  these  results,    where  possible,    with 
those  Asch  obtained. 

2.2  Asch's  Experiments  on  Conformity 

The  object  of  Asch'  s  research  was  to  study  some  of  the  con- 
ditions "that   induce    individuals    to    remain   independent   or    to 
yield  to  group  pressures  when  these  are  contrary  to  fact"  (Asch, 
1952,    p.    451).     He  has  succeeded  in  demonstrating  some  of  the 
factors  producing  conformity  as  well  as  those  aiding  an  individ- 
ual to  remain  independent^    of  group  pressures.      For  the  pres- 
ent work,    both  the  procedures  Asch  developed  and  some  of  his 
findings  are  of  interest. 


15 


16  Description  of  the  Experiments 

Central  to  nearly  all  of  Asch's  experiments   (1951,    1952,    1956) 
is  the  presence  of  a  minority  of  one  in  the  midst  of  a  unanimous 
and  incorrect  majority.     A  naive  subject  enters  into  what  is  os- 
tensibly a  group  perception  experiment,    but  the  other  members 
of    the    group   are    role    players    whose   behavior    has   been   pre- 
arranged.     The    experimental   task   consists    of  a    sequence    of 
judgments  which  must  be  made  orally,    and  for  which  there  is  a 
correct  response.    The  role  players  give  their  judgments  orally; 
on  some  judgments  or  trials,     these    confederates    are    correct, 
and  on  others  they  are  incorrect.    On  all  trials,  the  confederates 
are  unanimous.      Usually,    six  of  the  seven    role  players  precede 
the  naive  subject,    so  that  he  is  aware  of  their  responses  before 
he  makes  his  own  judgment.      On  those  trials  when  the  confed- 
erates are  incorrect,    there  is  a  conflict  in  the  subject  between 
his  tendency  to  respond  correctly  and  his  tendency  to  yield    to 
social  pressure. 

Typically,    Asch'  s  experimental  session  consists  of  present- 
ing a  subject  with  a  sequence  of  18  judgments.       At   each   trial, 
the  experimenter   shows  two  cards,    on  one  of  which  appears    a 
single  line,    the  "standard,  "  and  on  the  other  of  which  are  three 
"comparison"  lines.      The  task  is  to  match  the  standard  with  the 
comparison  line  to  which  it  is  exactly  equal  in  length.      The  com- 
parison card  always  contains  an  equal  comparison  line,    and  the 
correct  match  is  always  clearly  discriminable.      The  two  incor- 
rect comparison  lines  are  of  different  sizes,       varying    from  - 
to   -  of  an  inch  longer  or   shorter  than  the  correct  line.        Hence, 
one  incorrect  response  represents  a  more  extreme  error  than 
the  other.      The  confederates  and  the  naive  subject  have    three 
responses  available  to  them:     correct,    a  "moderate"  error ,  and 
an  "extreme"  error;  trials  are  classified  according  to  the  type 
of   response    the    confederates    have   been  instructed    to    make. 
Those    trials    on   which   the    majority    responds    correctly    are 
termed  "neutral,  "  v/hereas  the  trials  on  which  the    confederates 
are  incorrect  are  called  "critical"  trials.      The  critical  trials 
are  further  subdivided  into  "moderate"    and  "extreme,  "  depend- 
ing on  whether  the  prearranged  response  is  a  moderate  or  an 
extreme  error.      It  is  the  critical  trials  that  are  of  primary  in- 
terest; the  neutral  trials  are  included  to  allay  the   subject's   sus- 
picion and  to  indicate  that  the  majority   is    capable    of   giving    a 
correct  response.      The  subject's  behavior  on  the  critical  trials, 
whether  he  conforms  to  the  majority  or  remains  independent, 
constitutes  the  major  data  of  the  experiment. 

Moderate,    extreme,    and  neutral  trials    are    interspersed    in 
the  same  experimental  sequence.      In  addition,    the  trials  differ 
with  respect  to  the  stimuli  judged,    which  vary  as  to  size  of  line 
to  be  matched  and    as    to    the    discrepancy   between   the    correct 
match  and  the  incorrect  lines.      Variation  of  the  stimuli  and  the 
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group  response  are  incidental  to  the  main  purpose  of  the  experi- 
ments and  are  included  to  prevent  monotony    and   the    suspicion 
that  might  occur  if  the  trials  were  too  highly  repetitive.  Further- 
more,   these  variations  provide  a  broader  sample  of  the  condi- 
tions under  which  social  pressure  could  induce  a  subject  to  con- 
form  to    the    majority.        While    Asch   did    examine    some    of  the 
systematic  effects  of  varying  the  stimulus,    these  effects    were 
of  less  interest  than  the  fact  that  some  conformity  occurred  with 
each  stimulus.      Although  this  factor  is  not  a  serious  problem  in 
relation  to  Asch's  findings,    anyone  interested  in  using  his  pro- 
cedures for  other  purposes,   such  as  studying  time  trends,  should 
consider  the  issue  seriously.      For  example,    variability   in  the 
subject's    behavior    because    of   changes    in   the    majority's    re- 
sponse might  far    overshadow   any   time    trend    in   the    subject's 
judgments.      We  shall  return  to  this  problem  in  the  next  section. 

Asch  has  reported  the  results  of  several  experiments.        His 
latest  monograph  (Asch,    1956)   summarizes  a  large  portion   of 
his    work  on   conformity    and    represents    the    most   recent   and 
most  complete  statement  of  his  views  of  the  phenomenon.   There- 
fore,   this  discussion  will  follow  his  monograph. 

The  monograph  devotes  considerable  attention  to  Experiment 
1,    the  experiment  which  has  the  largest  number  of  subjects  (123) 
and  for  which  the  most  intensive  analyses  have  been  made.   This 
experiment  is  actually  a  replication   of  the    same    procedure  on 
samples  of  students  drawn  from  several  colleges.       Since    these 
samples  do  not  differ  significantly  from  one  another,    Asch  com- 
bines data  for  all  of  them  in  his  report. 

Experiment  1  consisted  of  18  trials;  on  each  trial  the  subject 
had  to  judge  which  of  three  lines  equaled  a  given  line.        The  re- 
sponse of  six  of  the  seven  role  players,    however,    preceded  the 
subject's,    and  this  response  was  correct  on  six  trials,    a  mod- 
erate error  on  six  and  an  extreme  error  on  six  trials.   The  order 
of  the  trials  was   such  that  no  more  than  two  trials  on  which  the 
confederates  made  the  same    type    of   response    were    adjacent. 
Six  different  sets  of  lines  were  used,    but  for  the  critical  trials 
there  were  only  three  sets  of  stimuli.     Of  these  three  sets,  each 
was  used  on  four  trials,    twice  when  the  majority  made  a  mod- 
erate   error    and  twice  when  they  made  an  extreme  error.      Fur- 
thermore,   the  halves  of  the  experiment  were  symmetrical;  that 
is,    the  same  stimuli  occurred  in  the  same  order  with  the  same 
group  response  in  each  half  of  the  experimento      Following    the 
experiment,    Asch  interviewed   his    subjects    intensively.       Asch 
reports  what  he  calls  '(quantitative"  and    "qualitative"  findings, 
the  first  based  on  the  experimental  performance  and  the  second 
on  the  interview  results.     His  quantitative  findings  include  (Asch, 
1956):     . 
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1.  Whereas  individuals  [in  a  control  group  where  there  were 
no  instructed  role  players]    judged  the  relations  in  ques- 
tion with  almost  complete  accuracy,     "the    majority    suc- 
ceeded in  deflecting  one-third  of  the  minority  estimates 
in  its  direction.  "  (P,    24.  ) 

2.  Three-quarters  of  the  subjects  made  at  least  one  error 
in    the  presence  of  the  majority.      (Table  3,    p=    10.) 

3.  Individual  subjects   showed  a  high  degree  of  consistency; 
those  who  yielded  at  the  beginning  of  the  experiment  tend 
to  conform  on  most  trials,    while  those  who  were  independ- 
ent early  in  the  sequence  were  likely  to  remain  independ- 
ent.     (P.    24.) 

4„      There  were  great  individual  differences,    subjects  ranging 
from  complete  independence  of  the  majority  to  complete 
submission  to  it.      (P.    24.) 

5.      There  was  no  evidence  of  temporal  trend  in  the  tendency 
to  conform.      (P.    15.) 

The  qualitative  material  supports  the  view  that  the  situation  is 
one  of  considerable  conflict.    Subjects  were  seriously  concerned 
over  disagreements,    and  this  concern  bore  no  relation  to  per- 
formance (Asch,    1956,    p.    30).     In  addition,    most  subjects  re- 
ported that  they  knew  the  correct  response  despite  the  fact  that 
they  gave  the  majority  response  (Asch,   1956,  p.   32),   supporting 
the  view  that  this  phenomenon  is  a  distortion  of  response  rather 
than  a  distortion  of  perception.      To  put  this  another  way,    it  is 
a  case  of  overt  compliance.'^  Finally,  most  subjects  who  yielded 
to  the  group  gave    inaccurate    estimates    of   their    performance, 
underestimating  the  number  of  times  they  went  with  the  majority 
(Asch,    1956,    p.    34). 

Several  of  Asch'  s  points  are  particularly  relevant  to  the  pres- 
ent research.      First,    as  Asch  notes,    the  strongest  force  acting 
on  the  individual  is    one    toward    independence;    most   of   the    re- 
sponses were  correct.      However,    the    fact   that   most    subjects 
make  at  least  one  error  raises  the  question:   "If  a  subject  makes 
few  errors,    when  are  these  most  likely  to  occur?  "     The  model 
to  be  considered  here  deals  with  this  problem.      The  model  also 
incorporates  the  third  finding  just  listed;  that  is,    the  model  is, 
to  a  large  extent,    based  on  the  fact  that  Asch'  s  subjects  were 
highly  consistent  in  their  responses.      Because  this  consistency 
is  crucial  to  the  model,    we  shall  again  consider  it  after  we  have 
examined  the  model  in  detail. 

Asch'  s  findings  with  regard  to  individual  differences  and  tem- 
poral trends  deserve  special  attention.      We  shall  first  consider 
temporal  trends.      Asch   investigated   temporal   trends    by    com- 
paring halves  of  the  experiment.      Since  these  were  symmetrical, 
the  procedure  is  reasonable;  it  is,    however,    a  relatively  crude 
form  of  analysis  which  would  uncover  only  extremely  pronounced 
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trends.      Furthermore,    as  Asch  recognizes,    and  as  Chapter    3 
of  this  work  shows  in  detail,    the  lack  of  a  group  trend  could  be 
owing  to  compensating  individual  trends.    Another  problem  con- 
cerns the  length  of  the  experiment;  it  could  be  that  too  few  trials 
were  included  to  allow  a  consistent  trend  to  appear.       To    meet 
this  problem,    Asch  conducted  an  additional  experiment  (Experi- 
ment 5),    which  contained  36  critical  trials.      In  this  analysis,  he 
compared  thirds  of  the  experiment.      The  number  of  subjects  in 
the  experiment,    however,    was  too  small  to  draw  reliable  con- 
clusions.     Finally,  some  of  the  extrinsic  variables,  for  example, 
variations  of  stimuli,     may   have    prevented    the    appearance    of 
clear-cut  trends.      The  experimental  design   of  the    present    re- 
search represents  an  effort  to  overcome  some  of  these  difficul- 
ties.     In  addition,    the  model  will  offer  analytic  possibilities  that 
are  more  efficient  than  examining  blocks  of  trials. 

In  discussing  individual  differences,    Asch  mentions  two    pos- 
sible interpretations  (Asch,    1956,    p.    51): 

[Individual  differences]   may  be  the  product  of  momentary, 
episodic  circumstances;  if  so,    they  are  of  minor  import.    Or 
they  may  be  a  function  of  consistent  personal  qualities  which 
individuals  bring  into  the    experimental    situation   and   which 
have  as  decisive  a  bearing  on  their  actions  as  any  of  the  other 
conditions  we  have  studied. 

In  this  context,    Asch  is  attempting  to  account  for  individual  dif- 
ferences in  the  frequency  of  yielding  to  the  majority.      To  Asch, 
the  iinportance  of  individual  differences    lies    in   enduring    per- 
sonality differences.      But  it  may  not  be    necessary   to    assume 
individual  differences  prior  to  the  outset  of  the  experiment   in 
order  to    explain  the    observed    differences    in   the   number    of 
errors.      If  such  is  the  case,    it   does    not   mean   that   individual 
differences  are  unimportant,    but  rather  that  one  must  look   at 
other  aspects  of  the  data  for  manifestations  of  different  person- 
al characteristics.      For  example,     two    persons    with   differing 
attributes  may  arrive  at  the  same  number  of  yielding  responses 
by  a  similar  reaction  to  that  aspect  of  the  process.        However, 
their  personality  differences  might  be  manifested  in  the  way  in 
which  they  arrive  at  a  total  behavior  score;  in  an  extreme  case, 
one  subject  might  make  all  his  errors  at  the  beginning  of  the  ex- 
periment,   while,  the  other  made  his  at  the  end.    The  question  we 
raise,    then,    concerns  those  aspects  of  the  data  which  can  be  ex- 
plained by  a  model  that  does  not  assume  individual  differences. 
Chapter  4  will  return  to  this  question. 

Asch  replicated  the  major  findings  of  Experiment  1  in  several 
other  experiments.     In  addition,   he  found  that  the  effect   of  the 
majority  remained  large  when  the  type  of  sensory  judgment  was 
changed,     that   this    effect   decreased    when   the    subject     "was 
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relieved  of  the  necessity  of  announcing  his  dissent  openly"  (Asch, 
1956,    p.    69),    and  that  giving  the  subject  a  partner  who  was  in- 
structed to  respond    correctly   dissipated   the    majority    effect. 
Furthermore,    he   showed  a  relationship  between  the  number  of 
errors  and  both  the  size  of  the  lines    to   be   judged   and   the    des- 
crepancy  between  the  correct  and  incorrect  alternatives. 

The  essential  experimental  conditions,    according  to  Asch,  are 
the  introduction  of  an  unambiguous  stimulus,    the  presence  of  a 
unanimous    majority,      and    the    necessity   to    respond   publicly. 
Other  investigators  have  designed  similar  experiments  which  do 
not  make  use  of  role  players  and,     for    that    reason,     are    more 
economicaL      For  example,  they  use  pencil  and  paper  techniques, 
tape  recordings,    or  other  devices  to    simulate    the   behavior    of 
the  others  in  the  group.    (For  example,  Crutchfield,  1955.)  These 
procedures,     however,     do  not  fulfill  what  Asch  regards    as    the 
essential  conditions  and  show  somewhat  weaker  effects.    In  the 
present  research  design,    we  have  modified  some  elements    of 
Asch's  procedures  but  have  attempted  to  keep  the  central  fea- 
tures.     The  next  section  will  describe  these  modifications  and 
will  also  consider  how  successful  we  have  been  in  producing  an 
effect  similar  in  magnitude  to  that  which  Asch  obtained. 

2.3  The  Present  Experiment 

This  experiment  consisted  of  two  conditions,    each  involving 
a  naive   subject  confronted  by  a  unanimous  and  incorrect  major- 
ity and  differing  only  in  the  response  of  this  majority.    In  basic 
structure,  each  condition  of  this  experiment  is   similar  to  Asch's 
work.      This  investigator'  s  procedures,    however,    differ  in  sev- 
eral important  details  from  those  of  Asch.  ^      This  section   will 
describe  these  differences  and  discuss  their  implications. 

Since  one  concern  of  this  study  is  to  describe  time  trends, 
this  author  increased  the  number  of  trials  to  allow  the  appear- 
ance of  any  time  trends  that  might  exist.  Where  Asch  primar- 
ily used  12  critical  trials,  each  condition  of  the  present  experi- 
ment had  36  critical  trials.  The  other  distinctions  can  be 
discussed  under  two  headings:  properties  of  the  sequence  of 
stimuli  and  properties  of  the   sequence  of  majority  responses. 

Asch  systematically  varied  the  properties  of  his  stimuli  fronn 
trial  to  trialo      Typically,    he  varied  the  size  of  the  standard,  the 
positions  of  the  comparison  lines  with  respect   to    one    another, 
and  the  relation  of  the   size  of  the  correct  line  to  the   size  of  the 
comparison    lines.      For  example,      Experiment  1,    already    de- 
scribed, using  six  different  standards,  had  the  correct  compari- 
son line  in  each  of  the  three  possible  positions  on  its  card,    and 
varied  the  size  of  the  discrepancy  between  correct  and  incorrect 
lines.      Even  in  the  absence  of  role  players,    the  subject  for  Ex- 
periment   1    had    to    make    six    separate    judgments    of   varying 
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difficulty,  although  all  above  threshhold.  The  present  investi- 
gator controlled  the  properties  of  the  stimulus  sequence.  In 
both  conditions,  the  same  standard  and  the  same  comparison 
lines  were  presented  on  every  trial. 

The  standard  was  always  8  inches  long;  the  comparison  lines 
were  6|,  8,  and  6|  inches  long.  The  comparison  lines  were  ar- 
ranged in  that  order,  fronn  left  to  right.  The  size  of  the  stimu- 
lus lines,  their  relations,  and  their  physical  positions  on  the 
card  were  constant  from  trial  to  trial.  Thus  the  subject  had  to 
make  exactly  the  same  judgment  on  every  trial. 

As  in  Asch's  studies,    the  subject  could  make  one  of  three  pos- 
sible responses  in  this  situation:      He    could    choose    the    8- inch 
comparison  line,    making  a  correct  response;    he    could    choose 
the  6- -inch  line,    making  a  moderate  error;  or  he  could  choose 
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the  shortest  line  (6  -  inches  long)  and  thus  make  an  extreme 
error.  Although  these  are  three  mutually  exclusive  response 
classes,  most  of  the  analysis  of  the  subject's  behavior  will  be 
in  terms  of  just  two  classes,  "correct"  and  "incorrect,  "  the 
latter  including  both  moderate  and  extreme  errors.^ 

The  only  trial- to- trial  variations  in  the  stimuli  were  designed 
to    prevent   the    subject   from   realizing    the    deceptive    nature    of 
the  situation.      These  devices  were  alternating  the  side  on  which 
the  card    containing   the    standard    line    was    presented    and    chang- 
ing the  labels  of  the  comparison  lines.  On  half  the  trials  the  stand- 
ard was  to  the  right  of  the  comparison  lines,  and  on  half  it  was  to 
the  left.      The  position  of  the   standard  on  a  given  trial  was  as- 
signed using  a  random  number  table.        The    three    comparison 
lines  bore  the  identification  A,  B,  and  C  on  the  first  trial,    D,  E, 
and  F  on  the  second  trial,    etc.  ,    and  S,  T,  and  U  on  the  seventh 
trial.      The   sequence  of  labeling  was  periodic  with  a  seven- trial 
period.        Varying  the  stimuli    attempted    to    eliminate    auditory 
reinforcement  to  the  visually  perceived  sameness  of  the   stimuli. 
It  was  felt  that  if  the  subject  were  aware  of  the  sameness  of  the 
stimuli,    he  would  doubt  that  the  purpose  of  the  experiment  was 
to  study  visual  perception  and  hence  would  be  likely  to  realize 
its  true  purpose. 

Building  these  two  variables  into  the  stimulus  sequence  could 
ntroduce  systematic  changes  in  the  subject's  behavior.    It  was 
loped,    however,    that  such  effects  would  not   occur,     since    the 
properties  of  the  stimuli  that  varied  were  irrelevant  to  the  dis- 
crimination task. 

In  Asch'  s  research,  the  sequence  of  majority  responses  in- 
cluded moderate,  extreme,  and  neutral  trials.  Experiment  1, 
for  example,    had  the  following  sequence: 

N,  N,  M,  M,  N,  E,  M,  E,  E,  N,  N,  M,  M,  N,  E,  M,  E,  E 

where  N  indicates  a  neutral  trial,    and  M  and  E  signify  moderate 
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and  extreme  trials,    respectively.        In  the  current  investigation, 
the  author  decided  to  hold  the  majority  response  constant  once 
the  critical  trials  began.      He  felt  that  the  confederates    exert   a 
differing  amount  of  social  pressure  on  moderate  trials  from  that 
exerted  on  extreme  trials.        Asch's    data   tend   to    support   this 
view,    at  least   in   the    effects    of   moderate    and    extreme    trials; 
more  subjects  yielded  to  the  majority  on  moderate  than  on  ex- 
treme trials. 

The  distinction  between  moderate  and  extreme  trials  is  one 
of  important  conceptual  significance,    particularly  if  the  inter- 
pretation  is    correct   that   these    types    of  trials    differ    in  the 
amount  of  social  pressure  brought  to  bear  on  the  subject.       For 
this  reason,    it  was  decided  to  study  separately  the  effects  of  a 
sequence  of  moderate  and  the  effects  of  a  sequence  of  extreme 
trials.     Hence,    this  experiment  had  two  conditions.      Moderate 
and  Extreme o     Each  condition  began  with  two  neutral  trials  to 
be  sure  the  subjects  understood  the  task;     however,     the   inter- 
spersed neutral  trials  were  dropped  in  order  to  keep  constant 
the  application  of  pressure,    once  the  critical  trials  began.    The 
sequence  of  38  trials  for  the  Moderate  condition  was 

N,  N,  M,M,M, =    .    .    .    ,  M 

while  for  the  Extreme  condition,    the  sequence  was 

N,  N,  E,  E,  E,     ..... ,  E 

The  implications  that  these  differences  between  the  present 
research  and  that  of  Asch  have  for  the  development  of  stochas- 
tic models  are  important  to  consider.      The  additional  variables 
built  into  the  Asch  procedure  could   have    two    kinds    of   effects: 
They  could  systematically  alter  the  response  patterns,^  or  they 
could  increase  the  variability  of  these  patterns.    Either  of  these 
effects  would    pose    serious    problems    in  the    development   of   a 
model  to  describe  this  situation.      For  example,    in  the  case    of 
systematic  effects,    a  model   that    would    describe    these    effects 
would    require    several   parameters.       Data   from   experiments 
using  Asch's  procedures  do  not  offer  a  large  enough  number  of 
observations  to  estimate  each  of  the  parameters  invol\-ed.  Sim- 
ilarly,   the  effect  of  increased  variability  would  be  to  make  the 
estimation  problem  more  difficult;  the  statistics  that  would   be 
used  to  estimate  parameters  would  have  too  much  variance  to 
make  them  very  reliable  estimators.       The    present    research 
has  attempted  to  abstract  the  core  of  the  phenomenon  that  Asch 
has   studied  while  holding  other  factors  constant;  the  intention  is 
first  to  describe  this  core  and  then  use  this  description  in  an  ef- 
fort to  account  for  other  factors.  If,  for  example,  a  model  were 
found  which  described  the  present  experiment,  it  would  be  pos- 
sible to  test   the   hypothesis    that   these    other    variables    had  no 
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significant    effect   on   conformity   behavior.       If  that   hypothesis 
were  true,      we    should    expect   a  model   with    parameter    values 
drawn  from   the    present    research   to    describe    the    data   from 
Asch'  s  experiments. 

To  say  that  the  details  of  Asch'  s  design  are  not  well    suited 
to  this  investigator's  purpose  is  not  to  criticize  Asch.  His  main 
interest  has  been  the    demonstration   of   a   phenomenon   under    a 
variety  of  conditions.     His  results,    as  well  as  some  of  his    con- 
ceptualization,   led  to  this  author'  s  investigation. 

Before  proceeding  to  the  data,     a   few   points    about   the    study 
should  be  mentioned.       The    research   was    conducted    at   a    New 
England  college.^      The  subjects  were  undergraduates    recruited 
from  introductory  psychology  courses  and  through  the  student 
employment  services;  the  former  group  served  as  volunteers, 
while  each  of  the  latter  was  paid  one  dollar  for  his   services.  ^° 
The  confederates  were  members  of  a  section  of  the  "Communi- 
cation and  Organization"    course,    for  which  they  could  use  par- 
ticipation in  this  study  as  a  term  paper  topic.      The  confederates 
were  unpaid. 

The  practical   problems  of  conducting  this    experiment  led  to 
two  sources  of  variation,  the  effects  of  which  could  not  be  as- 
sessed.   First,  it  was  not  possible  to   assign  subjects  randomly 
to  each  of  the  conditions.    The   subjects  were  run  at  half-hour  in- 
tervals,   and  there  was  not  time  to  arrange  for  the  confederates 
to  switch  their  responses  from  one  subject  to  the  one  iramediate- 
ly  following.    Rather  than   risk  the    confusion  that   might   result 
from  some  covert  signal  to  the  role  players,  confusion  that  did 
result  from  some  of  the  confederates  missing  a  cue  when  such 
a  method  was  tried,  it   was    decided   to    complete   the    Moderate 
condition  before  beginning  the  Extreme.    Second,   since  the  con- 
federates were  all   volunteers,     it   was    not   possible    to    use  the 
same  majority  for  all  subjects.      In  fact,    because  of  scheduling 
difficulties,    no  group  of  confederates  served  for  more  than  four 
subjects.    This,    coupled  with  the  fact  that  teams  of  role  players 
did  not  stay  together  as  units,     makes  it  impossible  to    analyze 
the  effects  of  varying  the  composition  of  the  group  of  confeder- 
ates. 

Thirty- six  subjects  were  run  in  the    Moderate    condition   and 
thirty  in  the  Extrerae.      Since  prior  knowledge  of  the  experiment 
would  influence  a  subject's  behavior  in  this  situation,    any  sub- 
jects who  had  indicated  prior  knowledge  of. this  particular  ex- 
periment were  excluded  from  the  analysis.      It  was  necessary 
to  eliminate  only  six  subjects,    three  in  each  condition,    because 
they  knew  the  purpose    of  the    study.       For    the    analysis,     then, 
there  were  thirty- three  subjects    in   the    Moderate    and   twenty- 
seven  in  the  Extreme  condition.     For  reasons  that  will  be  clear 
later  we  shall  use  M  to  denote  sample  size.  ^^ 
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Z.4  Preliminary  Analysis  of  the  Data 

This  section  will  present  a  few  of  the  salient  statistics  com- 
puted from  the  data.     At  this  point,  the.  questions  of  interest  are 
the  following.     How  successful  was  the  attempt  to  produce  con- 
formity under    more    restrictive    and    artificial    conditions    than 
those  of  the  Asch  experiments?     How  do  the  data  from  this  re- 
search compare  with  Asch's  basic  experiment  (Experiment  1)? 
Is  there  any  evidence  of  temporal  trends  in  either  Moderate  or 
Extreme  condition?    Do  these  conditions  differ?   More  intensive 
analyses  will  await  an  examination  of  the  models  considered  in 
this  study;  it  was  the  examination  of  models  that  suggested  some 
of  these  further  analyses. 

Table  2.1  shows  the  frequency  distribution  of  errors  for  the 
Moderate  and  Extreme  conditions.  The  raw  data  on  which  this 
and  the  following  tables  are  based  will  be  found  in  Appendix  B. 
In  constructing  this  table,  moderate  and  extreme  responses 
have  been  combined  as  "errors"  for  the  Extreme  condition; 
there  were  no  extreme  responses  in  the  Moderate  condition. 

This  table  indicates  that  the  procedure  was  somewhat  success- 
ful in  producing  conformity  behavior.      Although  the  mode  of  the 
distribution  in  both  conditions  is  complete  nonconformity,     that 
is,    complete  independence  of  the  majority,    70  per  cent  of   the 
subjects  in  the  Moderate  and  78  per  cent  of  the  subjects    in   the 
Extreme  condition  made  at  least  one  error.     In  addition,     there 
are  several  subjects  who  conformed  on  more  than  80  per  cent 
of  the  trials.      When  these  data  are  compared  with  the    results 
from  two  control  groups  that  Asch  ran,  the  conformity  produced 
in  the  present  experiment  is  clearly  demonstrated.    The  subjects 
in  Asch's  control  groups  judged  the  same  stimuli  as  his  experi- 
mental subjects  but  in  the  absence  of  a  rehearsed  majority.  Con- 
trol group  A,    the  control  for  Asch's  Experiment   1,    made  only 
3  errors  out  of  a  possible  420  (37   subjects,    each  making  12  re- 
sponses),   and  control  group  B,    the    control    group   for    Asch's 
Experiment  5,    made  4  errors  out  of  a  possible  396  (11   subjects 
each  giving  36  responses).      The  proportion  of  errors  was     .007 
in  control  group  A  and   .  01   in  control  group  B.      As  can  be   seen 
in  Table  2.1,    the  proportions  for  the  present  experiment  were 
.299  and  .212  for  the  Moderate  and  Extreme  conditions,   respec- 
tively. 

There  is  further  evidence  that  the  procedure  was   successful 
in  some  of  the  comments  which  the   subjects  made  following  the 
experiment.      To  quote  just  a  few  of  these  comments: 

I  began  to  feel  that  1  was  crazy.   (Subject  who  made  25  errors.  ) 

Why  did  I  get  different  answers?      It  was  funny  that  six  could 
give  one  answer  and  one  a  different  answer.      (A  completely 
independent  subject.  ) 
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Table  2.1.      Comparison  of  Frequency  Distribution  of  Errors 
for  the  Moderate  and  Extreme  Conditions 


Number  of 
Errors 

Moderate  (M  =  33) 

Extreme  (M  =  27) 

0 

10 

6 

1 

3 

4 

2 

2 

3 

3 

1 

2 

4 

2 

5 

6 

1 

1 

7 

2 

8 

2 

9 

1 

10 

1 

11 

12 

1 

13 

1 

14 

15 

2 

16 

1 

17 

18 

19 

1 

20 

21 

1 

1 

22 

23 

1 

24 

25 

1 

26 

27 

28 

29 

30 

1 

1 

31 

1 

2 

32 

33 

2 

34 

1 

1 

35 

36 

X 

10.8 

7.7 

Per  Cent  of 

Possible  Errors 

29.9 

21.2 
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I  wasn't  sure  of   my    answers,    but    I   wasn't    sure    the    others 
were  right  either.      I  just  didn't  have  the  strength  of  my  con- 
victions.   I  felt  bad  when  I  made  choices  going  with  the  group; 
I  didn't  think  I  was  right  then,   but  I  got  tired  of  bucking  them. 
(A  subject  who  made  9  conforming  responses,) 

I  know  I  need  new  glasses.    (A  completely  independent  subject.) 

In  addition  to  these  comments,    there  were  noticeable  signs    of 
tension  from  many  of  the  subjects;     hesitation,     squinting,     and 
restlessness  were  common  occurrences. 

An  attempt  to  compare  the  magnitude  of  the  majority  effect  in 
the  two  conditions  of  the  present  experiment  with  the  magnitude 
of  the  effect  that  Asch  obtained  poses  a  slight  dilemma,     Asch's 
Experiment  5  is  most  comparable  with  the  present  work;      how- 
ever,   the  nunaber  of  subjects  in  this  experiment  is  too  small  for 
reliable  comparisons.      On  the  other  hand,    Asch'  s  Experiment 
1,    in  which  there  were  a  large  number  of  subjects,    had  only  12 
critical  trials.      It  would  not  be  appropriate  to  compare    a   dis- 
tribution of  errors  based  on  this  short  sequence  with  distribu- 
tions from  the  present  experiment  which  are  based  on  36  trials, 
for  any  observed  differences  might  be  because  tendencies  to  con- 
form increased  with  more  applications  of  social  pressure.        To 
resolve  this  dilemma,    it  was    decided   to   use    only   the    first    12 
critical  trials  from  each  condition. 

Table  2.2  presents  the  frequency  and  percentage  distributions 
for  the  Moderate  and  Extreme  conditions  and  for  Asch'  s  Experi- 
ment 1=      The  null  hypothesis  that  each  of  the  present  distribu- 
tions did  not  differ  significantly  from  the  distribution  that  Asch 
obtained  was  tested,    using  the  chi- square  test  of  goodness    of 
fit.      For  the  5  per  cent  level  of  significance,     the    table    shows 
that  this  rather  stringent  null  hypothesis  cannot  be  rejected  for 
either  condition;  for  the  Moderate  condition,    chi   square  equals 
18.7,    which  for  twelve  degrees  of  freedom  gives  a  p  of  .10;  for 
the  Extreme  condition,    chi  square  equals    10.7,     yielding    a    p 
greater  than  .50.      The  size  of  the  p  value  for  the  Moderate  con- 
dition is    not   disappointing   because    the   hypothesis    tested    was 
more  strict   than   necessary.       The    only    conclusion   desired    at 
this  point  is  that  these  results  are   similar  to  those  previously 
obtained,    not  that  they  were  identical  within  the  limits  of  sam- 
pling.     This  conclusion  is  justified  by  the  data. 

The  next  issue  to  consider  concerns  temporal  effects.      Does 
the  proportion  of  correct  responses  increase  or  decrease  as  the 
sequence  of  trials  continues?      The  reader  will  recall  that  Asch 
found  little  evidence  of  temporal  trends.      Contrary  to  his  ex- 
pectation,   there  was  no    tendency    for    the    majority    to    produce 
increasing    conformity  with  repeated    application  of   pressure. 
There    are    several    possible    explanations    for    the    absence    of 
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Table  2.2.      Comparison  of  the  First  Twelve  Trials  of  the 

Moderate  and  Extreme  Conditions  with  Asch's 

Experiment  1 

(Frequency  and  Percentage  Distributions) 


Moderate 

Extreme 

Asch  Experiment  1 

(M  =  33) 

(M  =  27) 

(M  =   123) 

Number  of 

Frequency 

Frequency 

Frequency 

Errors 

(per  cent) 

(per  cent) 

(per  cent) 

0 

12          36.4 

10         37.0 

29         23.6 

1 

3            9.1 

2           7.4 

8           6.5 

2 

1             3.0 

3         IKl 

10           8.1 

3 

4         12.1 

2           7.4 

17         13.8 

4 

3            9.1 

2           7.4 

6           4.9 

5 

5          15.2 

3         11.1 

7           5.7 

6 

1            3.0 

0           0.0 

7           5.7 

7 

0            0.0 

0           0.0 

4           3.2 

8 

1            3.0 

2           7.4 

13         10.6 

9 

0            0.0 

0            0.0 

6           4.9 

10 

3           9.1 

2           7.4 

6          4.9 

11 

0           0.0 

1            3.7 

4           3.2 

12 

0            0.0 

0           0.0 

6          4.9 

X^ 

18,71 

10.66 

df 

12 

12 

P 

~      .10 

>       .50 
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trends  that  were  discussed  earlier.     Because  this  issue  is  cen- 
tral to  the    present   research,      it  will  be    analyzed   in   the    next 
chapter.     At  present,    a  gross  examination  of  the  data  will    il- 
lustrate what  can  be  inferred  from  such  an  over- all  picture. 
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Figure  Z.l.      Comparison  of  Moderate  and  Ex- 
treme conditions. 


Figure  2.1    presents    trends    for    the    Moderate    and    Extreme 
conditions.      In  this  graph,    percentage  correct  is  plotted  against 
trial.      Trials  00  and  0  are  the  neutral  trials,  and  nearly  all  sub- 
jects were  correct  on  these  trials.        Beginning  with  trial  1,  the 
confederates  gave  incorrect  responses  for  the  remainder  of  the 
sequence. 

Several  points   should  be  noted  in  this  graph.      First,     trial   1, 
the  first   critical   trial,     differs    from   the    succeeding    trials    in 
both  conditions.      In  the  Moderate  condition,  no  subject  conforms 
to  the  majority,    whereas  in  the    Extreme    condition   only   three 
subjects  respond  incorrectly.      Second,    trials  2  through  6    show 
sharp  differences  between  conditions.      There  is  marked  varia- 
bility in  the  Extreme,    while  there  is  little  in  the  Moderate;     in 
addition,    on  all  trials  but  the  third,    the  percentage  correct   is 
considerably  smaller  in  the  Extreme  condition.      Third,     from 
trial  7  to  the  end  of  the  sequence,    the  Extreme  cur\-e  shows  a 
consistent  trend  toward  increasing  correctness,    but  the  Mod- 
erate curve  does  not  show  any  consistent  pattern.    To  sunima- 
rize  these  data,    in  the  Extreme  condition  the  percentage  cor- 
rect  is    lowest   and    most    variable    at   the    early    stage    of  the 
experiment,    and  then   increases    and   becomes    less    variable, 
whereas  there  is  no  appreciable  trend  in  the  Moderate. 
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Some  comments  about  the  differences  between  the  Moderate 
and  the  Extreme  conditions  are  pertinent  at  this  point.      Before 
some  apparent  differences  are  discussed,    a  few  words  of  cau- 
tion are  necessary.       No    tests    of   significance    were    applied    to 
these  differences  because  it  was  felt  that  the  statistics  examined 
were  not  sufficient  ^  to  describe  the  differences  between  condi- 
tions.     One  purpose  of  developing  a  model  to  describe  the  proc- 
ess leading  to  conformity  or  independence  is  that  such  a  model 
would  suggest  adequate  statistics  to  use  in  describing  the  dif- 
ferences between  variations  of  the  same  process.      Because  this 
writer  regards  behavior  in  the  Moderate  and  Extreme  conditions 
as  manifestations  of  the  same  process,    he  feels    that   the    same 
model  should  describe  both    conditions    although   the    parameter 
values  may  differ.      If  this  belief  is  correct,    then  these  param- 
eter values  should  be  useful  statistics  in  describing  the  differ- 
ence between  conditions.      For  the  present,    however,    only  some 
very  gross  differences  can  be  pointed  out,    and  even  these  may 
not  be  statistically  reliable  differences. 

The  most  striking  difference  between  the  Moderate  and  the  Ex- 
treme conditions  was  shown  in  Figure  2.1.       As    was  mentioned 
earlier,    the  Extreme  condition  presents  a  clear  and  consistent 
trend  toward  decreasing  conformity,    while  the  Moderate  condi- 
tion shows  little  over- all  trend.     In  addition  to  this  fact,    there 
is  the  tendency  for  the  percentage  correct  to  reach  a  minimum 
on  an  early  trial  in  the  Extreme  condition  but  to  descend  more 
slowly  in  the  Moderate  condition.      Furthermore,    since  the  mini- 
ma in  both  cases  are  about  the  same,     there    is    a    considerable 
difference  between  percentage  correct  on  the  early  trials.      An- 
other point  to  note  is  that  while    the    Moderate    condition  has    a 
slightly  higher  proportion  of  errors  for  the  whole  sequence    of 
trials,    the  Extreme  condition  has  a  slightly  higher  proportion 
of  subjects  who  make  at  least  one  error.  This  is  shown  in  Table 
2.1.      Some  additional  differences  will  be  seen  in  further  analy- 
ses, but  these  analyses  as  well  as  an  interpretation  of  the  dif- 
ferences just  discussed  must  await  an  examination  of  the  prob- 
ability models  considered  in  this  study. 

At  this  point,    it  should  be  mentioned  that  the  special  devices 
included  in  the  stimulus  sequence  did  not  systematically  affect 
the  subjects'    responses.      Each  subject  had  18    trials    with   the 
standard  to  the  right  and  18  to  the  left  of  the  comparison  lines. 
The  difference  between  the  number  of  errors  on  the  left  and  on 
the  right  was  tested  using  the  Wilcoxon  Signed  Rank  Test,  ^"^  and 
no  significant  difference  was  found  in  either  the  Moderate  or  the 
Extreme  condition.       Data    for    this    analysis    will  be    found    in 
Appendix  B.       Effects    due    to   varying    the    labels    of  the    com- 
parison  lines    were  examined   using    Friedman'  s    analysis    of 
variance    for    ranked    data.^^       No  significant  differences  among 
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the    seven   differently    labeled    sets    of    stimuli    were    found    in 
either    experimental    condition.        These    data    also    are    present- 
ed   in    Appendix  B=        While    our    efforts    to    break   the    monotony 
of   the    stimulus    sequence    and    allay    suspicion   did    not    intro- 
duce   systematic    effects,     it   is    possible    that   these    variables 
increased  the  variability  of  the  subjects'    responses.  For  pres- 
ent purposes,     however,    it  is   sufficient  that  these    devices    did 
not  introduce  systematic  effects. 

2.5  Summary 

This  chapter  described  Asch's    experimental   procedure    and 
discussed  some  of  his  findings.      It  presented  the  points  at  which 
the  present  design  differed  from  Asch  and  also  compared  data 
collected  in  this  study  with  results  from  Asch'  s  Experiment  1. 
The  analyses  of  the  present  study  were  quite  preliminary;  more 
intensive  examination  of  the  data  will  follow  discussion  of  sev- 
eral probability  models. 

The  experimental  procedure  of  the  present  study  may  be  sum- 
marized as  follows:     A  naive  subject  arrives  for  a  group  experi- 
ment in  visual  perception;  he  is  told  to  match  one  of  three  com- 
parison lines    to    a    standard    line;     unknown   to   him,     the    other 
members  of  the  group  have  been  instructed  to  give    unanimous 
and  incorrect  responses  on  all  trials  after  a  two-trial  "warm- 
up";  he  is  then  presented  with  38  identical  sets  of  lines,     which 
have  varying  labels  and  to  which  the  confederates  give  2  correct, 
followed  by  36  incorrect  responses.      Following  the  thirty- eighth 
trial,    the  experimenter    and    role    players    question   the    subject 
about  his  disagreement  with  the  group  to  determine  if  he  were 
at  all  suspicious  and  to  stimulate   him   to    discuss    his    reaction 
generally^ 

This  experiment  had  two  conditions,  Moderate  and  Extreme, 
alike  in  every  respect  except  the  behavior  of  the  confederates. 
In  the  former,  all  of  the  group'  s  incorrect  responses  are  mod- 
erate errors,  while  in  the  latter,  the  confederates'  errors  are 
extreme.  The  difference  between  conditions  is  coordinated  to 
a  conceptual  distinction  in  amount  of  social  pressure  being  ap- 
plied to  the  naive  subject. 

There  were  three  important  departures  from  Asch's  proce- 
dure in  the  present  investigation.      These  were  (1)  holding    the 
stimulus  lines  constant  from  trial  to  trial,    (2)  holding  the  group 
responses  constant  from  critical  trial  to  critical  trial  within  a 
condition,    and  (3)   eliminating  the  interspersed  neutral  trials, 
which  we  believe  reinforced  the  subjects'  tendency  to  respond 
correctly  (see  p.  46  ). 

Some  devices  designed  to  ensure  the  success  of  the  experi- 
ment were  mentioned.      These  were  varying  the  position   of  the 
standard    with    respect    to    the    comparison    lines,      varying    the 
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labels  of  the  comparison  lines,    and  beginning  the  sequence  of 
trials  with  two  neutral  trials. 

Preliminary  analysis  of  the  data  deraonstrated  the  following 
points: 

1.  The  experiment  was  successful  in  producing  conformity;    ^ 
the  amount  of  conformity  was  very  similar  to  that  which 
Asch  obtained. 

2.  There  was  a  consistent  temporal  trend  in  the  Extreme  con- 
dition and  no  apparent  trend  in  the  Moderate.    Hence,  there 
appeared  to  be  differences  between  conditions. 

3.  There  were  no  systematic  effects  because  of  the  devices 
employed. 


NOTES 

1.  Although  we  shall  use  the  term  "independent"  in  a  statisti- 
cal sense  later,    we  use  it  in  this  discussion  in  order  to  fol- 
low Asch's  terminology.      The   sense;  in  which  independence 
is  meant  should  be  clear  from  the  context. 

2.  The  number  of  role  players  in  Asch's  studies  varied  from 
four  in  one  experiment  to  ten  in  another. 

3.  Festinger  (1953)    distinguished   between  overt   compliance 
with  and  without  "private  acceptance.  "    Overt   compliance 
without  private  acceptance  refers  to  behavior  that  is  in  ac- 
cord with  given  norms   by   an   actor    who   privately    rejects 
these  same  norms.      This  distinction  corresponds  to    that 
between  behavior    with   and   without     "internalization"    of 
norms.      Since  Asch  reports  the  phenomenon  as  a  distortion 
of  response,     we  do  not  believe  that   the    process    to   be    de- 
scribed involves  internalization.      We  note  this  distinction 
because  it  may  be  that  such  a  process  is  at  least  quantita- 
tively different  from  that  of  motivating  the  internalization 
of  norms.      When  there  is  internalization,    the  behavior  will 
occur  even  when  social  pressure  is  absent;   since,    however, 
Asch's  work  always  involves  the  physical  presence  of  the 
confederates,    we  can  postpone  this  issue  with  the  disclaim- 
er that  our  analysis  may  not  apply  to  situations  involving 
internalization  of  norms. 

4.  Complete  instructions  and  a  sample  set  of  stimuli  are  in 
Appendix  A. 

5.  When  the  group  made  a  moderate  error,    no  subject   ever 
made  an  extreme  error.    On  the  other  hand,  when  the  group 
made  an  extreme  error,    the  subject  often  made  a  moderate 
error.      In  this  case,    the  subject's  behavior  represented    a 
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compromise  between    complete    yielding    to    the    group    and 
complete  independence.         When   this    form   of   compromise 
does  occur,    the  category  "incorrect,  "  which  combines  com- 
promise and  complete  yielding,    does  distort  the  data  some- 
what.    For  model  building,    however,    this  categorization  is 
desirable.      Once  we  have  an  adequate  model,    it  may  be  pos- 
sible to  recover  the  distinction,    but  such  an  effort  would  re- 
quire additional  experimental  work  and  will  not  be  attempted 
in  the  present  study. 

6.  Since  the   stimuli  were    constant,     it    was    possible    to   have 
them  printed,     thus  ensuring  that  all  were  identical.    Print- 
ing,   however,    ruled  out  the  possibility  of  randomizing  the 
labels  because  that  would  have  raised  the  cost.    And  to  label 
the  stimulus  cards    by   hand    would   have    called   attention  to 
the  incidental    nature    of  the    identifying   letters    and  thus  to 
the  constancy  of  the   stimuli. 

7.  From  another  point  of  view,    the  trials  on  which  the  group 
is  correct  can  be  considered  trials  that  reinforce  tenden- 
cies to  give  the  correct  response,    that  is,    tendencies  to  in- 
dependence.    This  conceptualization,  of  course,  would  make 
the  term  "neutral"  inappropriate. 

8.  For  example,    the  difference  between  moderate  and  extreme 
trials  can  be  interpreted  in  several  ways,      Festinger  ( 1950) 
presents  the  hypothesis  that  social  pressure  increases  with 
the  discrepancy  between  the  group  and  the  individual.  Apply- 
ing this  hypothesis  to  the  present  situation,    we   should  argue 
that  the  amount  of  social  pressure  increases  from  moder- 
ate to  extreme  trials.      Hence,     the    amount    of   conformity 
should  increase  from  moderate  to  extreme  trials.      On  the 
other  hand,    Festinger  (1950)  offers  an  additional  hypothesis 
that  would  predict  a  decrease  in  conformity  from  moderate 
to  extreme  trials.      That  is,    we  may  infer    from   his    work 
that  the  tendency  to  reject  the  group  increases  with  the  dis- 
crepancy between  the  group  and  the  individual.    In  any  case, 
a  systematic  difference  is  predicted  between  moderate  and 
extreme  trials.      To  determine  the  nature  of  this  difference, 
it  is  necessary  to  separate  temporal  effects  from  the  effects 
of  social  pressure.      It  is  one  purpose  of  the  present  design 
to  do  just  this. 

Since    we    have    mentioned    Festinger 's    hypotheses,     we 
should  comment  briefly  on  them.      Using  either  of  these  hy- 
potheses  singly,    one  could  account  for  any  difference  be- 
tween Moderate  and  Extreme  conditions.      However,    the  hy- 
potheses were  intended  to  be  used  jointly  in  determining  a 
resultant  amount  of  social  pressure.      It  is  often  difficult, 
nevertheless,    to  determine  the  resultant  of  these  conflicting 
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forces.      We  intend  to    avoid   this    difficulty   by   considering 
only  the  conflict  aspect  of  the  situation.      Chapter  4  will  pre- 
sent this  interpretation  in  detail.  For  the  monaent,  we  mere- 
ly state  that  we  consider  the  amount  of  conformity  as  a  func- 
tion  of  the    degree    of   conflict   and    regard   the    Moderate 
condition  as  representing    a   greater    conflict   than  the    Ex- 
treme,   especially  since  the  possibility  of  compromise    is 
present  in  the  Extreme. 

9.        The  author  is  indebted  to  Drs.  A.  Paul  Hare,  Warren  Bennis, 
and  William  McGill  for  their  aid  and  cooperation.       In  addi- 
tion,   he  is  grateful  to  the  students  of  Dr.    Hare'  s  course  for 
their  services  as  confederates. 

10.  There  were  no  differences  in  responses  for  paid  and  unpaid 
subjects. 

11.  M  will  denote  Moderate  trial  also  but  the  meaning  should  be 
clear  frona  the  context.      N  will  be  reserved  for  the  number 
of  trials. 

12.  In  the  Moderate  condition,  two  subjects  erred  on  trial  00, 
and  in  the  Extreme,  one  subject  responded  incorrectly  on 
trial  00.  All  subjects  in  both  conditions  were  correct  on 
trial  0. 

13.  That  is,    the  statistics  computed  do  not  use  all  the  informa- 
tion in  the  data.      If,    for  example,    the  difference  between 
the  mean  number  of  errors  in  each  condition  were  tested, 
the  result  would  not  yield  any  information  about  the  differ- 
ences revealed  in  Figure  2.1,    which  plotted  percentage  cor- 
rect against  trial.      For  a  detailed  discussion  of  the  techni- 
cal  meaning    of   sufficiency,     the    reader    is    referred   to 
Cramer  (1946). 

14.  See  Mosteller  and  Bush  (1954)  or  Walker  and  Lev  (1953), 

15.  Ibid. 


Chapter  3 
BASELINE  MODELS 


3.1  Introduction 

This  chapter  has  two  main  objectives,    first  to  investigate  the 
substantive  problems  of  temporal  trends  and  individual  differ- 
ences,   and  second,    to  illustrate  the  process  of  developing    and 
testing  a  model.      To  accomplish  these  objectives,    the    chapter 
will  discuss   several  "baseline"  models  that  incorporate  assump- 
tions relevant  to  these  substantive  problems.   For  the  most  part, 
these  baseline  models  make  no    assumptions    regarding    the    na- 
ture of  the  process  but  do  make    statistical    assumptions    about 
the  nature  of  the  data.     In  fact,    they  can  be  regarded  as  null  hy- 
potheses concerning,    for  example,    whether  or  not  there  are  any 
time  trends  in  the  data.      Three    such   baseline    models    will   be 
considered  in  an  effort  to  demonstrate  the  application  of  theo- 
rems from  probability  theory,      estimation  procedures,       and 
methods  of  testing  the  fit  of  a  model  to  the  data.     In  addition  to 
these  baseline  models,    one  of  the  early  substantive  models  ex- 
amined in  this  investigation  will  be  discussed  to  emphasize  the 
contrast  between  a  model  which  makes  substantive  assumptions 
about  the  nature  of  the  process  and  one  which  does  not. 

In  one  sense,  the  baseline  models  to  be  examined  ask  the  ques- 
tion,   "Is  there  any  temporal  process  in  these  data  to  describe?" 
Before  considering  complex  descriptions  of  a  process,    it  would 
be  well  to  answer  this  question  conclusively.    It  would,  however, 
be  a  mistake  to  regard  the  discussion  of  baseline  models  solely 
as  an  effort  to  determine  whether  or  not  there  is  any  need  for 
a  substantive  model  in  this  area.     Assuming  such  a  need  exists, 
the  baseline  model  can  offer   suggestions  for  the  type     of  substan- 
tive model  needed.      Similarly,    inadequate  substantive    models 
can  show  fruitful  directions  for  further  work.      In  fact,    the  base- 
line models  examined  in  this  work  led  directly  to  the  substan- 
tive   model   to   be    described    in   Chapter    4,     whereas  the    final 
model  in  the  present  chapter  indicated  some  of  the  properties 
a  model  would  require  if  it  were  to  describe  adequately  the  data 
from  the  present  experiments. 

Data  from  both  the  Moderate  and  Extreme  conditions  will  be 
used  to  test  the  baseline  models.      Because  the  Moderate  and 
Extreme  conditions  are  considered  to  illustrate  essentially  the 
same  process,    any  model  that  does  not  describe  botli  conditions 
will  be  rejected. 

34 
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The  remainder  of  this  chapter  will  be  concerned  with  varia- 
tion in  the  probability  of  a  correct  response.      Consider  the  ran- 
dom variable^  X.     which  can  take  on  the  values    0  and    1.       Let 
infL 

X-       be    1    if  the     i        subject  makes  a  correct  response  and    0 

m  ^  th 

if  he  makes  an  incorrect  response  on  the  n       trial.     We  are  then 

interested  in  the   probability   that  ^^-^   equals    1,     symbolically 

Pr  {X^j^  =  1}.     For  some  of  the  discussion,     the    subscript    "i" 

will  be  dropped,    as  the  focus  will  be  on  the  entire  sample  rather 

than  on  an  individual  subject.      The  notation  should  be  clear  from 

the  context. 

3.2  The  Constant  Probability  Model 

This  is  the  simplest  of  all  the  models  considered.  It  assumes 
that  there  is  no  temporal  trend  and  that  there  are  no  individual 
differences.      Let  pj_j^  equal  Pr  (Xj^^^  =1}.      Then  this  model   as- 
serts that  Pjj_^  equals  k,    where  k  is  some  constant  between  0  and 
1.      This  is,    then,    a  one- parameter  model  with  k  as  its  param- 
eter.     The  first  task  is  to  estimate  k.      The  method  of   moments 
will  be  used;  k  will  be  fitted  to  the  mean  of  the  distribution  of 
correct  responses.       Thus    the    mean   number    of   errors    in  the 
Moderate  condition  was  10.8,    as  was  seen  in  Table  2.1,    so  that 
the  mean  number  of  correct  responses  was  36  -    10.8  =  25.2, 

The  theoretical  distribution  of  correct  responses  is  the  dis- 
tribution of  X,  X.    ,    and  the  expected  value  of  this  sum  is 
n       -^  ^ 

because  E  [  J]  X.     J=J]E(X.    ),andE(X.    )  is  simply  Pr  {X.     =1}. 

Fitting  the  expected  value  of  this  distribution  to  the  observed 
mean,  we  have,  remembering  that  n  is  the  number  of  trials 
(n  =  36): 

nk  =  25.2,       k  =  .70  for  the  Moderate  condition 

and 

nk  =  28.1,       k  =  .78  for  the  Extreme  condition 

To  determine  the  adequacy  of  this  model,    the  theoretical  var- 
iance of  the  distribution  of  correct  responses  can  be  computed 
and  compared  with  the  observed  variances.      The  expected  value 
of  Xj^j^  and  the  variance  of  X^j^  for  a  single  trial  are  necessary 
for  this  computation.      But  E(X-    )  is  Pr  (X-      =   1}  or  k,    and  the 
variance  is  given  by: 


.2 
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^.  in  m 


36  Baseline  Models 

The  value  E(X?  )  is  also  equal  to  k  because  it  is  Pr  (X?     =1), 
and  whenever  X-      =  1,    X-      also  equals   1.      Therefore, 


.2 

in 


c^X       =  k  -   k^  (3.3) 


The  desired  quantity,    however,    is  the  variance  of  T^X.    .      The 

n       '^ 
aaaumption  that  the  probability  of  a  correct  response  is  a  con- 
stant from  trial  to  trial    enables  us    to  compute    this    variance. 
From  this  assumption   it   follows    that   trials    are    independent; 
hence,    the  following  theorem  that  holds  when  there  is  independ- 
ence can  be  applied: 

As  the  variance  of  X.      is  constant  for  all  trials, 
m 


0-  —  ^       =Z;4       =  2](k-    k^)  =  nk  (1  -   k)  (3.5) 
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The  following  table  compares  the  theoretical  and  observed  var- 
iances of  the  distribution  of  correct  responses  for  both  the  Mod- 
erate and  Extreme  conditions:  (The  observed  value  is  denoted 
by  s^.) 

Moderate  Extreme 

0-^^  7.56  6.18 

s^x  143.38  126.95 

It  is  clear  that  this  model  far  underestimates  the  observed 
variance,    and  so  it  is  rejected.      Whether  the  large  observed 
variance  is  caused  by  individual  differences,    by  the  effects  of 
trends,    or  by  both,    remains  to  be  determined.    The  next  base- 
line model  attempts  to  deal  with  this  problem. 

3.3  The  Individual  Differences  Model 


This  model  also  assumes  that  there  is  no  trend  through  time 
but  makes  the  further  assumption  that  each  individual  has  a  dif- 
ferent probability  of  a  correct  response.      That  is,    to  each  indi- 
vidual  is    associated    a    probability   k-    that    remains    constant 
throughout  the  sequence  of  trials.      Formally, 

p       =  k.,       0  <  k.   <  1  ,      1  =   1,    2,   •  •  •  .    I 
in  1  1 

This  model  ifea4:  has  I  parameters,    one  for  each  individual. 

These  parameters  could  be  estimated  in  much  the   same  way 
as  the  single  parameter  of  the  model  discussed  in  Section    3.2. 
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Similarly,  the  theoretical  variance  could  be  computed  and  com- 
pared with  the  variance  actually  observed.  However,  this  pro- 
cedure would  require  estimating,  in  the  Moderate  condition,  for 
example,  33  k'  s  and  then  computing  the  variance  of  each  of  these 
k's,  summing  these  variances  over  trials,  and  finally  summing 
the  sums  over  individuals.  That  is,  the  variance  of  the  distri- 
bution of  correct  responses  is  given  by 

4       =  EE   (^  -   k.')  =  Enk^(l   -  k.)  (3.6) 

in         i      n  i 

Evaluating  this  expression  involves  the  operations  just  described. 
This  approach  is  rather  laborious  and  for  large  samples  would 
be  prohibitive.      Fortunately,    there  are  approximate  techniques. 

To  test  this  model,    the  experimental  sequence  of  36  critical 
trials  was  divided  into  two  sequences  of  18  trials  each.      Trials 
1  to  18  constituted  sequence   1,    and  trials  19  to  36  were  desig- 
nated sequence  2.      The  number  of  errors  each  subject  made  in 
each  half  of  the  experiment'^  was  recorded,    and  a  two-way  anal- 
ysis of  variance  was  performed  on  each  condition  separately. 

In  order  to  meet  the  assumption  of  homogeneity  of  variance 
necessary  for  this  test,    the  data  were  transformed  to  arc   sines, 
using  tables  prepared  by  Mosteller  and  Youtz  (1953).      One  ad- 
vantage of  using  this  transformation  is  that  there  is  a  theoreti- 
cal interaction  term  against  which  to  test  the  observed  interac- 
tion. 

Tables  3.1  and  3.2  present  the    results    of   these    analyses    of 
variance.     Subjects  are  a  significant  source  of  variation  at  be- 
yond the   1  per  cent  level  for  both  the  Moderate  and  the  Extreme 
conditions.      Sequences,    however,    are  significant  only  for  the 
Extreme  condition  and  at  the  5  per  cent  level.      But  it  is  impor- 
tant to  note  that  the  observed  interaction  term  is  significantly 
different  from  the  theoretical  at  beyond  the   1  per  cent  level  in 
both  the  Moderate  and  the  Extreme  conditions.      Under  the  as- 
sumptions of  this  model,    the  observed  interaction  terms   should 
not  differ   significantly  from  the  theoretical;  the  fact  that  they 
are  significantly  different  suggests  that  the  assumptions  of  this 
model  are  inadequate;  this  result  means  that  for  some  subjects 
there  are  differences  between  sequences.      Thus  we  can  conclude 
that  individuals  have  different  probabilities  of  responding    cor- 
rectly,   but  we  cannot  conclude  that  all  of  these  probabilities  are 
constants.      Furthermore,    this  finding  implies  that  if  in  plotting 
time  trends  we  include  those  subjects  who  give  correct  or  incor- 
rect responses  on  all  trials,    we  may  obscure  a  trend  which   is 
present  in  the  data. 

Dividing  the  experimental  sequence  into  two  subsequences  sug- 
gested a  further  analysis.  Plotting  the  percentage  correct  against 
trial  for  two  classes  of  subjects  might  resolve  the  question  of 
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Table  3.1. 

Analysis  of  Variance 

of  the  Extreme  C 

Dndition 

Source 

Sum  of 
Squares 

df 

Mean  Square 

F 

Total 

27,279  =  4 

53 

Subjects 

24,329.6 

26 

935.7 

9.82' 

Sequences 

472.9 

1 

472.9 

4.96"" 

Interaction 
+  Residual 

2,476.9 

26 

95.3 

Theoretical  Interaction  =  44.38 

F-,   00  (observed,  theoretical)  =  2.15 
26, 

*  ^c 


Significant  at  the  5  per  cent  level. 
Significant  at  the    1   per  cent  level. 

I'able   3.2.      Analysis  of  Variance  of  the  Moderate  Condition 


Source 

Sum  of 
Squares 

df 

Mean  Square 

F 

Total 
Subjects 

40,436.7 
37,278.8 

65 
32 

1,165.0 

12.21 

Sequences 

105.3 

1 

105.3 

1.10 

Interaction 
+  Residual 

3,052.6 

32 

95.4 

Theoretica 

1  Interaction  =  44.38 

F        00  (observe 

d,    theoretical)   --  2.15'  " 

Significant  at  the   1   per  cent  level. 

time  trend  more  conclusively.  Subjects  were  classified  accord- 
ing to  whether  they  made  more  errors  in  sequence  1  or  in  se- 
quence 2;  those  who  made  the  same  number  of  errors  in  both 
sequences  were  not  included  in  this  analysis.  Then  the  trial- 
by-trial  percentage  correct  was  plotted  for  each  class  of  sub- 
jects. 

Figure  3.1   shows  the  mean  curves  for  these  two  classes    of 
subjects  for  the  Moderate  condition.      (This  analysis  was    not 
carried  out  for  the   Extreme  condition,    as  there  is  little  doubt 
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Figure  3.1.      Moderate  condition:     trends    of 
Class  I  and  Class  II. 


that  a  time  trend  exists  in  the  data  from  that  condition.  )     Class 
I  includes  those  subjects  who  had  more  errors  in  the  first  half 
(sequence  1),    while  Class  II  contains  those  who  had  more  errors 
in  the  second  half  (sequence  2). 

Of  course,    this  classification  procedure  introduces  a  bias  fa- 
voring the  appearance  of  time  trends.   There  is  bound  to  be  some 
upward  trend  for  Class  I  and  a  downward  trend  for  Class  II.  But 
the  trend  for  Class  II,    shown  in  Figure  3.1,    seems  to  be  much 
sharper  than  could  be  produced  by  a  biased  classification.       In 
addition,    the  almost  complete  lack  of  overlap  of  the  curves  for 
the  two  classes  cannot  be  accounted  for  by  the  method  of  classi- 
fication.    As  expected,    despite  the  high  variability  and  the  small 
number  of  cases,    Class  I  shows  some  upward  trend. 

To  check  how  much  of  the  trends  in  Figure  3.1   was  caused  by 
the  bias  of  the  classification,    a  Monte  Carlo  computation  was 
carried  out.  ^      First,    the  probability  of  a  correct  response  (p-) 
was  estimated  for  each  subject  who  fell  into  either  Class  I   or 
Class  II.      (Subjects  who  made  the  same  number  of  errors  were 
excluded.)     This  probability  was  based  on  the  subject's  perform- 
ance for  all  36  trials.      Then  these  probabilities  were  attached 
to  "stat-rats"    (or  in  the  present  case,    "stat- people  ")  who  were 
run  through  36  trials  using  a  random  number  table.    For  example , 
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if  subject  1    made   12  errors  in  36  trials,     the    estimate    of   his 
probability  of  a  correct  response  was   .667.        This    probability- 
was  then  attached  to  "stat-rat"    1,    who  was   run  through  all    36 
trials  with  this  constant  p^.      On  a  given  trial,    a  random  nunnber 
was  drawn;  if  the  number  was  less  than  p- ,    a  correct  response 
was  recorded,    whereas  if  it  was  greater  than  or  equal  to  p-,    an 
error  was  recorded.      In  this  way,    a  set  of  simulated  data    was 
created  which  could  be  compared  with  the  observed  data.^       If 
the  assuraption  that  p-   is  a  constant  is  correct,    our  Monte  Carlo 
data  should  agree  closely  with  the  observed  data.      If  the  assump- 
tion is  not  correct      (and  we  know  this  to  be  the  case),    then  the 
Monte  Carlo  data  provide      information  on  how  much  trend  can 
be  expected  from  this  biased  classification  procedure. 

The  "stat- rats"  were  classified    in   the    same    manner    as    the 
subjects,    and  the  percentage  correct  was  plotted  for  each  class. 
These  curves  are   shown  in  Figure  3.2.      The  number  of  cases  in 
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Figure  3.2.     Monte  Carlo  computation  of  Mod- 
erate condition:     trends  of  Class  I  and  Class  11. 


each  class  of  "stat- rats"    differs  from  the  number  in  each  class 
of  subjects  because  the  Monte  Carlo  run  led  to  additional  ties. 

Some  contrasts  between  Figures  3.1  and  3.2  are  worth  noting. 
In  the  first  place,    both  classes  of  "stat- rats"  show  considerably 
more  variability  than  the  classes  of  subjects.      Second,    the  two 
classes  of  "stat-rats"    overlap  in  the  second  half  of  the   sequence 
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of  trials,    while  the  classes  of  subjects  show  little  overlap.    Fi- 
nally,   the  trend  for  Class  II  of  subjects  is  much  more    consist- 
ent than  the  trend  for  the  same  class  of  "stat-rats.  "    These  con- 
trasts should  be  viewed  conservatively  because  the  samples  are 
small.     However,    this  comparison  confirms  our  previous  finding 
that  a  model  that  assumes  a  constant  probability  of  a  correct  re- 
sponse is  inapplicable,     and   it   points    to    that   group   of    subjects 
for  whom  the  model  is  inappropriate,    namely,    those  subjects  in 
Class  II. 

A  further  result  of  this  comparison  was  the  speculation  that 
the  experimental  data  could  be  explained  in  terms  of  four  clas- 
ses of  subjects.      If  the  reader  recalls  that  subjects  who  had  the 
same  number  of  errors  in  each  subsequence  were  excluded  from 
this  analysis,    he  will  readily  see  the  basis  for  a  four-class  ty- 
pology.    These  four  classes  are  (1)  completely  independent  sub- 
jects,   (2)  completely  yielding  subjects,    (3)   subjects  who  show 
an  increasing  tendency  to  conform,    and  (4)   subjects  who  show 
an  increasing  tendency  to  independence.      This   speculation   led 
directly  to  the  model  to  be  discussed  in  Chapter  4. 

3.4  Bush'  s  One- Trial  Learning  Model 


Discussion  of  this  model,  which  is  drawn  from  Bush  (1955), 
marks  a  transition  between  baseline  and  substantive  models. 
The  distinction  is  not  as  clear-cut  as  was  implied  earlier  in 
this  chapter.  The  assumption  basic  to  this  model  is  that  change 
in  behavior  is  sudden  rather  than  gradual.  Although  this  is  a 
substantive  assumption,  in  the  present  writer's  view,  it  is  a 
minimal  one. 

Bush  developed  this  model  as  a  possible  formalization  of  the 
"noncontiguity"  or   "insight"  position  held  by  some  learning  the- 
orists.    An  interpretation  of  his  model  in  the  present  situation 
would  be  similar  to  insight  learning.      That  is,    each  subject  re- 
sponds correctly   on   all   trials    with    probability   p^    until    some 
point  when  he  sees  through   the    subterfuge    of  the    experiment; 
from  that  point  on,    he  always  responds  correctly.      The    model 
assumes  that  in  an  infinite  number  of  trials  all  subjects  would 
have  this  insight,    but   that   the   trial   on  which   insight   occurs 
would  differ  for  subjects.      In  addition  to  allowing  individual  dif- 
ferences in  the  "trial  of  insight,  "    this  model  can  allow  individ- 
ual differences  in  the  probability  of  a  correct  response.  Although 
Bush,    in  his  treatment  of  the  model,    assumes  that  all  individ- 
uals have  the  same  p,    his  assumption  does  not  affect  an  initial 
test  of  the  modeL      Therefore,    this  discussion  will  follow  Bush 
(1955). 

We  are  again  concerned  with  the  random  variable  X-      that  is 
1  if  the  i''-^  subject  is  in  some  "state"  Sq  at  the  start  of  the  ex- 
periment and  at  the  start  of  some  trial  N-  changes  to  another 
state  Sj    for  the  'remainder  of  the  experiment. 
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Bush  then  postulates  that  the  probability  of  a  correct  response 

obeys  the  following  law: 

. ,    ,       .  th       ,  .  .      .  ^ 

p  if  the  1       subject  is  m  state  Sq    on 

p.  =i  th""'"  '^■■" 

1  if  the  i       subject  is  in  state  Sj    on 
trial  n 


This  one-trial  learning  axiom  can  be   sketched  as  in  Figure  3.3. 

Bush  next  assumes  that  the  change  from 
state  Sq    to  state  Sj  ,     which   may   be    con- 
sidered the  occurrence  of  event  E,  occurs 
with  some  fixed  probability  on  every  trial 
that  the  subject  is  in  state  Sq,    so  that 


Ni 


Pr{ie  SjOnnlieSoOnn-    1}=P 


(3.8) 


Figure  3.3.  Bush's 
one- trial  learning 
axiom. 


(The  left-hand  member  of  this  expression 
should  read,  "The  probability  that  individ- 
ual i  is  in  state  Sj  on  trial  n  given  that  he 
was  in  state  Sq  on  trial  n  -  1.")  The  prob- 
ability that  trial  N-  is  a  particular  trial,    say  trial  j,    is  given  by 

Pr{N.   =  j}  =  P(l   -  P)^       j  =  0,   1,  2-    •    •  (3.9) 

According  to  Bush,  these  axioms  specify  a  stochastic  process 
that  has  some  simple  properties.  He  suggests  that  the  model 
can  be  tested  in  the  following  way: 

Let  q.      =  Pr  {X.      =  O} 
in  in 

that  is,    q.      is  the  probability  of  an  incorrect  response  on  trial 
n,    and 

q.      =   ]    -   p. 

m  in 

By  assumption,    q-      has  the  fixed  value      q  on  trials  preceding 
the  last  incorrect  response  because  event  E  must  occur  after 
the  last  error.      For  each  subject,    we  then  divide  the  trials  be- 
fore the  last  error  into  two  equal  parts.      (If  an  odd  number  of 
trials  are  involved,    Bush  suggests  that  we  eliminate  the  middle 
trial.  )     Let  T-'^'  be  the  number  of  errors  in  the  first  half  and 
T-^  '  be  the  number  of  errors  in  the   second  half.      Then  let 

I 

t(i)  =x;  t  (1) 

i:=l         ^ 


and 
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t(2)    =J2      T.{2) 


i=l 


According  to  this  model, 
E(T<i))  =  E(t(2)) 


(3.10) 


whereas  any  model  describing  a  gradual  process  would  predict 

E(T<2))  <   E(t(i))  (3.11) 

The  null   hypothesis  of  the    one-trial    learning   nnodel.    Equation 
3.  10,    can  then  be  tested  using  chi  square. 

This  test  was  applied  to  the  data  from  the  present    research, 
and  the  results  appear  in  Table  3.3.  For  the  Moderate  condition, 

Table  3.3.      Number  of  Errors  in  Each  Ni/2 
Trials  Before  Insight 


Moderate 

Extreme 

2t('» 

134 

95 

Et(^) 

189 

86 

(Expected) 

(161.5) 

(90.5) 

X^ 

9.36 

.35 

P 

<  .01 

>  .50 

the  null  hypothesis  can  be  rejected  at  beyond  the  1  per  cent  level, 
but  it  cannot  be  rejected  for  the  Extreme  condition.^ 

Because  a  model  that  fits  both  the  Moderate  and  Extreme  con- 
ditions is  desired,    this  model  was  not  investigated  further.      It 
is  interesting,  however,  to  speculate  as  to  the  reason  this  model 
is  not  rejected  for  the  Extrenne  condition.      It  is  quite  possible 
that  because  the  glaring  discrepancy  between  the  comparison 
line  which  the  group  chose  and  the  correct  answer,    subjects  be- 
came aware  of  the  nature  of  the  experiment  and  changed  their 
responses  accordingly.      If  such  were  the  case,    it  is  quite  rea- 
sonable that  an  "insight"  model  should  describe  the  phenomenon. 

3,5  The  Consistericy   of   Group   Pressure  Model 

The  consistency  model  was  the  first  model  developed  in  this 
research;  it  was  constructed  before  running  the  experiment  and 
tested  on  data  from  Asch's  Experiment  1.      The  results  of  ana- 
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lyzing  this  model  influenced  the  design  of  the  present  experiment, 
particularly  the  decision  to  separate  moderate  and  extreme  se- 
quences into  two  experimental  conditions.     Although  a  rationale 
for  this  design  did  not  come  directly  from  examining  this  model, 
in  the  course  of  such  examination  there  arose  the  question  of  how 
a  "pure"  sequence  of  either  moderate  or  extreme  trials    would 
differ  from  a  "mixed"  sequence.      The  experiment  was  designed 
in  an  effort,    eventually,    to  answer  that  question,    and  Chapter  8 
will  consider  the  problem. 

Since  this  model  relates  to  Asch's  rather  than  to  the  present 
experiment,    the  data  to  be  examined  are  those  of  Asch's   Experi- 
ment 1. 

The  consistency  model  takes  no  account  of  individual  differ- 
ences; rather  it  assumes  that  all  individuals  have  the  same  ex- 
perience during  the  course  of  the  experiment.      The  analyses  in 
the  earlier  sections  of  this  chapter  suggest  that  this  assumption 
is  inadequate.     At  the  time,    however,    this  fact  was  not  properly 
appreciated.      But  it  is    interesting    to    see    in   what   respects    a 
model  with  this  obvious  shortcoming  fails  to  predict  the  data. 

In  contrast  to  the  discussion  of    the    previous    models    in  this 
chapter,    this  section  will  first    present   the    formal   model    and 
identify  the  elements  of  the  model  with  components  of  the  experi- 
mental situation,    and  only   then   offer    an   interpretation   of  the 
model.      Because  this  model  is  more  complex  than  the  ones  pre- 
viously considered,    it  is  more  expedient  to  reserve  the  inter-    ' 
pretation  until  the  fornaal  model  has  been  fully  discussed. 

Let  p     be  the  subject'  s  probability^  of  a  correct  response  on 
trial  n.    We  assume  that  one  of  three  environnaental  events  muat 
occur  on  a  given  trial,    and  we  call  these  events  Ej  ,    E2  ,    andEj. 

In  the  present    experimental    situation   let   us    identify   these 
events  as  follows: 

Ej     The  confederates  give  an  incorrect  response  (either  mod- 
erate or  extreme)  on  trial  n  after  they  had  given  a  correct 
response  on  trial  n  -    1. 

E2  The  confederates  give  an  incorrect  response  (either  mod- 
erate or  extreme)  on  trial  n  after  they  had  given  an  incor- 
rect response  on  trial  n  -    1. 

E3     The  confederates  give  a  correct  response  on  trial  n. 

A  rationale  for  these  identifications  will  be  gixen    shortly.       At 
present,    the  reader   should  note  that  events  one  and  two  are  de- 
fined in  terms  of  a  pair  of  adjacent  trials.      The  first,    E■^  ,    con- 
cerns the  transition    from  a  neutral  to  a  critical  trial,     and  the 
second,     Ej  ,     concerns  the  transition  from  a  critical  trial  to  a 
critical  trial.      We  further  assume  that 


If  E     occurs, 

P      =  0  p 

If  E     occurs, 

Pn  =  °aPn- 

If  E3    occurs. 

P„=' 
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(3.12) 


where  Oj    and  O2   are  operators  associated  with  the  events  Ej 
and  Eg.      An  operator  is  a  device  indicating  that  sonne  operation 
is  performed  on  p    ;  the  previous  expressions  do  not  mean  that 
p     is  to  be  multiplied  by  Oj    or  O2  because  the  form  of  the  opera- 
tors remains  to  be   specified.^     Axioms  3.12  incorporate  one  fur- 
ther assumption  that  should  be  explained.       The    change    in      p 
from  trial  n  -    1  to  trial  n  depends  only  on  the  event  occurring 
on  trial  n  and  not  on  the  events  occurring  on  trials  before  n.    Of 
course,    the  value  of  p     is  determined  by  the  previous   sequence 
of  events. 

Let  us  now  specify  the  form  of  the  operators: 

Op  =  a  p  (3.13) 


Op  =ap        +(l-a)\  (3.14) 

2    n-i  2    n-i  2 

The    form   of  these    operators    follows    Bush    and    Mosteller 
(I955).  ^°    Once  we  have  specified  the  initial  value  of  p,  the  proc- 
ess is  determined.      Therefore,    let 

p^  =   1  (3.15) 

The  basis  for  this  model  is  a  view  of  the  operation  of  social 
pressure  which  holds  that    consistent   application   of   pressure 
v.'ill  have  different  effects  from  inconsistent  application   of   the 
same  pressure.      First,    it  should  be  noted  that  the  events  bring- 
ing about  changes  in  the  probability  of  a  correct  response  all 
involve  the  application  of  social  pressure.      Event  Ej    can  be  con- 
sidered as  the  inconsistent  application  of  pressure;   Eg    can  be 
seen  as  the  consistent  application;  and  E3  can  be  viewed  as  the 
application  of  pressure  in  the  same  direction  as  the  subject'  s 
perception.      It  is  argued  that  these  three  types  of  events  will 
differentially  affect  the  subject'  s  probability.      The  fact  that  con- 
sistency and  inconsistency  are  considered  only  for  an  adjacent 
pair  of  trials  is  a  concession  to  expediency.     A  model  that  dealt 
with  a  longer  tirrte   span  would  be  more  difficult  to  handle,     and 
also  the  fact  that  there  were  only  12  critical  trials  in  this  ex- 
periment makes  it  impractical  to  use  longer  time  periods.      (If 
this  model  proved  fruitful,    it  might  then  be  worth  while  to  incor- 
porate a  longer  time   span  when  we  examine  data  from  the  pres- 
ent experiment.  ) 
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The  parameters  aj    and  az    can  be  considered  "rates  of  change" 
in  the  probability  of  a  correct  response  under  inconsistent  and 
consistent  pressure,    respectively,    whereas  the  parameter  \   can 
be  regarded  as  a  limit  point  at  which  the  probability  will  even- 
tually stabilize  if  the  process  is  continued  for  an  infinite  number 
of  trials. 

The  model  assumes  that  the  probability  of  a  correct  response 
is  initially  equal  to  1;  data  from  Asch's  control  group  approxi- 
mates this  assumption.      In  addition,    it  assumes  that  the  prob- 
ability goes  to   1   every  time  there  is  a  neutral  trial,    no  matter 
at  what  point  in  the   sequence  of  trials  this  event  (Ej)   occurs. 
What  this  latter  assumption  means  is  that  whenever  a  neutral 
trial  occurs,    the  process,    in  effect,    starts  over  again.    To  sup- 
port this  premise,    we  conjecture  that  whenever  the  confederates 
are  correct,    they  act  to  reassure  the  subject  that  his  perception 
can  be  correct,    and  that  he  has  not  misunderstood  the  instruc- 
tions.     This  reassurance  considerably  reinforces  the  subject's 
tendency  to  respond  correctly,    perhaps  by  restoring  his  original 
self-confidence.      Even  though  this  conjecture  may  be  correct, 
the  assumption  is  probably  more  restrictive  than  we   should  like, 
but  it  does  represent  a  good  starting  point  for  investigation. 

The  problems  of  estimating  parameters  and  computing  theo- 
retical values  for  certain  statistics,  in  order  to  compare  these 
with  the  observed  values,    are  not  trivial  for  this  model.  The 

method  of  moments,    which  was  used  earlier ,  becomes  quite  la- 
borious for  a  model  of  this  complexity.     Similarly,    we  are  no 
longer  in  a  position  to  compute  the  theoretical  variance  of  the 
distribution  of  errors  for  this  model  because  we  no  longer  have 
independent  trials;  that  is,    this  model  assumes  sequential  de- 
pendencies,   so  that  the  variance  of  a  sum  is  no  longer  the   sum 
of  the  variances  but  rather  includes  covariance  terms.       What 

can  be  done,    however,    is  to  write  p     in  terms  of  the  model  for 

^  11 

each  value  of  n,    then  by  the  method  of  maximum  likelihood 

obtain  estimates  of  the  parameters,    and  finally  use  these   esti- 
nnates  for  numerical  or  Monte  Carlo  computations.    The  method 
of  maximum  likelihood  will  not  be  discussed  in  detail  here,    but 
the  principle  is  essentially  one  of  finding    those    values    of   the 
parameters  that  maximize  the  probability  of  obtaining  the  ob- 
served sample,    given  that  we  can  write  the  quantities  to  be  ob- 
served in  terms  of  the  parameters.      In  the  present  case,    these 
are  the  probabilities  of  a  correct  response    on   each    of   the    12 
critical  trials  and  each  of  the  6  neutral  trials.      Remembering 
from  Chapter  2  that  Asch's  Experiment  1  had  the  following  se- 
quence of  trials: 

N,  N,  M,  M,  N,  E,  M,  E,  E,  N,  N,  M,  M,  N,  E,  M,  E,  E 

labeling  the  trial  before  the   start  of  the  experiment  as  trial  0, 
we  can  write:  ^^ 
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Po  =   1 

Pi  =   1 

Pz  =  1 

P3  =  ai 

P4  =  o-zai    +  (1   -  a2)>^ 

P5     =    1 


ing  Pn_i  =  P3 


(3.16) 


P6    =  ai 

P7    =  aza  1    +  (1   -  a2)>^ 

Ps    =a2[a2ai    +  (1   -  o-z)'^]    +  (1   -  a.2)>^ 

=  a|ai    +a2(l   -  olz)'^  +  (^   -  0-2)^ 
P9    =ci2[a2ai    +a2(l   -  az)^  +  (1   -  a2)>^]    +  (1   -  o.  2)\ 

=  a|ai    +  a2  (1   -  a  2)^  +  a2  (1   -  a  2)^  +  (1   -  a2)X 

The  final  nine  trials  are  exactly  the   same  as  the  preceding.      In 
examining  the  set  of  Equations  3.16,    the  reader  will  note  some 
of  the  difficulties  involved  in  the  estimation  of  pararaeters.    To 
use  the  method  of  moments,    it  would  be  necessary  to  form  a 
sum  of  the  expressions  in  Equations  3.16,    multiply  this  by  2, 
since   Equations  3.16  deal  only  with  the  first  9  trials,    and  then 
equate  the  result  to  the  observed  number  of  correct  responses. 
In  addition,    because  there  are  three  unknown  parameters,     we 
must  be  able  to  derive  two  other  independent  equations  in  order 
to  obtain  a  solution.      Unfortunately,    no  direct  way  to  accomplish 
this  was  found.     As  was  mentioned  earlier,    the  principle  of  max- 
imum likelihood  offered  an  alternative  approach. 

Using  Equations   3.16  and  the  observed  proportions  correct 
on  each  trial,    the  following  estimates  were  obtained: 

ai    =  .72 
\     =  .6 
az   =  -  .6 

These  estimates  were  then  used  to  conapute  a  theoretical  curve 
of  percentage  correct  against  trial.  Figure  3.4  compares  this 
curve  with  the  curve  observed  in  Asch'  s  Experiment  1.  As  the 
figure  shows,  these  estimates  enabled  us  to  fit  Asch'  s  mean 
curve  reasonably  well.  The  test  of  this  model,  however,  is  how 
well  it  predicts  other  statistics  drawn  from  the  data.  To  make 
this  comparison,    we  ran  33  Monte  Carlo  subjects  ("stat-rats') 
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Figure   3.4.      Consistency    of    group    pressure  model 
compared  with  data  from  Asch'  s  Experiment  1. 


Table  3.4.      Comparison  of  Distribution  of  Errors  from 
Monte  Carlo  Computation  of  Consistency  Model  with 
that  from  Asch'  s  Experiment  1 


Number  of 
Errors 

Monte 

Carlo 

Asch'  s  Experiment  1 

Frequency 

Per  Cent 

Frequency 

Per  Cent 

0 

0 

0.0 

29 

23.6 

1 

2 

6.1 

8 

6.5 

2 

3 

9.1 

10 

8.1 

3 

4 

12.1 

17 

13.8 

4 

6 

18.2 

6 

4.9 

5 

9 

27.3 

7 

5.7 

6 

6 

18.2 

7 

5.7 

7 

1 

3.0 

4 

3.2 

8 

1 

3.0 

13 

10.6 

9 

1 

3.0 

6 

4.9 

10 

0 

0.0 

6 

4.9 

11 

0 

0.0 

4 

3.2 

12 

0 

0.0 

c? 

4.^ 
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through  12  trials  and  tabulated  the  distribution  of  errors.    Table 
3.4  compares  this  distribution    with   the    distribution   of   errors 
from  Asch's  subjects.      Clearly,    the  two  distributions  differ.   The 
model  predicts  a  bell- shaped  distribution  with  no  density  at  0  er- 
rors whereas  the  mode  of  the  observed  distribution   is    near    0. 
Because  this  model  led  to  a  distribution  that   departed  radically 
from  that  actually  observed,    it  was  not  investigated  further.  ^^ 
The  discrepancy  between  the  distribution   of   errors    arising 
from  the  consistency  model  and  the  observed  distribution  sug- 
gests some  of  the  properties  an  adequate  model  should  incorpo- 
rate.    A  model  which  assumes  that  all  subjects  have  the  same 
probability  of  a  correct  response  and  that  this  probability  changes 
in  the  same  way  for  all  subjects  leads  to  a  bell- shaped  distribu- 
tion; therefore,    a  model  which  would  give  rise  to  a  skewed  dis- 
tribution with  a  mode  near  0  should  allow  for  individual  differ- 
ences in  experience  and  should  assume  that  social  pressure  has 
differential  effects.      Furthermore,    it  should  allow  the  possibili- 
ty that  this  pressure  had  no  effect  for  a  large  portion  of  the  sub- 
jects. 

3.6  Summary 

This  chapter  has  examined  several  models  that  included  as- 
sumptions about  the  absence  of  time  trends,    individual  differen- 
ces,   and  the  variations  in  social  pressure.     In  addition,  a  model 
which  assumed  that  subjects  acquired  "insight"  about  the  experi- 
mental situation  was  considered. 

From  the  analysis,  we  concluded  that  there  were  time  trends 
for  at  least  one  group  of  subjects,     that   individuals    differed  in 
their  experimental  experience,    and  that  insight  into  the  experi- 
mental situation  could  account  for  the  data   from   the    Extreme 
condition.      But  all  the  models    examined    were    rejected   for    at 
least  one  of  the  experimental  conditions. 

This  chapter  suggested  that  an  adequate  model  should  allow 
for  individual  differences  in  experience  in  the  experimental  sit- 
uation,   although  it  should  be  pointed  out  that  this  fact  does  not 
mean  that  we  must  assume  individual  differences  at  the  start  of 
the  experiment. 

In  pursuing  these  baseline  models,     this    chapter    illustrated 
some  of  the  procedures  for  estimating  parameters  and  for  test- 
ing the  fit  of  a  model  to  the  data. 

NOTES 

1.  See  Feller  (1950)  for  a  discussion  of  random  variables  and 
probability  theory. 

2.  It  has  been  pointed  out  to  the  author  that  the  assumptions  at 
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the  beginning  of  this  section  are  not  sufficient  to  guarantee 
independence.  What  we  are  assuming  in  this  model  is  that 
we  have  independent  binomial  observations, 

3.  This  analysis  could  be  done  by  dividing    the    sequence    into 
more  than  two  subsequences.      In  fact,    more   subdivisions 
would  undoubtedly  allow  a  more  sensitive  test  for  trends. 
For  the  present  purpose,    however,    the  crude   subdivision 
is  adequate;  if  sequences  are  a  significant  source  of  vari- 
ance,   one  could  argue  that  there  is  at  least  some  trend  in 
the  data. 

4.  Monte  Carlo  computations  are  one  method  of  obtaining  ap- 
proximate values  for  such  quantities  as  means  and  variances 
of  distributions  that  arise  from  the  operation  of  a  probabili- 
ty process.     Monte  Carlo  methods  involve  the  use  of  random 
numbers  to  generate  a  set  of  simulated  data  by  purely  me- 
chanical means.      The  techniques  we  use  carry  a  hypotheti- 
cal subject  through  a  sequence  of  experimental  trials  by  com- 
paring the  assumed  probability  of   a  correct  response  for 
that  subject  with  a  random  number  and  deciding  whether  or 
not  the  subject  made  the  correct  response  on  each  trial.   The 
procedure  continues  until  we  have  generated  a  set  of  simu-         j 
lated  data  to  compare  with  the  data  we  actually  collected.  | 
These  hypothetical  subjects  have  been  termed  "stat-rats" 
because  the  method  has  been  frequently  used  to  simulate 
animal  learning  experiments.      For  a  fuller  discussion  of 
Monte  Carlo  methods,    see  Bush  and  Mosteller  (1955),    pp. 

128  ff. 

5.  An  alternative  procedure  that  F.    Mosteller  suggested  to  the      j 
author  is  to  use  stat-rats  with  a  guaranteed  number  of  er- 
rors,   and  randomly  permute  errors  and  correct  responses. 
This  would  reproduce  the  desired  classes  more  adequately 
since  it  would  reduce  the  number  of  ties. 

6.  q  =   1  -   p. 

7.  The  initial  assumption  of  this  investigation  is  that  the  Klod- 
erate  and  Extreme  conditions  are  manifestations  of  the  same 
process  and  hence  are   similar.      Examination  of  the  models 
in  this  study  is,    in  part,    an  effort  to  test  this  assumption. 

8.  The  absence  of  the  subscript  i  indicates  that  this  probability 
applies  to  all  individuals. 

9.  For  a  discussion  of  operators,    see  Bush  and  Mosteller  (1955), 
p.    18. 

10.  Especially  pp.    Z7  ff. 

11.  See  Hoel  (1947). 
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12.  In  this  usage,    trial  0  refers  to  the  state  of  affairs  before 
the  beginning  of  the  experiment.      Later  on,    we  shall  con- 
sider trial  00  and  trial  0  as  the  initial  two  neutral   trials 
before  the   start  of  the  process  of  influence. 

13.  No  further  properties  of  this  model  were  investigated  be- 
cause we  regard  the  mean  curve  and  the  distribution  of 
errors  as  the  most  important  properties  for  the  model  to 
predict.      This  rough  criterion  will  apply  to  the  investiga- 
tion of  the  remaining  models. 


Chapter  4 
THE  CONFLICT  MODEL 


4.1  Introduction 

The  previous  chapter  suggested  that  an  adequate  model  should 
allow  for  individual  differences  in  behavior  during  the  course  of 
the  experiment.      This  does  not  mean  that  we  must  assume  indi- 
vidual differences  prior  to  trial   1   of  the  experiment.    Differing 
response  sequences  could  also  be    accounted   for   by    a   process 
that  assumes  all  subjects  are  initially  alike  but  arrive  at  differ- 
ent   response    sequences    in    some    probabilistic    manner.        The 
model  to  be  described  in  this  chapter  takes  the  latter  approach. 

The  intention  of  this  research  is  to  develop  a  model  that  de- 
scribes the  process  involved  when    specific    experimental    pro- 
cedures are  used.    As  the  reader  will  see,  our  approach  enables 
us  to  predict  summary  statistics  based  on  the  entire  sample  of 
subjects.     If,    however,     we    wished    to    predict   the   behavior    of 
specific  individuals,    another  mode  of  analysis  might  be    more- 
suitable.     However,    one  should  not  rule  out  the  possibility   of 
using  the  model,    together  with  stratifying  subjects  on  the  basis 
of    some    personality   dimension,     to    predict   the    responses    of 
specified  types  of  subjects. 

The  following  section   describes    the    general   model;    the  re- 
mainder of  this  chapter  suggests  a  possible  social- psychological 
interpretation  of  it  and  discusses  some  of  the  assumptions    this 
model  incorporates.      In  addition,    we  shall  present  a  test  of  one 
consequence  of  the  model  which  indicated  that  it  was  fruitful  to 
investigate  the  conflict  model  in  more  detail.      Chapters  5  and  6 
will  deal  with  special  cases  of  the  model,    but  we  shall  return  to 
the  general  case  in  Chapter  7. 

4.2  The  General  Conflict  Model 

The  trial- to- trial  change  in  the  probability  of  a  correct  re- 
sponse will  be  described  by  a  four- state  Markov  process    that 
is  defined  as  follows:     On  a  given  trial,    an  individual  can  be  in 
any  one  of  four  states;  on  the  next  trial,    he  can  move  to  another 
state  with  a  specified  probability.      These  probabilities  of  move- 
ment are  called  transition  probabilities.      Once  the  initial  dis- 
tribution of  individuals  among  the  states  and  the  transition  prob- 
abilities are  specified,    the  process  is  completely  determined. 
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As  before,    let 

1  if  the  i  subject  gives  a  correct  response 

_   .  on  trial  n  . 

in       )  0  if  the  i  subject  makes  either  a  moderate 


or  an  extreme  error  on  trial  n 


and  let 


ith 


1  if  the  i^"  subject  is  in  State   1  on  trial  n 
,  2  if  the  i       subiect  is  in  State  2  on  trial  n 

Y  =     /  ^-L, 

in        J  3  if  the  i''     subject  is  in  State  3  on  trial  n 
4  if  the  i       subject  is  in  State  4  on  trial  n 

The  four  states  of  the  model  are  defined  as  follows: 

Sj  If  the  subject  is  in  this  state,    he  will  respond  cor- 

rectly on  trial  n  and  on  every  subsequent  trial. 

52  If  the  subject  is  in  this  state,  he  will  respond  cor- 
rectly on  trial  n  and  may  or  may  not  respond  cor- 
rectly on  subsequent  trials. 

53  If  the  subject  is  in  this  state,  he  will  giveV  an  in- 
correct response  on  trial  n,  and  may  or  may  not 
respond  incorrectly  on  subsequent  trials. 

54  If  the  subject  is  in  this   state,    he  will  respond  in- 
correctly on  trial  n  and  incorrectly  on  every  sub- 
sequent trial . 

These  states  are  defined  in  such  a  way  that   if   we    know   a    sub- 
ject' s  state  on  trial  n,    we  shall  know  his  response.      That  is, 

1  if  Y.      =  1   or  2 

X.      =  J  ^"^  )  (4.2) 

^^  0  if  Y.      =  3  or  4 

m 

This  expression  enables  us  to  translate  the  model's  predictions 
into  observable s  and  will  be  important   in  both   the    derivations 
and  the  Monte  Carlo  computations.      It  should  be  noted,  however, 
that  even  if  we  know  the  subject's    response    on   trial   n   and    all 
subsequent  trials,    we  do  not  know  the  state  in  which  that  sub- 
ject was  on  trial  n.      When  a  subject  shows  a  sequence  of  cor- 
rect responses,    he  could  have  been  in  S2   on  n  and  moved  to  Sj 
on  some  later  trial,    and  there  is  even  some  nonzero  probability 
that  he  was  in  Sz    for  the  entire  sequence  of    trials.      Thus,    the 
states  are  conceptual  entities.  ^ 

Following  this  definition,    we  call  states  Sj    and  S4  ,  "absorb- 
ing"   states.      Once  a  subject  enters  either  of  these  states,    he  is 
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'Absorbed,  "    that  is,    his  behavior  is  determined  for  the  remain- 
der of  the  sequence  of  trials.      On  the  other  hand,    Sj    and  S3  are 
"temporary"    states  because  being  in  either  of  these  two  states 
on  trial  n  determines  the   subject'  s  response  on  only  that  trial; 
his  future  behavior  is  a  probability  process. 

Restating  the  definition  of  these  four   states  in  a  slightly  differ- 
ent form  has  some  consequences  for  the  trial- by- trial  changes 
in  the  probability  of  a  correct  response,  which  we  are  interested 
in  describing.      We  are  now  concerned  with  the  conditional  prob- 
ability  that   the    individual   i   will    respond    correctly   on  trial    n 
given  that  he  is  in  state  j.      These  conditional  probabilities  are: 

Pr   {X.      =   1    I    Si    on  n}  =   1 

Pr   {X.      =   1    I    S,    on  n}  =   1 
^     in  '       '^ 

Pr   {X.      =    1    I    S3    on  n}  =  0 
m 

Pr   {X.      =   1    I    S4    on  n}  =  0 


Let 


and 


Then 


p.(n)   =  Pr   (S.  on  n},      j  =  1,    2,    3,    4  (4.3) 


p(n)   =  Pr{X.^  =   1} 


p{n)   =  pj(n)  +  p^Cn)  (4.4) 

The  i       subject's  probability  of  a  correct  response  on  trial  n  is 
I         the  probability  that  he  is  either  in  Sj     or  S2  .    ^As  these  are  mu- 
>^'>,         tually  exclusive  states,    the  probability  that  he  is  in  either  Sj  or 
S2   is  simply  the  sum  of  the   separate  probabilities. 

To  determine  the  probability  of  a  correct  response,    then,    it 
is  necessary  to  determine  the  probability  of  being  in  states   1   or 
2.      First  we  assume  that  the  probability  of  being  in  state  j    on 
a  given  trial,    say  trial  n  +   1,    depends  only  on  the   state  in  which 
the   subject  was  on  the  preceding  trial,    trial  n.      Next  we  assume 
a  set  of  transition  probabilities;  for  example,    the  probability-  of 
moving  from  S2    on  trial  n  to  Sj    on  trial  n  +   1   is   such    a    transi- 
tion probability.      We  further  assun:ie  that  not  all  of  the   16  pos- 
sible transitions  are  possible;  more  specifically,    8  of  the  pos- 
sible transitions  have  0  probability.      The  allowable  transitions 
and  their  probabilities  are  defined  in  Table  4.1. 
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Table  4.1.      Allowable   Transitions  and  Their  Probabilities 


State 
on  Trial  n 

Possible 
State  on  Trial  n  +   1 

Probability 

Si 

Si 

1.00 

Sz 

Si 

a 

S2 

1   -   a   -   p 

S3 

P 

S3 

Sz 

Y 

S3 

I  -y  -  € 

S4 

€ 

S4 

S4 

1.00 

That  a    subject  in  Sj   or  S4    must   remain   only   in   Sj   or  S4    ex- 
presses the  fact  that  these  are  absorbing  states.  It  should  also 
be  noted  that  we  assurae  a  subject  in  Sg   can  move  only  to  SjjSz, 
or  S3,    while  a  subject  in  S3  can  move  only  to  S2  ,    S3,    or  S4.   The 
transition  probabilities  can  be  considered  conditional  probabil- 
ities; for  example,  the  second  line  of  Table  4.1   can  be  written: 

Pr  {Sj  on  n  +   1    I    S2   on  n}  =  a 

The  transition  probabilities  are  arrived  at  in  the  following  way. 
A  subject  can  be  in  one  and  only  one  state  on  trial  n.  Given  that 
state,     he   has    either    one    or    three    possible    "moves."      These 
"moves"  are  all  mutually  exclusive  and  exhaustive;    hence    the 
sum  of  their  probabilities  must  equal  1.      If  there    is    only    one 
possible    "move,"     it   is    obvious   that   it  has    probability    1.      If 
there  are  three  possible  "moves,  "    and  we  assume  that  the  prob- 
ability of  one  of  these  is  a,    and  the  probability  of  another  is  p, 
then  the  probability  of  the  remaining  move  is  1  ~  a  -  p. 

The  parameters  of  this  model,    then,    are  those  transition  prob- 
abilities whose  values  raust  be    estimated   from   the    data.       The 
general  model  has  four  parameters:  0. ,   p,  Yj    ^-i^d  e.    In  consider- 
ing special  cases  of  this  mod- 

'~"^V_^^  el,    we  shall  equa.te  some    of 

f  \_ef        ^     these    parameters.  Before  con- 

V  J        \,  J     sidering  these  special  cases, 

1-7-e        1.00 


Figure  4.1.    States  and  tran- 
sitions for  the  'conflict  model. 


however,  let  us  consider  what 
information  abov^t  the    model 
we  already  have. 

The  assumptions  made  thus 
far  can  be  sketched  schemat- 
ically  in   Figure    4.1.       This 
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diagram  shows  the  four   states,    the  paths  of  transition,    and  the 
transition  probabilities.      From  these  assumptions  we  can  ex- 
press the  probability  of  being  in  a  given  state  on  trial  n  +   1  in 
terms  of  the  states  on  trial  n.      We  can  write,    for  example, 

Pj(n  +   1)   =  Pj(n)   +  ap^Cn)  (4.5) 

which  simply  asserts  that  a  subject'  s  probability  of  being  in  Sj 
on  trial  n  +   1   is  the  probability  that  he  was  in  Sj    on  trial  n  plus 
the  probability  that  he  was  in  S2   on  trial  n  and  then  moved  to  Sj  . 
It  should  be  noted  that  if  he  were  in  Sj    on  trial  n,    he   stays  there 
on  trial  n  +   1 ,    and  if  he  were  in  S^  ,    he  has  probability  a  of  mov- 
ing to  Si  ;  furthermore,    there  is  no  way  a  subject  could  be  in  Sj 
on  trial  n  +   1   other  than  remaining  in  the  state  from  the  previous 
trial  or  moving  to  Sj    from  S2  . 

Equation  4.5  is  called  a  transition  equation.      The  three  re- 
naaining  equations  arise  in  the  same  way  as   Equation  4.5,    that 
is,    as  we  described  in  the  preceding  paragraph.      Thus,    the  set 
of  transition  equations  for  this  model  are 

Pj(n  +   1)   =  Pj(n)  +  ap^(n) 

p    (n  +   1)   =  (1   -  a  -   (3)p    (n)  +  yp  (n) 

;  (4.6-) 

P3(n+   1)   =  (1   -   Y  -  e)p^(n)  +  pp^(n) 

pjn+   1)   =  p^(n)  +  ep^in) 

In  order  to  estimate  the  parameters  of  this  model,    it  is  neces- 
sary to  obtain  a  solution  to  this   set  of  linear  recurrence  rela- 
tions.    Although  in  principle,    there  is  a  solution  for  the  general 
case,    it  is  not  practically  feasible  and  will  not  be  attempted.    It 
is,    however,    possible  to  solve  a  similar  equation  system  for  the 
one-   and  two- parameter  models,     and   these    solutions    will   be 
shown  in  Chapter  5. 

Writing  these  transition  equations  as  in  Equation  4.6  illustrates 
one  additional  feature  of  the  model.      This   set  of  equations  re- 
quires  some  information  about  the  initial  probabilities  of  being 
in  each  of  the  states.      Considering  trial  0  as  the  trial  prior  to 
the  beginning  of  the  process —  in  effect,    the  second  neutral  trial 
in  the  present  experiment^ —  weneedpi(O),    P2(0),    P3(0),     and 
P4(0).      These  quantities  could  be  considered  additional  param- 
eters to  be  estimated  from  the  data,    or  we  could  assume  these 
initial  values.     Because  estimating  these  from  the  data  would 
increase  the  complexity  of  the  model,    we  have  chosen  to  pos- 
tulate this  initial  distribution.      The  final  assumption  of  the  model, 
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then,    is  that  all  subjects  are  in  state  S^  at  the  start  of  the  se- 
quence of  trials.      Formally: 

Pj(0)  =  0 

p,(0)  =   1.00 


(4.7) 


P3(0)  =  0 


p^(0)   =  0 


This  assumption  is  consistent  with  both  the  data  and  the  inter- 
pretation of  the  model  we  wish  to  make. 

4,3  Interpretation  of  the  Model 

The  essential  feature  of  the  model  is  that  it  assumes  that  the 
process  occurring  in  this  experiment  is  a  process  that  leads  to 
either  consistent  conforming  or  consistent  nonconforming.   This 
feature  suggests  a  social- psychological  interpretation.  Although 
the  rationale  is  quite  tentative,    it  does  indicate  further  areas  of 
application  for  the  model.     It  should  be  emphasized  that  we  are 
not  drawing  on  any  particular  theory  for  this  interpretation;  the- 
ories of  conformity  are  not  sufficiently  explicit  for  one  to  for- 
malize.     The  assumptions  of  the  model,    however,    are  based  on 
the  thinking  of  many  who  have  studied  the  Asch  situation. 

As  the  name  "conflict  model"  implies,    the  basis  for  interpre- 
tation is  a  two- pole  conflict  situation.      The  poles  of  this  conflict 
may  be  termed  "maintaining  status  in  the  group"  and  "maintain- 
ing personal  integrity.  "      The  individual,    on  the  one  hand,    de- 
sires to  ensure  his   status  with  the  confederates,    who  are   his 
peers.     He  can  do  so  by  conforming  to  the  norm  that  these  peers 
establish.  That  the  confederates  are  seen  as  sanctioning  agents  and 
as  the   source  of  social  pressure  is  documented  by  postexperi- 
mental  interviews  both  in  Asch's  work  and  in  the  present  study. -^ 
On  the  other  hand,    the  subject  feels   some  pressure  to  make  his 
response  consistent  with  internal  perceptual  standards,    to  'ball 
them  as  he  sees  them.  "      The  conflict  between  this  internal  pres- 
sure and  the  social  pressure  applied  by  the  confederates  repre- 
sents the  basic  element  of  this  experimental  situation.  "* 

(From  one  viewpoint,    correct  responses  can  also  be  regarded 
as  conformity;  the  individual,    when  he  responds  correctly,    con- 
forms not  only  to  an  internalized  standard  but  also  to  an  exter- 
nal norm.      It  can  be  argued  that  the  experimenter  acts  as  an  ex- 
ternal enforcing  agent  for  the  correct  response.      Indeed,     some 
subjects  regard  the  experimenter  as  a  sanctioning  rather  than 
a  neutral  individual,    as  is  best  illustrated  by  the  comment,   "1 
didn'  t  go  along  with  them  because  I  was  afraid  I'  d  ruin   your 
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experiment.  "     It  does  seem,    however,    that  more  than  comply- 
ing to  the    experimenter    is    involved    in   the    correct    response. 
Having  noted  this  possible  interpretation  of  correct  responses, 
we  shall  continue  to  speak  of  "correct"  and  "conforming"  or  "in- 
correct" responses. ) 

We  view  the  social  process  involved  in  these  experiments  as 
a  process  of  resolving  the  conflict  between  the  tendency  to  re- 
spond to  internal  pressure  and  the  tendency  to  yield  to  social 
pressure.      The  temporary  states  Sj   and  S3  represent  "conflict 
states,  "  whereas  the  absorbing  states  Sj   and  S4    can  be  consid- 
ered "resolution  states.  "     In  addition,    we  distinguish  between 
S2   and  S3  according  to  whether  the  pressure  to  maintain  one'  s 
integrity  or  the  pressure  to  maintain  one's   status  is  dominant 
at  the  time.  We  reason  that  if  the  internal  pressure  predominates, 
the  subject  will  respond  correctly  and  thus  will  be  in  S2   on  that 
particular  trial.      On  the  other  hand,    if  the  social  pressure  pre- 
dominates,   the  subject  will  respond  incorrectly  and  thus  will  be 
in  S3=     Similarly,    we  believe  that  the  conflict  eventually  must  be 
resolved  so  that  the  subject  consistently  responds  to  only  one  of 
these  two  pressures.      States  Sj    and  S4   indicate  resolution  on  the 
side  of  maintaining  one's  integrity  and  maintaining  one's   status, 
respectively.      Once  this  conflict  is  resolved,    it  remains  resolved; 
that  is,    one  of  the  two  pressures  on  the  subject  becomes  domi- 
nant and  remains  dominant  for  the  remainder  of  the   sequence  of 
trials.      When  and  at  which  pole  resolution  takes  place  is  deter- 
mined by  a  probability  process. 

Each  state,    then,    refers  to  a  different  balance  of  forces.      It 
is  felt  that  the  forces  are  nearly  equal  in  S^   and  S3  and  subject 
to  change,    whereas  in  Sj    and  S4    some  threshold  has  been  passed, 
so  that  change  is  impossible.      Considering  each  state  in  terms 
of  the  resultant  of  the  balance  of  forces  leads  to  a  possible  in- 
terpretation for  the  parameters.      We  assume  that  the  forces  are 
such  that  if  an  individual  is  in  Sj  ,    he  has  "rejected"  the  group; 
in  S2  ,    he  is  "leaning  away"  from  the  group;  in  S3,    he  is   "leaning 
toward"  the  group;  and  in  S4  ,    he  has   "completely  accepted"  the 
group.      We  then  make  the  following  identifications  for  the  param- 
eters: 

a        The  probability  that  an  individual  will  reject  the  group. 

p        The  probability  that  an  individual  will  change  his  lean- 
ings toward  the  group. 

y        The  probability  that  an  indi\idual  will  change  his  lean- 
ings away  from  the  group. 

e        The  probability  that  an  individual  will  completely  ac- 
cept the  group. 

One  consequence  of  this  interpretation  is  that  it  enables  us  to 
use  this  model  and  the  Asch  situation  to  test  two  of  Festinger's 
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hypotheses  concerning  "Informal  Social  Communication"  (Festin- 
ger,    1950.)     Chapter  8  will  present  this  test  on  the  assumption 
that  a  and  (3  are  functions  of  the  amount  of  social  pressure  oper- 
ating. ^ 

The  parameters  are  probabilities  of  movement  between  states 
from  trial  n  to  trial  n  +  1,    for  all  values  of  n.      That  is,    we  as- 
sume the  transition  probabilities  are  constant  through  time.   This 
model  attempts  to  describe  the   situation  created  by  specific  ex- 
perimental procedures  where  the  investigator  made  an  effort  to 
minimize  variation  in  time  of  crucial  elements    of  the    experi- 
ment.     The  subject  judged  the  same  lines  on  each  trial,    and  the 
confederates  responded  in  the  same  way  on  all  trials.    Further- 
more,   it  is  reasonable  to  assume  that  the  subject's  internal  per- 
ceptual standards  did  not  change  from  trial  n  to  trial  n  +  1.    The 
assuraption  of   constant   transition   probabilities    reflects    these 
constant  features.      Implicit  in  this  assumption,    however,  is  the 
view  that  the  confederates'    response  on  any  given  trial  consti- 
tutes the  total  social  pressure  operating  on  the  subject  at  that 
time.      That  is,    social  pressure  does  not  build  up  through  time. 
On  a  priori  grounds,  it  is  difficult  to  argue  for,  or  against,    the 
notion  of  noncumulative  social  pressure  in  the  Asch  situation. 
The  simplicity  it  introduces  into  the  raodel,    therefore,    is  its 
major  justification. 

The  model  further  assumes  that  the   same  transition  proba- 
bilities apply  to  all  individuals.      This  axiom  incorporates  the 
view  that  individual  differences  prior  to  the  outset  of  the  experi- 
ment do  not  affect  behavior  in  the  situation.     It  is  here  that  we 
run  counter  to  most  interpretations  of  this  type  of  experiment. 
The  evidence,    however,    is  inconclusive.      Some  investigators 
have  found  relationships  between  measures  of  personality  var- 
iables and  the  frequency  of  yielding.      Factors   such  as  "author- 
itarianism" as  measured  by  the  "F-scale"    (Siegel,    1956,  p.  228), 
"need  achievement"  (McClelland  et  al.  ,   1953,    p.    287)  and  "status 
striving"  (Siegel,    1956,    p.    210)  are  correlated  with  conformity 
in  the  Asch  situation.      Since  such  measures  are  considered  to 
tap  enduring  individual  characteristics,    these  findings  are  in- 
consistent with  our  assumption.      It  should  be  noted,     however, 
that  these  reported  correlations  were  not  sufficiently  high  to  in- 
dicate much  predictive  power  for  the  trait  measures.    Further- 
more,   the  present  author  failed  to  replicate  these  findings  using 
two  separate  samples.^     In  one  of  these  studies,    the  relationship 
between  status,  striving  and   conformity  approximated  that  which 
Siegel  reports  (Siegel,    1956),    but  in  the  second  sample,    the  cor- 
relation was  negative.      In  addition,    the  present  author  examined 
several  other  trkit  indices,^    none  of  which  related  to  conformity. 
Finally,    Moeller  and  Applezweig  (1957)  report  that  they  could 
distinguish  high  and  low  yielders  on  the  basis  of  the  "social 
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approval"     scale    of   their    Behavior    Interpretation    Inventory 
(Moeller  and  Applezweig,    1956).      Their  discussion  of  this  find- 
ing is  relevant  to  the  present  problem: 

...  It    should   be    emphasized   that   our    prediction   was    not 
based  on  categorization  of  persons  as  conformers  and  non- 
conformers.      .  .  ,  We  assunne  that  conformity  per   se  is  not  a 
trans- situational  trait,    but  that  any  individual  conforms  or 
fails  to  conform  in  a  given  situation  depending  on  his  motiva- 
tional profile  and  the  relevance  of  conformity  behavior  in  that 
situation  to  his  motives. 

The  present  author  agrees  with  Moeller  and  Applezweig  in  their 
belief  that  conformity  is  not  trans- situational  and  in  their  em- 
phasis on  the  motivational  profile  rather  than  the  operation  of 
a  single  motive  or  trait.      The  assumption  we  make  in  this  model 
carries  this  rationale  a  bit  further.      We  argue  that  classifying 
subjects  on  the  basis  of  a  single  trait  will  not  improve  the  pre- 
diction of  conformity,    because  in  each  individual'  s  constellation 
of  motives  and  traits,    there  are  some  elements  to  which  con- 
formity in  this  situation  is  relevant.      We  assume  that  these  ele- 
ments differ  for  different  individuals,    but   the    fact   that    some 
element  is  present  in  every  individual  indicates  that  the  proba- 
bility of  conforming  does  not  vary  greatly  from  person  to  person. 
In  other  terms,    we  feel  that  people  conform  or  do  not  conform 
for  a  variety  of  reasons,    but   that    some    of   these    reasons    are' 
present  in  everyone.      Since  we  cannot  specify  in  detail  the  mo- 
tivational constellation  of  each  individual  and  since  we  feel  the 
probabilities  have   small  interperson  variability,    we  consider 
the  assumption  that  the  same  parameter  values  apply  to  all  in- 
dividuals a  reasonable  one. 

Although  the  assumption  that  all  individuals  are  alike    prior 
to  the  outset  of  the  experiment  is  a  central  feature  of  the  pres- 
ent study,    it  would  be  possible  to  modify  the  model  to  incorpo- 
rate individual  differences.      An  alternative  model  would  assert 
that  the  parameter  values  vary  as  a  function  of  some  important 
personality  characteristics.      In  social-psychological  terms,  this 
is  equivalent  to  saying  that  people  vary  in  the  strength  of  their 
reactions  to  social  pressure.      The  procedure  for  examining  this 
alternative  would  be  to  divide  the   sample  into  k  classes  of  sub- 
jects,   each  class  having  a  distinct  pattern  of  personality  char- 
acteristics,   and  then  to  estimate  the  parameters   separately  for 
each  class.      The  author  is  currently  pursuing  this  line  of  inves- 
tigation. 

When  we  assume  that  all  subjects  are  in  S2   at  the  beginning 
of  the  experiment,    we  also  rule  out  individual  differences.    This 
assumption  has  a  situational  interpretation,    hence  we  should  not 
modify  it  to  take  account  of  personality  factors.    The    rationale 
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for  this  assumption  can  best  be  seen  by  examining  the  alterna- 
tives.     Since  very  few  subjects  conform  on  the  first  trial,     by 
definition  of  States  3  and  4,    very  few  subjects  are  in  those   states. 
The  only  remaining  possibility  is  that  some  subjects  are  in  Sj  , 
but  this  is  not  testable,    for  it  is  not  possible  to  distinguish  op- 
erationally between  States   1  and  2.  Even  if  these  two  states  could 
be  distinguished,    assuming    that    some    subjects    are    in   State   1 
would  be  too  severe  a  restriction.      It  would  be  tantamount  to  say- 
ing that  there  are  subjects  who  would  not  conform  in  this  type  of 
situation,    no  matter  how  much  pressure  they  faced. 

The  assumption  that  all  subjects  start  in  S2   is  an  attempt  to 
incorporate  the  initial  reactions  of  disbelief  and  resistance    to 
the  confederates  when  these  confederates  depart  from  the  sub- 
ject' s  expectations.      That  is,    it  represents  the  presence  of  in- 
ternal perceptual  standards.      In  a  situation  where  both,    or  nei- 
ther,   alternative  behaviors  were  governed  by  conflicting  internal 
norms,    we  should  assume  that  half  of  the  subjects  began  in   Sj 
and  half  began  in  S3.      Similarly,    if  we  could  devise  a  nontrivial 
situation  where  the  confederates  represented  an  internal  standard 
and  there  was  an  external  norm,    we  should  assume  that  all  the 
subjects  began  in  S3.      The  trivial  case  is  illustrated  by  an  ex- 
perimental sequence  of  neutral  trials  where  we  should  expect  a 
0  probability  of  transition  from  S3  to  S2  .      (It  should  be  pointed 
out  that  the  example  reinterprets  the  conceptual  states,  defining 
S3  and  S4   in  terms  of  conformity  and  Sj    and  S2   in  terms  of  non- 
conformity,   rather  than  identifying  the  states  with  correct   or 
incorrect  responses.)     Chapter  8  will  discuss  some   situations 
where  these  alternative  assumptions  might  apply. 

We  have  offered  a  tentative  interpretation  of  this  model.    The 
interpretation  is  not  unique  nor    would   we    argue    that   it   is    the 
most  useful  interpretation.     However,    it  has  aided  the  develop- 
ment and  testing  of  the  model  and  has  the  advantage  of  being  re- 
lated to  previous  research  on  conflict  and  conformity."' 

To  determine  whether  or  not  it  would  be  fruitful  to  investigate 
this  model  in  detail,    we  made  an  initial  test  of  one  of  its  prop- 
erties.     The  model  assumes  that  a  "process  of  absorption"    is 
occurring,    with  some  subjects  becoming  consistently  correct 
and  others  consistently  incorrect.      Once  a  subject  is  absorbed, 
he  will  have  only  a  single  run  of  responses,    where  a  run  is  de- 
fined as  a  subsequence  of  identical  responses.       On  the    other 
hand,    before  a  subject  is  absorbed,   he  can  move  about  between 
states  S2   and  S3  and  therefore  can  have  a  number  of  runs.       Be- 
cause subjects  are  more  likely  to  be  absorbed  the  longer  the   se- 
quence continues-,    we  would  expect  most  subjects  to  have    fewer 
runs  in  the  second  half  of  the  experiment  than  in  the  first   half. 
We  thus  tabulated  the  number  of  runs  and  classified  each  subject 
according  to  whether  he  had    more    of  his    runs    in  the    first   or 


had  more  runs 

in  first  half 

Moderate 

18 

Extreme 

14 
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second  half  of  the  experiment.      This  tabulation  was  made  for 
each  condition.      The  subjects  who  had  only  one  run  for  the  en- 
tire experiment  were  not  included.      The  results  were: 

Number  of  Subjects  Who: 

had  sanne  number  had  more  runs 

of  runs  in  both  in  second  half 

halves 

2  3 

1  6 

The  null  hypothesis  that  the  number  of  subjects  who  had  more 
runs  in  the  first  half  was  equal  to  the  number  that  had  more  runs 
in  the  second  half  was  tested  using  a  sign  test.      The  two  condi- 
tions were  combined  for  this  test,    and  the  null  hypothesis    was 
rejected  at  beyond  the  1   per  cent  level.      The  result  of  this  analy- 
sis,   therefore,    is  consistent  with  a  model  that  assumes  an  ab- 
sorbing process. 

4.4  Summary 

Thus  far  we  have  described  a  general  model,    offered  a  ten- 
tative psychological  interpretation  of  the  model,    discussed  the 
substantive  assumptions,    and  demonstrated  that  it  is  fruitful  to 
investigate  further  this  type  of  model.      The  next  two  chapters  . 
pursue  the  detailed  consideration  of  three   special  cases  of  this 
model.   In  Chapter  7,  we  will  return  to  the  general  conflict  model. 


NOTES 

1.  Later  in  this  work,    we   shall  need  to    estimate  the  propor- 
tion of  subjects  in  Sj    or  S4    on  a  given  trial.      We  shall  use 
the   subject'  s  responses  to  accomplish  this.    Such  a  tech- 
nique,   however,    is  only  a  very  rough  approximation. 

2.  The  present  model  intends  to  describe  critical  trials  only. 
Hence  the  neutral  trials  will  not  be  considered  except  as 
the  state  of  the   system  prior  to  the  start  of  the  process.  In 
the  figures  to  be  presented  in  the   remainder  of  this  mono- 
graph,   the  first  neutral  trial  will  be  labeled  00  and  the   sec- 
ond neutral  trial  will  be  labeled  0. 

3.  See  Chapter  2,    p.    26,    and  Asch  (1956), 

4.  We  use  the  terms  "internal"  and  "social"  to  distinguish  the 
source  of  pressure.  We  do  not  intend  to  imply  that  one  op- 
erates internally  and  the  other  externally. 
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5.  Chapter  8  will  assume  that  both  a  and  p   are  monotonic  func- 
tions of  social  pressure.      What  follows  in  the  present  dis- 
cussion assumes  merely  that  changes  in  social  pressure 
will  produce  changes  in  the  parameters. 

6.  There  could  be   several  reasons  for  this  failure  to  replicate. 
One  possibility  which  should  be  recognized  is  that  the  pre- 
vious findings  were  obtained  using  Asch'  s  Experiment  1, 

so  that  the  lack  of  relationship  in  the  present  author's  data 
may  be  owing  to  the  differences  between  his  procedures  and 
Asch'  s.      If,    however,    previous  findings  are  of  so  little  gen- 
erality that  changes  in  procedure  affect  replication,    there 
is  additional  support  for  the  position  taken  in  this  research. 

7.  Among  these  indices  were:     Two  scales  from  the  "Minnesota 
Multiphasic  Personality  Inventory,  "    the  "Value  Profile"  of 
Bales    and    associates,     the    "v- achievement"    scale    of  Mc- 
Clelland,   and  the  "Fundamental  Interpersonal  Relationships 
Orientation"  of  Schutz.      None  of  these  instruments   showed 
reliable  relationships  to  conformity. 

8.  Moeller  and  Applezweig  (1957). 

9.  See  Festinger  (1950),    for  example. 


Chapter  5 
THE  ONE-   AND  TWO- PARAMETER  MODELS 


5.1  Introduction 

This  chapter  considers  the  two  special  cases  of  the  conflict 
model   where    most   of   the  properties  of  interest  can  be  derived 
analytically.      The  general  model  and  the  three- parameter  case 
require  us  to  use  approximate  methods  to  obtain  many  of  the  rel- 
evant properties.         To    simplify    exposition   and   to    indicate  the 
heuristic  value  of  examining  the  most  restrictive,    and  mathe- 
matically simplest,    cases,    we  have  chosen  to  examine  the  one- 
and  two- parameter  cases  first.      Approaching  the  analysis    in 
this  manner  would  contribute  to  our  understanding  of  the  model 
before  we  attempted  to  deal  with  the  complexities  of  the  general 
case. 

In  the  following   sections,    then,    we   shall  consider   estimation 
of  the  paranaeters  and  derivation  of  theoretical  values  for   statis- 
tics such  as  the  probability  of  a  completely  correct  sequence  of, 
responses  (that  is,    the  probability  that  a  subject  never  conforms 
throughout  the  experiment),    the  asymptotic  probability^  of  a  cor- 
rect response,    and  the  variance    of  the    distribution   of   errors. 
Section  5.Z  examines  in  detail  the  one- parameter  case,    while 
Section  5.3  analyzes  the  two- parameter  case  only  insofar  as  it 
is  necessary  to  show  that  it  does  not  provide  any  improvement 
in  its  fit  to  the  data  over  the   single- parameter  model.    Through- 
out this  chapter,    we  first  derive  the  property  under  considera- 
tion; then  we  compute  the  relevant  statistic  from  the  data,    and 
finally  compare  expected  and  observed  values. 

5.2  The  One- Parameter  Model 


In  addition  to  the  assumptions  made  in  Section  4.2,    this  model 
assuraes  that  the  transitions  between  adjacent  states  are  equally 
probable;  for  example,    a  subject  in  S2   is  equally  likely  to  move 
to  Sj   or  S3  on  the  next  trial.      We  assume; 


a  =  (3    =  Y  =  e 
and  thus  can  rewrite   Equations  4.6: 
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Pj(n  +   1)   =  Pj(n)  +  ap2(n) 

p^(n  +   1)   =  (1    -    Zajp^Cn)   +ap3(n) 

p^(n+   1)   =  (1   -    2a)p^(n)  +ap^(n)         '  ^^'^^ 

p    (n  +   1)   =  p    (n)  +  ap  (n) 

4  4  3 

To  estimate  a,    we   shall  follow  the  procedure  used  in  Chapter   3.  ^ 
That  is,    we  shall  find  E(2_^Xj^)     in   terms    of  the    parameter   a, 
equate  this  to  the  observed  mean  of  the  distribution  of  correct 
responses  and  solve  for  a.      In  addition  to  estimating  a,    we  shall 
derive  from  the  model  the  asymptotic  probability  of  a  correct 
response,    the  probability  that  a  subject  will  respond  correctly 
on  all  trials,    and  the  mean  and  variance  of  the  distribution  of 
alternations.         Each  derivation  will  yield  a  theoretical  value  of 
the  quantity  under  consideration  which  will  be  compared  with  the 
observed  value  drawn  from  the  data  for  the  Moderate    condition. 
Finally  we   shall  run  a  number  of  Monte  Carlo  subjects  and  com- 
pare additional  statistics  computed  from  the  Monte  Carlo  sam- 
ple with  the  data  from  the  Moderate  condition. 

To  find  E(2_)Xj^),    we  require  an  expression  for  E(Xj^)  that  can 
then  be    summed.^     But  this  is  simply  the  probability  of  a  cor- 
rect response  on  trial  n.      From  Equation  4,4, 

E(X   )  =  p   (n)  +  p   (n)  =  p(n) 
n  1  2 

Hence,    it  is  necessary  to  find  an  explicit  expression  for  p(n). 
We  shall  now  show  that  p(n)   =  2/3  +  1/3  (1  -    3a)".       Let 

6(n)  =  p^(n)  -   p^(n)  (5.2) 

then  from  Equations  5c  1,    subtracting  the  third  from  the  second 
equation  gives 

6(n  +  1)  =  (1  -   2a)p   (n)  +  ap3(n)  -   (1  -   2a)p3(n)  -  ap2(n) 

=  (1  -    3a)p^(n)  +  (3a   -    l)p3(n) 

•  =  (1  -   3a)  [P2(n)  -   p^(n)] 

But  from  Equation  5.2 

6(n  +  1)  =  (1  -    3a)5(n) 


Now  it  can  easily  be  shown  by  induction  that 
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6(n)   =  (1  -    3a)''6(0) 

But  from  our  assumption  about  the  initial  distribution  (Equations 
4.7) 

6(0)  =   1 
hence, 

6(n)   =  (1   -    Sq)""  (5.,  3) 

Now 

p(n  +   1)   =  p^(n+   1)  +  p^(n  +   1) 

If  we   substitute  for  the  right  side  of  this   equation,    the  expres- 
sions in  Equations   5.1  yield 

p(n  +   1)   =  p^(n)  +  ap^(n)  +  (1   -   2a)p2(n)  +  ap^(n) 
This  can  be  rewritten  as 

p(n  +   1)   =  Pj(n)  +  p^(n)  -a[p2(n)   -    p^(n)] 
From  Equations  4.4  and  5.2, 

p(n  +   1)   =  p(n)   -a6(n) 
But  substituting  the  value  of  6(n)  from  Equation  5.3,    we  obtain 

p(n+   1)   =  p(n)   -  a(l   -    3a)''  (5.4) 

Now  let  us  write  out  p(n)  for  the  first  few  values  of  n,    again  re- 
membering that  p(n)   =  p    (n)  +  P^i^^)-      To  write  the  initial  term 
of  this   sequence,    we  make  use  of  the  fact  that  P2(0)   =   1    (Equa- 
tions 4.7)  and  then  use  the  transition  equations  (5.1): 

P(0)   =   1 

p(l)   =  a  +  (1   -    2a)   =   1   -  a 

p(2)   =  a  +  a(l   -    2a)  +  a^   +  (1   -    2a)^ 

=   1   -    2a   +  3a^ 

=   1   -  a   -  a(l   -    3a) 
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p(3)   =  a  +  a(l   -    Za)  +  a(l   -    2a)^    +  a^ 

+  a^(l   -    2a)  +  2a2(l  -    2a)  +  (1   -    2a)3 

=   1   -    3a  +  9a^    -    9a^ 

=   1   -  a   -^  (-2a   +  9a^    -    9a^) 

=   l-a-a(l-    3a)-a(l-6a   +  9a^) 

=   1   -  a  -  a(l   -    3a)  -  a(l   -    3a)^ 

This   soon  becomes  quite  laborious.   Thus  far,  however,  we  have 
illustrated  Equation  5.4  for  the  first  three  terms  of  the   sequence. 
More  important  is  the  fact  that  writing  out  these  few  terms  sug- 
gests a  general  expression  for  p(n): 

p{n)   =   1   -  a   -  a(l   -    3a)  -    ■    •    •-  a(l   -    3a)''"^  (5.5) 

Equation  5.5  is  the   sum  of  a  finite  series.      The  fact  that  it  is  the 
correct  expression  for  p(n)   can  easily  be  verified  by  induction. 
Now  if  we  let  Z  =  (1   -   3a),    Equation  5.5  becomes 

n-1 
p(n)   =   1   -  aY^  z\        n  =   1,  2,  •    •    •  ,    N 
i  =  0 

where  N  is  the  number  of  trials.  We  now  make  use  of  an  equality 
that  is  quite  important  here  and  for  the  remainder  of  this  devel- 
opment,   namely: 

.1 


E-'=4^  <5.6, 


Hence, 


p(n)   =   1   -  a  -; — 


=   1 


fl-    (1-    3a)"] 
=  2/3  +  1/3(1  -    Sa)""  (5.7) 


This  completes  the  demonstration. 

Having  found  this  expression  for  p(n),    we  proceed  to  sum  over 


68 


The  One-   and  Two- Parameter  Models 


all  values  of  n  to  obtain  E(^Xn).  It  is  necessary  to  demonstrate 
that  Xip(n)  =  2/3N  +  l/9a  -    l/3. 


N 

c 

n=l 


N 
n~l 


IN  IN  -tN 

2  p(n)   =  ^[^/^  +  1/3(1   -    3a)    ]    =  2/3  N  +   1/32^(1   -    3a) 


N 

r 

n=l 


(5.8) 

The  summation  is  from  n  =  1  to  N  to  correspond  to  the  observed 
sequence  of  critical  trials.     Let  Z  =   1  -    3a;  then, 

N  N       ^ 

2p(n)   =  2/3N+  1/3  2  Z"" 
n=l  n=i 


N 


Z^^'-    1 


where   ^      Z     is  a  geometric  series  whose  sum  is  — —  ;  but 

n=0 
when  n  =  0,    Z  =   1 .      Therefore,    by  subtracting   1   from  this   sum, 
we  obtain  an  expression  for  the  desired  sum: 


z  -  1 


(5  =  9) 


:1 


Using  Equation  5.9  and  substituting  for   Z,    we  obtain  after   some' 
simplification 


N 


^  p(n)   =  2/3N  -    1/3  +   1/3 
n=i 


il-^ -f   l/3a 

-  3a 


N+i 


As  N  becomes  large,    (1   -    3a)  approaches  zero.    Therefore, 

for  large  N, 


X;p(n)   =  2/3N  +   l/9a   -    l/3 


(5.10) 


and  our  proof  is  complete. 

We  have  noted  that  XIp^'^)  ~  ]^E(Xj^);  hence  we  estimate  a  by 
equating  Equation  5.10  to  the  observed  mean  number  of  correct 
responses.  It  will  be  remembered  from  Table  2.1  that  this  ob- 
served value  was  25.24  for  the  Moderate  condition,  whereas  the 
number  of  trials  was  36.  Substituting  these  values  in  Equation 
5.10,    we  obtain 

25.24  =  24  +   l/9a   -    l/3 


=   .07 
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where  the   superscript  "    indicates  that  the  quantity  involves  an 
estimate  from  data. 

Before  deriving  additional  statistics  from  the  model,    it  is  pos- 
sible to  use  this  estimate  of  a  to  make  some  initial  tests  of  the 
model. ^     At  this  point  we  are  interested  in  two  properties  of  the 
model  which  will  be  compared  with  data  from  the  Moderate  con- 
dition.     These  are  (1)   the  trial-by- trial  probability  of  a  correct 
response,    and  (2)  the  frequency  distribution  of  errors. 

The  theoretical  mean  curve  is  obtained  by  inserting  the  esti- 
mated value  of  a   in  Equation  5.7  and  evaluating  the  expression 
for  all  values  of  n.        The  theoretical  curve  thus    arrived    at   is 
superimposed  on  the  observed  curve  (Figure  2.1)  in  Figure  5.1. 


THEORETICAL 


I   I   I    I  I    I   I    I   I   I 


20 
TRIAL 


Figure  5.1.      Comparison  of  the  theoretical  and 
observed  mean  curves.      (One- parameter  model: 
a   =  .07). 


The  next  property  to  consider   is    the    distribution   of   errors 
yielded  by  the  model.     Although  we  have  fit  the  mean  of  this  dis- 
tribution in  estimating  a,    this  method  of  estimation  has  not  im- 
posed any  restriction  on  the  shape  of  the  error  distribution.    As 
Chapter  3  demonstrated,    a  model  that  is  fitted  to  the  mean  curve 
need  not  predict  the  shape  or  the  variance  of  the  distribution  of 
errors.      In  the  present  case,    we  did  not  obtain  the  best  fit  to 
the  mean  curve,    but  rather  fit  only  the  mean  of  the  distribution 
of  errors,       so  that  there  is  less  reason  to  expect  the  model  to 
have  a  distribution  similar  to  that  observed  in  the  experiment. 

At  this  point  computational  difficulties  arise.      We  have  already 
indicated  the  problem  involved  in  deriving  an  expression  for  the 
variance  of  the  distribution  of  errors  (the  variance  of  a  sum,  cf. 
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Chapter   3)  when  we  are  dealing  with  sequential  dependency.    The 
complexity  involved  in  deriving  the  distribution  function  for  the 
distribution  of  errors  is  as  forbidding.      In  principle,    it  is  pos- 
sible to  derive  the  asymptotic  distribution  function,    but  as  in 
many  other  cases  it  is  easier  to  assert  the  principle  than  to  ac- 
complish the  derivation.      To  illustrate  the  procedure  and  the  dif- 
ficulty involved,    we   shall  derive  expressions  for  a  few  points  of 
this  function. 

Let  n^    =    asynaptotic    probability    of   precisely    k    errors,^ 
k  =  0,   1,  2,   -  •  ,    36. 

We  shall  illustrate  the  derivations  for  k  =  0,    1,    and  2.      For 

k  roi 


According  to  the  model  a  subject  can  make  zero  errors  by  re- 
maining in  state  Sg    for  a  number  of  trials  and  them  moving  to 
Sj  .      That  is,    by  a  sequence  of  states   such  as: 

2  2 2    1 

where  there  are  i  +   1  trials  in  S2  ,    and  i  =  0,    1,    2   •  •  •  .      Since 
the  transition  probabilities  from  S2   to  Sj    and  S2   to  S2   are  a   and 
1   -    2a ,    respectively,    the  probability  of  such  a  sequence  is  given 
by 

(1   -    2a)^a 

(Note  that  the  exponent  is  i  rather  than  i  +  1  because  all  subjects 
are  assumed  to  be  in  S2   on  trial  0.  ) 

We  are  interested  in  the  probability  of  all  such  sequences;  be- 
cause these  sequences  are  mutually  exclusive,  the  desired  quan- 
tity is 

00 
^0     =   I]    (^   -    2ct)'a  (5.11) 

i  =  0 

To  evaluate  this  expression,    we  use  the  following  equality: 


i=:0 


Z    =^— J  (5.12) 


Because  a   is  a  constant,    we  can  write 


00 
i  =  0 
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and  using  Equation  5.1Z,    we  obtain 
1 


n    =  a 

0 


1-  (1   -   2a) 


a 
2^ 


(5.13) 


For  k  =   1 


We  need  to  sum  over  all  sequences  of  the  type 
2 2     3     2 2      1 


i  +  1 


J 


where  there  are  i  +   1  trials  in  S2   before  the  single  trial  in  S3 
and  j  +  1  trials  after  it.      That  is,     the    only    way    a    subject    can 
make  precisely  one  error  is  by  remaining  in  Sg   for  some  num- 
ber of  trials,    moving  to  S3  for  a  single  trial,    moving  back  to  S2 
for  a  number  of  trials,    and  finally  moving  to  Sj  .      The  probabili- 
ty of  any  sequence  of  this  type  is  then 


^1  = 


2^(1   -   2a)' 


Li=U 


£;  (1  -    2a)J 


=  a3£](l  -    2a)'    ^{1   -    2a)-^ 
i=0  j=0 

Applying  Equation  5.12  to  each  summation,    we  get 


(5.14) 


n.  = 


1        [1  -   (1  -  2a)]  [1  -   (1  -   2a)]       4a2       4 
Since  we  estiraate  a   =  .07, 


n    =  .0175 


(5.15) 


(5.16) 


For  k  =  2: 

At  this  point  the  complexities  begin  to  arise.  Two  different 
types  of  sequences  can  lead  to  exactly  two  errors.  Hence,  the 
probability  of  precisely  two  errors  is  the  probability  of  either 
a  sequence  of  type  I  or  a  sequence  of  type  II,  which  is  the  sum 
of  the  probabilities  of  respective  types  because  these  are  mu- 
tually exclusive.      This  it  is  necessary  to  sum  over 


2     3     2- 


2     3     2. 


2   1. 


i  +  1 


J  +  1 


k  +  1 
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Hence, 


n    = 

2 


Lr  =  0 


Lj=0 


a^  (1   -    2a) 


£](1   -    2a) 
Ls=0 


•]• 


__(.3),___,3(i.2a) 


a(2  -    3a) 


Substituting  .07  for  a  gives 


n. 


.0157 


(5.17) 


We  have  thus  illustrated  the  increasing  complexity  of  deriving 
expressions  for  points  of  the  distribution  function.      The  only  re- 
sult of  which  we  shall  make  use  below  is  IXq  =  i,    Equation  5.13. 
The  reader  should  note  that  this  value,    the  probability  of  pre- 
ciesely  zero  errors,    is  independent  of  a;  that  is,    the  one-param- 
eter model  always  leads  to  this  probability,    regardless  of  the 
estimate  of  a. 

As  k  increases,    the  number  of  sequences  leading  to  precisely 
k  errors  increases  up  to  a  maximum  when  k  =   18.      The    labor 
involved  in  computing  this  theoretical  distribution  function   is 
easily  seen.      Therefore,    it  is  more  efficient  to  test  the  model 
by  using  Monte  Carlo  computations.      That  is,    we  run  a  sample 
of  Monte  Carlo  subjects,    compute  the  desired  statistics,    and 
compare  these  with  the  same  statistics  computed  from  the  sam- 
ple of  real  subjects. 

The  Monte  Carlo  data  are  generated  in  the  following  way: 

1.     On  trial  0,    the  "stat- subject"  is  in  state  S2 .    A  table  of 
random  numbers  (Rand,    1955)  is  entered  to  determine  the  state 
the  subject  moves  to  on  trial  1.      Three-digit  random  numbers 
are  used. 
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2.  If  the  subject  is  in  Sg  ,    the  transition  rules  applied  are 

a.  If  930^  <    Random  Number  <    999/     the  subject  moves 
to  Si  . 

b.  If  070  <    Random  Number  <    929,    the  subject  stays  in 

c.  If  000  <    Random  Number  <    069,    the   subject  goes  to 
S3. 

This  determines  the  subject's  position  on  trial  1. 

3.  If  the  first  subject  is  in  Sj   on  trial  1,    we  start  the  next 
subject.     If  this  first  subject  is  in  Sj   or  S3,''    we  select  the  next 
random  number.      If  he  is  in  Sg  ,    the  preceding  rules  are  reap- 
plied,   but  if  he  is  in  S3  the  rules  under  4  are  applied: 

4.  If  the  subject  is  in  S3  the  transition  rules  are 

a.  If  930  <    Random  Number  <    999,    the  subject  moves 
to  Sj. 

b.  If  070  <   Random  Number  <    929,    the   subject  stays  in 
S3. 

c.  If  000  <    Random  Number  <    069,    the   subject  moves  to 
S4. 

To  decide  a  subject'  s  state  on  trial  n  +  1,    the  preceding  rules 
are  applied  to  the  random  number  drawn  from  the  table.       De- 
pending on  whether  the  subject  was  in  Sj   or  S3  on  trial  n,    para- 
graph 2  or  paragraph  4  is  applied.      These  decisions  are  made 
repeatedly  until  the  subject  moves  to  Sj    or  S4    and  is  absorbed 
or  until  he  has  completed  36  critical  trials.      When  one   "stat- 
subject"  has  been  absorbed  or  has  completed  36  trials,    the  de- 
cisions begin   for  the  next  "stat- subject.  "     In  these  Monte  Carlo 
computations,    we  use  consecutive  random  numbers  until  we  have 
a  sample  of  33  subjects.      For  each  new  sample,    the  table  of  ran- 
dom numbers  is  entered  at  a  different  place  chosen  at  random. 

The  procedure  just  outlined  yields  a  sequence  of  states    for 
each  subject.      To  compare  these  data  with  the  data  from  actual 
subjects,    it  is  necessary  to  convert  these  sequences  of  states 
to  sequences  of  responses.    By  using  Equation  4.2,    it  is  easy  to 
accomplish  this  conversion. 

To  compare  the  model'  s  predictions  with  the  data,    10  Monte 
Carlo  samples  of  33  subjects  each  were  run.     A  large  number 
of  "stat- subjects"  were  run  in  order  to  get  stable  estimates  of 
the  population  values  of  the  model's  predictions.      In  addition, 
the  Monte  Carlo  subjects  were  run  in  10  separate  samples  rath- 
er than  in  a  single  group  of  330  subjects  to  enable  us  to  get  some 
information  about  the  sannpling  distributions  of  the  statistics  in- 
volved. 

Table  5.1   shows  the  comparison  of  the  frequency  and  percent- 
age distributions  of  Monte  Carlo  and  actual  subjects.      The  data 
are  grouped  in  class  intervals  for  convenience  of  presentation. 
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Table  5.1  „      Comparison  of  the  Distribution  of  Errors  from 
the  Monte  Carlo  Subjects  with  That  Observed  in  the  Moderate 

Condition 


(One- Parameter  Model:     a   = 

.07) 

Number 
of  Errors 

Monte  Carlo  Subjects 

Actual  Subjects 

Mean 

Frequency 

Mean  Per  Cent 

Frequency 

Per  Cent 

0-4 

19.0 

57.6 

16.0 

48.5 

5-9 

1.7 

5.1 

2.0 

6.1 

10-14 

.7 

2.1 

3.0 

9.1 

15-19 

1.4 

4.2 

4.0 

12.1 

20-24 

1.8 

5.4 

2.0 

6.1 

25-29 

2.9 

8.7 

1.0 

3.0 

30  + 

5.5 

16.7 

5.0 

15.2 

X 

10.7 

10.8 

s2 

184.81 

143.38 

The  theoretical  values  are  based  on  a  sample  size  of  33  and  are 
obtained  by  dividing  the  total  frequency  in  the   10- sample  run  by 
10.      In  contrast  to  those  models  discussed  in  Chapter  3,      this 
model  predicts  a  distribution  of  errors  that  has  the  proper   shape 
and  a  variance  of  the  correct  order  of  magnitude.      It  should  be 
noted  that  the  variance  predicted  by  the  model  is  larger    than  ob- 
served in  the  experiment.      In  addition,    the  model  overestimates 
both  tails  of  the  distribution  and  consequently  underestimates  the 
middle. 

For  an  indication  of  how  much  of  the  discrepancy  between  ob- 
served and  predicted  is  due  to   sampling  variation,    we  can  ex- 
amine the  sample  values  of  the  mean  and  variance  for  each  of 
the   10  Monte  Carlo  samples.     Another  statistic  whose  sampling 
variation  is  of  interest  is  IT    M  (M  =  sample   size),    the  number 
of  subjects  making  precisely  zero  errors  in  36  trials.  This 

statistic  is  chosen  because  of  the   significance  attached  to  "com- 
plete independence"     (Asch,    1956).      Examining  sample  results 
for  these   statistics  may  indicate  an  area  in  which  there  is  an 
important  discrepancy  between  the  model  and  the  experimental 
data. 

The  sample  values  of  X,    s^,    and  XI^M  appear  in  Table  5.2. 
Both  the  observed  mean  and  the  observed  variance  fall  within 
the  range  of  values  in  Table  5.2.      It  is  not  surprising  that  we 
can  regard  the  observed  mean  as  drawn  from  the  distribution 
in  the  table,    for  this   statistic    was  used  to  estimate  a.      The  fact 
that  the  variance  also  falls  in  the  range  of  tabled  sample  values, 
however,    represents  a  successful  prediction  of  the  model.      On 
the  other  hand,    the  observed  value  of  IT  M  lies  outside  the   range 
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'Table  5.2.      Sample  Values  of  X,    s^  ,    and  IIM  from  10 
'^  0 

Monte  Carlo  Samples 

(Moderate  Condition;  One- Parameter  Model:    a   =   .07) 


Sample 

X 

s^ 

n  M 

0 

1 

8.3 

158.7 

20 

2 

14.3 

216.8 

14 

3 

6.9 

118.6 

16 

4 

10.5 

187.0 

19 

5 

9.9 

191.1 

19 

6 

13.8 

207.6 

13 

7 

13.1 

218.0 

15 

8 

13.6 

209.1 

14 

9 

9.2 

179.4 

18 

10 

7.2 

139.0 

20 

(Actual  Subje 

cts)      (10.8) 

(143.38) 

(10) 

of  values  computed  from  the  Monte  Carlo  samples.      Since  we 
computed  11^  =  1,    Equation  5.13,    the  expected  value  of  11  M  for 
a  sample  of  size  33  is   16.5,    which  agrees  closely  with  the  mean 
of  the  sample  values  in  Table  5.2  (16.8).      Furthermore,      when 
IL   =  s  ,    n  M  should  have  its  largest  variance;   since  the  variance 
of  the  distribution  in  Table  5.2  is  3.61  and  the   standard  devia- 
tion 1.9.    the  probability  is  small  that  the  observed  value  of  H  M 
was  drawn  from  this  distribution.      We  conclude,    then,    that  the 
one- parameter  model  overestimates  the  value  of  this   statistic. 
Modifying  the  model  to  improve  the  prediction  of  H  M  may  also 
improve  the  fit  of  the  entire  theoretical  distribution  function  to 
the  observed  distribution  of  errors. 

Before  we  discuss  modification  of  the  model,    it  is  desirable 
to  compute  the  expected  values  of  a  few  additional  statistics  and 
compare  these  with  the  experimental  data.      The  remaining  prop- 
erties we  should  like  to  examine  relate  to  the  asymptotic  prob- 
ability of  a  correct  response  and  to  the  distribution  of  alterna- 
tions.     We  shall  compute  the  asymptotic  probability  of  a  correct 
response  and  the  limiting  distribution  of  subjects  among  the  four 
states.      With  regard  to  alternations,    we  shall  derive  the  distri- 
bution function  for  the  distribution  of  alternations  as  well  as  the 
mean  and  variance  of  this  distribution.      Following  each  deriva- 
tion,   we  shall  present  the  observed  values  of  the   statistics  de- 
rived and  comrhent  on  the  fit  of  observed  to  theoretical. 

Equation  5.7,    the  expression  for  p(n),    is  the  basic  tool   for 
determining  the  asymptotic  probability  of  a  correct  response. 
This  asymptotic  probability  is  denoted  by  p(oo)  and 


p(oo)  =  lim  p(n),       n -*■    oo 


(5.18) 
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Substituting  Equation  5.7  in  this  equation,    we  have 
p(oo)   =  lim[^|+  i  (1  -    Sa)""],     n->oo 

but  as  n  gets  large, 

(1  -   Sa)""^    0 
hence, 

p(oo)   =  I  (5.19) 

The  form  of  the  Equation  5.7    is    such   that   p(n)    is    a    monotonic 
decreasing  function  of  n.       We    now   know   that   this    function   ap- 
proaches an  asymptote  of  -.      The  theoretical  curve  of  p(n),  pre- 
sented in  Figure  5.1,    illustrates  these  properties  and  also  shows 
that  the  theoretical  rate  of  change  of  p(n)  is  monotone  decreas- 
ing,   approaching  zero  as  an  asymptote.      It  would  be  desirable 
to  determine  whether  or  not  the  curve  of  the  observed  propor- 
tion of  correct  responses  also  has  these  properties.      However, 
it  is  not  practicable  to  attempt  this  test  because  the   sampling 
variability  of  each  point  on  the  observed  curve  is  large  relative 
to  the  theoretical  rate  of  change.      But  when  p(n)  approaches  an 
asymptote,    there  are  additional  testable  consequences. 

For  this  model,    p(n)   reaching  an  asymptote  implies  that  the 
process  of  change  of  response  has  ended,    that  all  subjects  have 
been  absorbed  in  either  state  Sj    or  state  S4  .      This  can  easily  be 
shown.      The  following  are  expressions  for  pi(n),    j  =    1,2,3,4; 
that  is,    for  the  probability  of  being  in  state  S^  on  trial  n.      (The 
derivation  of  these  expressions  is  not  shown  because  the  alge- 
bra is  quite  lengthy.)     They  are  derived,    however,    from  Equa- 
tions 5  .7  and  5.1: 


Pj(n)   =  f  -    i(l   -a)''-    i(l   -    3a)'' 

p^(n)   =  1(1   -  a)''+  1(1   -    3a)'' 

)  (5.20) 

Pjn)   =  1(1   -  a)""-    1(1   -    3a)" 


P4(n)   -  \-   Ul   -  a)"+  1(1   -    3a)" 


To  determine  the  asymptotic  value  of  these  expressions,     that 
is,    Pj(co),    we  take  the  limit  as  n  -*    00  of  each  of  the  equations 
in  Equations  5,20.      The  result  is 
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Pl(oo)   =1 

p,(oo)    =   0 

(5.21) 
P3  M  =  0 

Thus,    when  the  asymptote  is  reached,    two-thirds  of  the  subjects 
should  be  in  state  Sj   and  one- third  in  state  S4  .      But  the  defini- 
tion of  Sj    and  S4    given  earlier  implies  that  a  subject  in  one  of 
these  states  will  give  the  same  response  on  every  trial  after  the 
point  he  entered  the  state.      Let  us  call  such  a  sequence  of  like 
responses  a  "consistent"  sequence.      Then  as  n  ^    00,    two- thirds 
of  the  subjects  should  have  consistent  sequences  of  correct  re- 
sponses,   and  one- third  should  have  consistent  sequences  of  in- 
correct responses. 

Because  it  is  not  accurate  to  compare  a  theoretical  experi- 
ment having  an  infinite  number  of  trials  with  an  actual  experi- 
ment of  36  critical  trials,    we  choose,    for  practical  purposes, 
a  few  values  of  n  such  that  the  asymptote  of  p(n)  is  closely  ap- 
proached.   Using  Equations  5.20,  we  can  compute  the  theoretical 
proportion  of  subjects    absorbed   for  the  chosen  values  of  n   and 
then  compare  these  expected  proportions  with  the  proportions 
absorbed  estimated  frora  the  actual  data. 

Estimating  from  the  data  the  proportion  of  subjects  absorbed 
at  any  point  in  time  presents  certain  difficulties.     A  person  who 
is  absorbed  has  a  consistent  sequence  of  responses  from  trial 
n  onward,    but  not  all  subjects  who  have  consistent  sequences 
beginning  on  trial  n  have  been  absorbed.      That  is,    a  subject  can 
have  a  consistent  sequence  by  remaining  in  a  temporary  state 
for  n  +  t  trials  and  then  moving  to  the  absorbing  state  (charac- 
terized by  the  same  response  as  the  temporary  state)  on   trial 
n  +  t  +  1.      Thus,    when  we  observe  a  consistent  sequence  of  re- 
sponses,   the  sequence  of  states  could  be 

2 21 


34- 


Therefore,    if  we  use  the  proportion  of  subjects  who  have  con- 
sistent sequences  from  trial  n  on,    to  estimate  the  proportion 
absorbed,    we  must  recognize  that  this  estimate  provides  an  up- 
per bound  for  the  proportion  absorbed.      Because  the  nunnber  of 
subjects  who  are  consistent  following  trial  n  include   some  who 
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have  not  been  absorbed,    an  estimate  based  on  these  consistent 
subjects  is  an  estimate  of  the  maximum  proportion  absorbed  at 
trial  n.      Furthermore,    it  is  necessary  to  use  a  number  of  trials 
after  trial  n  in  order  to  decide  whether  or  not  a  subject  is   con- 
sistent.     Thus,    it  is  not  possible  to  estimate  the  proportion  ab- 
sorbed as  of  the  last  experimental  trial. 

Accordingly,    we  have  chosen  to  compare  the  predicted  and 
observed  proportions  absorbed  at  trials    10,    20,    and   30.     Table 
5.3  presents  these  data. 


Table  5.3.      Predicted  and  Observed  Proportion  of 
Subjects  Absorbed  on  Trial  n 

(Moderate  Condition;  One- Parameter  Model:     a   =   .07) 


From 

Actual  Subjects  Showing 

Predicted 

Trial  Number 

Consistent  Sequences 

Percentage  Absorbed 

10 

Number 

Per  Cent 

51.6 

13 

39.4 

20 

21 

63.6 

76.6 

30 

25 

75.8 

88.7 

The  important  finding  in  this  table  is  that  at  each  chosen  point 
in  time,    the  model'  s  prediction  is  about   13  per  cent  greater  than 
the  estimate  from  the  data  of  the  maximum  proportion  absorbed. 
We  can  conclude  from  this  table  that  the  model  describes  a  proc- 
ess of  absorption  that  occurs  more  rapidly  than  that  seen  in  the 
data  from  the  present  experiment.      Although   we    are    not   in   a 
position  to  estimate  the  asymptotic  distribution  of  the   subjects 
among  the  four   states  and  thus  test  that  prediction  of  the  model, 
it  is  interesting  to  note  that   18  of  the  25   subjects  (72  per  cent) 
who  have  consistent  sequences  from  trial  30  on  are  consistently 
correct.      If  half  of  the  8   subjects  who  are  inconsistent  at  this 
point  become  consistently  correct  while  the  remaining  become 
consistently  incorrect,    the  observed  asymptotic  distribution  will 
be  exactly  that  of  the  predicted.      Unfortunately,    we  are  not  able 
to  tell  how  likely  that  event  would  be  as  the  experiment  termi- 
nated at  trial  36.      The  important  suggestion  of  this  analysis,  is, 
however,    that  the  process  has  not  terminated;  hence,    to  obtain 
better  estimates  of  the  asymptotic  properties  of  the  data,    it  will 
be  necessary  to  conduct  a  new  experiment  with  a  longer  sequence 
of  critical  trials. 

The  final  properties  of  the  one- parameter  model  to  be  con- 
sidered concern  the  distribution  of  alternations.      An  alternation, 
it  will  be  remembered,    occurs  when  a  subject  gives  response 
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R^  on  one  trial  and  then  Ri  (j  4-    i)  on  the  trial  immediately  fol- 
lowing.     For    example,     if  he  responds  correctly  on  trial  n,  and 
incorrectly  on  n  +   1,    we  call  this  an  alternation.      Here  we    are 
concerned  with  the  distribution  function,    the  mean  and  the  vari- 
ance of  the  number  of  alternations.      We  first  derive  the  theoret- 
ical values  of  these   statistics  and  then  test  them  against  the  data 
from  the  Moderate  condition. 

Let  A  be  a  random  variable,    and  let  4)^  =  Pr(A  ~  k},    that  is, 
the  probability  of  precisely  k  alternations.      To  derive  an  ex- 
pression for  (()j^,    we  proceed  in  a  manner   similar  to  that  in  de- 
riving expressions  for  IIj^  (the  probability  of  exactly  k  errors) 
given  earlier.      But  in  the  present  case,    it  is  relatively  easy  to 
obtain  a  general  expression  for  cj),  ,    whereas  it  was  too  laborious 
to  attempt  for  11^.  First  let  us  write  the  sequence  of  states  which 
lead  to  k  alternations  for  a  few  values  of  k: 

k  Sequence 

0  2 21 

1  2 23 34 

2  2 23 32 21 

3  2 2  3 32 23 34 

4  2 2  3 32 2  3 32 21 

It  will  be  remembered  from  Equation  5.12  that  the  probabili- 
ty of  any  sequence  of  the  form 


where  there  are  i  +  1  2's  or   3'  s,    is  given  by 


i=0 


'-^")'=i 


To  obtain  the  probability  of  a  sequence  that  leads  to  zero  alter- 
nations,   we  multiply  the  probability  of  a  subsequence  of  Sj's, 
the  probability  of  moving  from  Sg   to  Sj  ,    and  the  probability  of 
a  subsequence  of  Sj's  together.      Since  this  last  is 

Pr{Si   I-SJ  •    •    •  Pr{Si   I    Sj 
and  Pr{Si   |    Sj  =  1.00,    we  have 
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Pr  (A  =  0}   =^a    =  -J  (5.22) 

The  probabilities  of  the  sequences  leading  to   1,2,  3,    or  4  alter- 
nations are  computed  in  a  similar  fashion.      Each  subsequence 
has  a  known  probability;  the  probability  of  the  complete  sequence 
is   simply  the  product  of  the  probabilities  of  the  component  sub- 
sequences.     Thus,    using  the   sequence  given  for    k  =  4,     we  find 
Pr  (a  =  4}   -  a^/(2a)^  -   l/32  because  there  are  five  transitions 

and  five   subsequences  of  the  form  2 2  or   3 3.  It  should 

also  be  noted  that  there  is  only  one  form  of  sequence  that  leads 
to  exactly  a  given  number  of  alternations.      (This  is  the  impor- 
tant difference  between  the  problem  in  deriving  II-^  and  that  in- 
volved in  deriving  cjjj^.  ) 

Computing  the  probabilities  of  the   sequences  of  our  illustra- 
tion,   we  have 


Pr  (A  =  0}   =  i 
Pr  (A  =   1}  = 


2 

2 
a 


3 


4 

Pr  (A  =  3}  = 


(2a)'i       16 
Pr{A=  4}  =1 
This   suggests  that  the  general  form  of  ct)^  is 
1 


k-^k+i' 


k  =  0,    1,    2,   •    •    •  (5.23) 


That  this  is  the  correct  expression  can  be  proven  by  induction. 

We  have  obtained  an  expression  for  the  distribution  function 
that  is  independent  of  the  parameter  a. 

We  shall  now  demonstrate  that  the  mean  of  the  distribution  of 
alternations  is  equal  to   1.00  and  the  variance  is  equal  to  2.00, 

00 

E(A)=^k4.^ 
k=0 

CXD  00 

k=0  ^  k=0     2 
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If  we  let  Z  =  I ,    we  have 


E(A)  =  I  ^   kZ^ 


k=0 


Zk 
kZ     is  a  well-known  series  whose  sum  is 

k=0 


^kZ       = 


k=0 


(1   -    Z) 


(5.25) 


hence, 


i 

E(A)    : 

_  1 

2 

[m 

Similarly, 

=  1.00 


(5.26) 


a^A)  =  E(A2)  -[E(A)] 


(5.27) 


and 


E,A^)  =  2  1^^^  =    E 


°0  1,2 


k=0 


-n    2 


k+i 


k=0 


.^       1,2 


k=:0      ^ 

Again  letting  Z  =  | ,    we  have 


(5.28) 


2       k 


E(A^)   =\^    ^    Z 


k=0 


E2     k 
k    Z     is  also  known: 

k=0 


k    Z      = 


k=0 


(1  -    Z)3       (1   -    Z)2 


(5.29) 


therefore, 
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00 
k=0  2 


E^ 


2(i) 


^2'  ^2 


(i)' 


=  3.00 


(5.30) 


Substituting  in  Equation  5.27  the  values  computed  for  E(A)  and 
E(A^),    that  is,    Equations  5.26  and  5.30,    we  find 


(T^{A)  =  3  -    1^   =  2.00 


(5.31) 


We  have  computed  the  mean  and  variance  of  the  distribution 
of  alternations  for  the  one- parameter  model  and  have   shown  that 
these  two  properties  are  independent  of  a.    The  theoretical  values 
are  u^  =   1.00  and  cr^^    =  2.00. 

These  derivations  enable  us  to  test  further  the  one- parameter 
model.    Table  5.4  presents  the  theoretical  and  observed  frequency- 
Table  5.4.    Expected  and  Observed  Distribution  of  Alternations 
(One- Parameter  Model) 


Number  of 

Expected 

Observed 

Alternations 

Probability 

Frequencies 

Frequencies 

(k) 

'\' 

(33*^) 

0 

.5 

16.50 

10 

1 

.25 

8.25 

1 

2 

.125 

4.13 

3 

3 

.062 

2.07 

0 

4 

.031 

1.04 

2 

5 

.016 

0.52 

4 

6 

.008 

0.26 

2 

7 

.004 

0.13 

1 

8 

.002 

0.07 

0 

9 

.001 

0.03 

0 

10 

.000 

0.00 

0 

11 

0 

12 

0 

13 

1 

14 

, 

1 

15 

. 

0 

16 

3 

17 

. 

2 

18 

1 

19 

0 

20 

, 

1 

21 

0 

22 

0 

23 

0.000 

0.00 

1 

E(A)  = 

1. 00 

X  =  b.7 

9 

0-2  (A)  =  ; 

l.OO 

s'   .  53. 

42 
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distributions  of  alternations,    and  the  means  and  variances  of 
these  distributions.      We  arrive  at  the  expected  frequencies  in 
this  table  by  multiplying  the  probability  of  k  alternations  by  33, 
the  size  of  the   sample  of  actual  subjects. 

It  is  clear  from  the  table  that  the  one- parameter  model  in- 
adequately describes  the  observed  data.      In  the  first  place,    the 
model  underestimates  the  observed  mean  by  a  factor  of  6.    Sec- 
ond,   the  model  predicts  a  concentration  about  the  mean,    that  is, 
a  small  variance,    whereas  the  observed  values  are  not  clustered 
about  their  mean.   Examining  the  distributions  in  detail  indicates 
further  discrepancies.      The  theoretical  distribution  has  a  higher 
mode,    drops  off  earlier,    and  hence  has  a  lower  tail  than  the  ob- 
served.     The  higher  mode  follows  from  the  fact  that  the  model 
overestimates  the  number  of  subjects  who  make  no  errors  (hence 
no  alternations).      The  other  discrepancies,    however,     are    not 
easily  explained.      The  higher    tail   of  the    observed    distribution 
suggests  that  with  respect  to  alternations  the  sample  of  observed 
subjects  may  not  be  homogeneous.      We  shall  return  to  this  point 
in  later  analyses. 

The  important  result  of  this  analysis  is  that  the  model  predicts 
considerably  more  consistency  on  the  part  of  subjects  than  we 
observe  in  the  data.      For  example,    if  a  subject  responds  to  one 
of  the  pressures  acting  on  him  at  some  point  in  time,    he    should 
continue  to  do  so  for  a  larger  number  of  trials  according  to  the 
model.      This  is  clearly  not  the  case  for  a  substantial  proportion 
of  subjects. 

This  completes  the  examination  of  the  one- parameter  model 
and  the  testing  of  this  model  with  data  based  on  the  Moderate 
condition.      Before  discussing  the  results  of  this  examination, 
we  should  comment  on  why  we  have  not  tested  this  special  case 
of  the  "conflict  model"  with  data  from  the  Extreme  condition. 
Detailed  consideration  of  the  data  from  the  Extreme  condition 
is  not  required;  it  is  readily  apparent  that  this  model  does  not 
fit  the  Extreme  condition.  In  the  first  place,  as  we  noted  earlier, 
the  one- parameter  model  predicts  that  p(n)  is  a  monotonic  de- 
creasing function  of  n.  Second,  this  model  predicts,  independent 
of  the  value  of  the  parameter  a,    an  asymptotic  probability  of  a 
correct  response  equal  to  two- thirds.      It  is  clear  from  the  trial- 
by  trial  proportion  of  correct  responses  in  the  Extreme  condi- 
tion (Figure  2.1)  that  the  observed  proportion  is  not  a  monotonic 
function  of  n;  p(n)  decreases  at  first,    then  shows  an  increasing 
trend.      Furthermore,    this  proportion  is  not  approaching  an  as- 
ymptote of  two- thirds.      Thus  it  is  unnecessary  to  be  concerned 
with  other  properties  of  the  data  in  order  to  conclude  that  the 
one- parameter  model  is  grossly  inadequate  as  a  description  of 
the  Extreme  condition. 

In  an  effort  to  describe  the  process  of  change  in  the  probabili- 
ty of  a  correct  response,    we  have  examined  a  model  which  de- 
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scribes  a  process  of  absorption.    In  addition  to  estimating  a,    we 
have  considered  the  following  properties  of  the  model: 

1.  The  mean  curve  of  the  probability  of  a  correct  response. 

2.  The  distribution  of  errors,    particularly  the  probability  of 
making  precisely  zero  errors. 

3.  The  variance  of  the  distribution  of  errors. 

4.  The  asymptotic  probability  of  a  correct  response  and  the 
rate  of  absorption. 

5.  The  distribution  of  alternations  and  its  mean  and  variance. 

Although  no  exact  tests  of  the  goodness  of  fit  of  this  model  to  the 
data  from  the  Moderate  condition  were  presented,    several  con- 
clusions are  fairly  clear.      The  theoretical  mean  curve  is  a  good 
approximation  to  that  observed;  the   shape    and    variance    of  the 
distribution  of  errors  are  closer  to  the  observed  than  were  the 
predictions  of  any  of  the  baseline  models  discussed  in  Chapter 
3.      In  fact,    study  of  the  Monte    Carlo    sampling    distribution   of 
the  variance  of  the  distribution  of  errors  indicated  that  the  ob- 
served value  of  this  statistic  could  have  come  from  this  sam- 
pling distribution.      On  the  other  hand,    the  model  overestimated 
both  tails  of  the  observed  error  distribution,    predicted  a  proc- 
ess of  absorption  occurring  more  rapidly  than  was  seen  in  the 
data  (that  is,    more  of  the  subjects   should  have  been  absorbed  at 
each  time  than  actually  were),    and  led  to  a  distribution  of  alter- 
nations that  differed  considerably  from  the  observed. 

While  the  one-parameter  model  inadequately  describes  the 
process  observed  in  the  Moderate  condition,    it  does  describe  a 
related  process.      This  related  process  is  one  which  terminates 
more  rapidly  and  in  which  the  subjects  show  more  consistent  be- 
havior during  any  specified  interval  of  time.      Since  the  restric- 
tion that  all  the  transitions  between  the  states  are  equally  prob- 
able leads    to  early  absorption  and  a  high  frequency  of  consistent 
sequences,    modifying  this  restriction  should  improve  the  fit  of 
the  model  to  the  data,    providing  such  modification  does  not  alter 
other  properties  of  the  model. 

Analyzing  the  one- parameter  model  has  posed  some  important 
problems  concerning  the  nature  of  the  process  under  investiga- 
tion.     The  model  incorporates  the  premise  that  all  subjects  will 
eventually  become  consistently  correct  or  consistently  incorrect 
in  their  responses.      It  is  conceivable,   however,    that  there  is  an 
additional  equilibrium  state,    that  of  "irresolution.  "    Although 
the  majority  of  subjects  do  become  consistent,     those    who    did 
not  could  have  rennained  inconsistent  no  matter  how  long  the  ex- 
periment continued.      What  the  analysis  does  suggest  is  that  the 
number  of  trials  in  the  experiment  was  not  sufficient  to  draw 
any  conclusions  about  this  asymptotic  distribution  of  subjects 
in  the  four  states.      This  problem  will  receive  further  considera- 
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tion  following  the  discussion  of  the  remaining  models.    Finally, 
in  testing  the  fit  of  the  model,    we  introduced  the  number  of  al- 
ternations as  an  interesting  statistic  to  examine.      The  question 
of  the  relation  of  this   statistic  to  the  conflict  interpretation  of 
the  model  should  be  raised.    This   statistic  may  be  an  appropriate 
index  of  the  intensity  of  conflict;  that  is,    the  naore  intense    the 
conflict  is  for  the   subject,    the  more  likely  is  he  to  alternate  be- 
tween the  possible  responses  before  reaching  a  resolution.       If 
this  supposition  is  true,    then  the  one- parameter  model  predicts 
a  conflict  of  low  intensity  (i.  e.  ,    predicts  a  mean  of  one  alterna- 
tion) that  does  not  agree  with  the  experimenter's  impressions 
of  the  situation  noted  in  Chapter  Z.      We  shall  see  how  the  other 
special  cases  of  the  model  differ  in  their  predictions  of  this  in- 
dex. 

5.3  The   Two- Pararaeter  Model 


In  the  discussion  of  the  general  model.    Chapter  4,    the  four 
parameters  were  a,    ^  ,  y,    and  e.     For  the  one- parameter  case, 
we  equated  these  four;     the    two-parameter    case    allows   some 
choice.      We  can  assume  one  of  three  sets  of  equalities: 

1.  a   =  (3,    Y  =  e 

2.  a  =  Y,   p    =e       }  (5.32) 

3.  a  =  e,   (3    =  Y 

We  have  chosen  the  last  assumption  for  two  reasons.      First  let 
us  recall  the  transitions  to  which  these  pararaeters  refer.  Writ- 
ing these  as  conditional  probabilities,    we  have 

Pr{Si  I  S^}  =a 

Pr  {S3  I  S2  }  =  p 

Pr  {S2  I  S3  }  =  Y 

Pr  {S4  I  S3  }  =  e 

The  previous  section  suggested  a  modification  of  the  one- param- 
eter model  which  would  allow  a  slower  rate  of  absorption  and 
also  more  alternations.      Since  all  subjects  are  in  state  S2   initial- 
ly,   we  require  transition  probabilities  such  that  a  greater  pro- 
portion of  subjects  moved  to  S3    than  were  absorbed  in  Sj    on  the 
first  critical  trial  and  on  subsequent  trials.      To  prolong  the  proc- 
ess,   it  is  desirable  that  a  subject  who  is  about  to  move  would  be 
more  likely  to  move  to  another  temporary  state  rather  than  to 
an  absorbing  state.     Hence,    we  require 

(3    >  a     and    Y  >  e  (5.33) 
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And  it  is  clear  that  the  only  one  of  the  three  sets  of  equalities  in 
Equations  5.3Z     which  meets  this  requirement  is  the  third  one.'^'^ 
In  addition,    letting  a   =  e   and  (3=7  preserves  a  symmetry  that 
enables  us  to  derive  certain  expressions  not  possible  otherwise. 

The  basic  tool  in  this  development  is  the   set  of  transition  equa- 
tions.    Analogous  to  Equations  5.1   we  have 

Pj(n  +   1)  =  Pj(n)  +  ap^ln) 

p^(n  +   1)  =  (1  -  a  -   ^)p^(n)  +  (3p^(n) 

p^(n+   1)  =  (1   -  a  -   p)P3(n)  +(3p^(n)      '  ^^'^^^ 

p^(n  +  1)  =  p^(n)  +   ap3(n) 

The  difference  between  this  set  and  Equations  5.1  lies  in  the  sec- 
ond and  third  equations.      Instead  of  (1  -   Za)  as  a  coefficient  of 
the  first  term  of  each  expression,    we  now  have  (1   -  a  -   (3),    and 
instead  of  a  as  the  coefficient  of  the  second  term,    we  now  have 
p.      Figure  5.Z,    diagram  of  the  states  and  transitions  for  this 
model,    clarifies  these  differences. 

In   order    to    estimate    the 
'^'^ — ^  —  parameters,    we  require    two 

I  \   a    I  \     independent  expressions  that 

V  yf        \       J     ^^    ^^'^   equate    to    statistics  . 

.Q^y^X^  ^^  /     computed  from  the  data.   That 

11  1    /      is,    we  must  find  two  simul- 

,^^  ,  ^^  o  ,       o  >rsrs     taneous  equations  to  solve  for 

1.00  l-a-^S  \-a-f6  1.00  ^ 

the  two  unknowns,    a   and  [3.  As 
Figure  5.Z.    States  and  transi-        in  the  one- parameter  case,  it 
tions  for  the  two- parameter  ig  possible   to    derive    an   ex- 

"^odel.  pression  for  E(2JXn)  in  terms 

of  the  parameters.      For    the 
second  equation,    we   shall  derive  an  expression  for  IT   . 

For  the  two- parameter  model,    the  derivation  of   E(^Xj^)    is 
accomplished  m  the  same  way  as  it  was  in  the  one- parameter 
case.     Since  E{Xn)  =  p(n),    and  E(^Xj^)   =  ^E(Xj^),    we  find  an 
expression  for  p(n)  and  sum  this  for  all  values  of  n. 
We  shall  now  show  that 


N 


p(„)  =  |_±iL  N  -  -£-  +       P 


Z(3    +  a  Zp  +  a       (Z(3  +  a)2 

n=l 


To  accomplish  this,    we  must  first  prove  that  p(n)  is  given  by 
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P  +  a  3  ,,        o^  v' 


Again  let 

6(n)   ^  p^(n)  -    p^(n) 

Subtracting  the  third  equation  from  the  second  equation  in  Equa- 
tions 5.34,    we  have 

6(n  +  1)   =  (1  -    2(3  -  a)6(n) 
and  it  is  easily  shown  that^^ 

6(n)   =  (1   -   2p   -  a)^ 

In  the  same  way  as  we  arrived  at  Equation  5.4,    we  have 

p(n+  1)  =  p(n)  -  p(l  -   2p  -  a)""  (5.35) 

Letting 

Z  =  (1   -   2p  -  a) 

n-1 

p(n)   =  1  -  p   2^    Z^        n  =  1,  2,  «    .    •  ,    N  (5.36) 

i  =  0 

The  reader  can  verify  Equation  5.36  by  writing  out  p(n)  for  the 
first  few  values  of  n.      Applying  Equation  5.6,    substituting  for    Z, 
and  simplifying  lead  to 

P(^)   =7K^-^7}ri—   (1  -   2P  -  a)""  (5.37) 

Zp   +  Q        Zp   +  a 

Next  we  want  to  sum  p(n)  as  n  goes  from  1  to  36.      If  we  let 

Z  =  (1  -   2p  -  a) 

we  can  again  apply  Equation  5.9)    with  the  result 

n=l 

But  for  large  N,    the  final  term  is  negligible;  hence,    the  first 
equation  for  the  e'stimation  of  a  and  (3  is 

N 
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This  completes  the  derivation  of  one  of  the  two  equations  neces- 
sary to  estimate  the  parameters  of  this  model. 

An  expression  for  the  asymptotic  probability  of  precisely  zero 
errors,    II    ,    will  give  a  second  independent  equation.     As    was 
pointed  out  earlier,    a  subject  can  make  precisely  zero  errors 
by  remaining  in  S2    for  i  +   1  trials  and  then  moving  to  Sj  .      The 
probability  of  a  given  sequence  of  this  form  for  the  two- param- 
eter model  is 

(1  -  a  -   P)'a 

and  thus  the  probability  of  any  sequence  of  this  type  is  the  sum 
over  i  of  this  quantity.      Hence, 


n^=a2]{l   -  a  -   P)  (5.40) 

i  =  0 

which  when  evaluated  using  Equation  5.12  is 


n    =-^  (5.41) 

0       a  +  p 

Using  Equations  5,39  and  5.40,    we  can  estimate  a  and  j3  .  For 
the  Moderate  condition,    the  observed  mean  number  of  correct- 
responses  was  25.24,    and  the  observed  proportion  of  subjects 
who  made  zero  errors  in  36  trials  was  .30.     Hence,    we  have 
the  following  system  of  simultaneous  equations. 

25.24  .  36  J-ii  -  ..J-  +  " 


2p  +  a       2(3  +  a       (2p  +  a)  = 


(5.42) 


3      =       " 


a   +  (3 


From  the   second  equation,    we  get  p    -  7/3a,    which  substituted 
in  the  first  yields 

d  =  .016 
|3  =  .038 

The  first  test  of  the  two- parameter  model  is  made  by  plotting 
the  trial-by- trial  probability  of  a  correct  response  and  compar- 
ing this  with  the  mean  curve  (trial- by- trial  proportion  of  correct 
responses)  from  the  data.      The  theoretical  curve  results  from 
substituting  the  estimates  of  a   and  [3    in  Equation  5.37  and  evalu- 
ating the  expression  repeatedly  for  n  =   1   to  n  =  36 .      After   sub- 
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stitution  the  expression  to  be  evaluated  is 

p(n)   =  .59  +  .41   (.91)'^,      n  =   1,    2,    •  •  •  ,    36 

This  expression  immediately  suggests  two  properties  of  the 
model:  (1)  p(n)  is,  as  in  the  one-parameter  model,  a  monotonia 
function  of  n;  and  (2)  the  asymptotic  probability  of  a  correct  re- 
sponse, according  to  these  estimates  of  the  parameters,  is  .59. 
These  properties  are  illustrated  in  Figure  5.3,  which  shows  the 
theoretical  p(n)  and  also  the  observed  proportion  of  correct  re- 
sponses. 
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Figure  5.3.    Comparison  of  the  theoretical  and 
observed  mean  curves.  (Two- parameter  model: 
a  =  .016,   (3  =  .038) 

The  fit  of  theoretical  to  observed  shown  in  this  figure  is  dis- 
appointing.     We  achieved  a   better    fit   with   the    one- parameter 
model.      In  this  figure,    the  theoretical  curve  descends  more  slow- 
ly than  the  observed  and  continues  descending  when  the    observed 
proportion  appears  to  have  stabilized.     A  major  difficulty  is  that 
the  theoretical  asymptote  is  considerably  lower  than  we  should 
estimate  the  actual  asymptote  to  be.      This  discrepancy  suggests 
that  another  method  of  estimating  the  parameters  would  perhaps 
improve  the  fit.      We  could,     for  example,    use    the    asymptotic 
probability  of  a  correct  response  instead  of  11   .     Such  an  esti- 
mation might  improve  the  fit  of  the  mean  curve  without  creating 
too  much  of  a  discrepancy  between  the  theoretical  and  observed 
values  of  IIqM  (the  number  of  subjects  making  0  errors).      From 
Equation  5.37,    taking  the  limit  as  n -*•   oo ,    we  find 
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If  we  estiinate  this  probability  from  the  data  as  |  ,    (which  is  only 
a  crude  approximation  because,    as  was  pointed  out  earlier,    the 
process  has  not  terminated),    we  have 


2 


p   +  a 


3        2(3  +  a 

hence  (3   =  a.      Thus,    for  an  asymptote  of  -,    the  two- parameter 
model  reduces  to  the  one-parameter  model.      In  approaching  the 
present  model,    we  required  (3  >  a   in  order  to  decrease  the  prob- 
ability of  exactly  zero  errors  and  to  increase  the  expected  num- 
ber of  alternations.      But  it  is  easy  to  show  that  for  the  present 
model  (3  >  a  implies  p(oo)  <   t. 
Let 

Y  =  p(c«) 
From  Equation  5.43 

Y  -l±± 

2p  +  a 

and 

2f3Y  -  (3   =  a  -  aY 

2Y  -    1   _  a 

1  -   Y    ~  (3 

but  p  >  a  implies 

1  -    Y  >   2Y  -    1 
By  adding  1  to  both  sides  and  dividing  by  2,    we  get 


.>|v 


Now  multiplying  both  sides  by  -    gives 
2 

3>  Y 
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2 

-  >   p(oo) 

Thus  we  have  proven  the  restriction. 

Furthermore  the  converse,    that  is,    p(oo)   <  -    implies  p  >  a   is 
also  true.     And  in  a  similar  fashion  it  is  easy  to  demonstrate 
that  a   >  P  implies  and  is  implied  by    p(oo)  >   -   for  the  two- param- 
eter model. 

Although  it  is  not  possible  to  demonstrate  that  the  asymptotic 
probability  of  a  correct  response  in  the  actual  experiment  is 
equal  to  or  greater  than  -,    there  is  no  evidence  in  the  data  that 


2 


3 

it  is  sufficiently  less  than  -,      so    that   p     would   be    appreciably 
greater  than  a.      The  analysis  in  connection  with  the  one- param- 
eter model  suggests  that  this  asymptote  is  at  least  equal  to  ^  . 
Thus  the  conclusion  to  draw  is  that  the  desired  asymptotic  prop- 
erties and  the  desired  properties    of  the    distribution   of   errors 
and  the  distribution  of  alternations  are  incompatible  in  the  nnodel 
as  it  now  stands.      For  this  reason,    further  analysis  of  the  two- 
parameter  model  does  not  seem  fruitful. 

Although  we  shall  not  consider  the  two- parameter  model  fur- 
ther, it  may  be  that  there  are  experiments  to  which  this  case  might 
apply.      For  that  reason,    we   shall  present  without  proof  a  few  ad- 
ditional results  for  this  model: 


(5.44) 
(5.55) 
(5.46) 

(5.47) 
(5.48) 


In  this  chapter,    we  have  examined  two  special  cases  of  the 
conflict  model.      With  the  one- parameter  model,    it  was  possible 
to  derive  analytically  several  interesting  properties.      Each  of 
these  properties  was  compared  with  statistics  from  the  Moderate 
condition  for  an  indication   of  the    fit   of  the    model   to    the    data. 
Where  properties  could  not  be  obtained  mathematically,    Monte 
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Carlo    methods    generated    theoretical   values    that   were    then 
checked  with  the  experimental  results. 

The  one- parameter  model  closely  described  the  Moderate  con- 
dition with  respect  to  the  trial- by- trial  trend  in  the  probability 
of  a  correct  response  and  the  variance  of  the  distribution  of  er- 
rors.     This  model  overestimated  the  probability  of  completely 
correct  sequence  and  overestimated  the  rate  of  becoming  con- 
sistent.    In  general,    the  model  predicted  more  consistency  than 
was  observed,    as  comparing  the  theoretical  and  observed  distri- 
butions of  alternations  illustrated.   The  analysis  of  the  one-param- 
eter model  can  be  regarded  as  highly  encouraging;  with    these 
highly  restrictive  assumptions  and  with  only  one  quantity  esti- 
mated from  the  observations,    it  was  possible  to  describe   some 
interesting  and  important  aspects  of  the  data. 

Data  from  the  Extreme  condition  was    not   used    to    test    either 
the  one-   or  the  two-parameter  model,  because  it  was  immediate- 
ly apparent  that  the  process    described   by    these    special    cases 
was  not  the  process  occurring  in  the  Extreme  condition.       Both 
of  these  models  lead  to  a  monotonic  decreasing  trend  in  the  prob- 
ability of  a  correct  response,    a  situation  that  is  clearly  not  the 
case  in  the  Extreme  condition.      It    should   be    noted   that   in   the 
course  of  this  analysis  we  have   shown  a  sufficient  condition  for 
p(n)  to  be  monotone  decreasing,    namely,    that  a   =  e   and  (3   =  y. 

Of  the  three  possible  two- parameter  models,    one  was  chosen 
for  study.      This  model  fulfilled  the  requirement  that  the  prob-  . 
ability  of  movement  to  a  temporary  state  was  greater  than  the 
probability  of  movement  to  an  absorbing  state.      The  major  dif- 
ficulty with  the  one- parameter  model  seemed  to  be  a  too  rapid 
rate  of  absorption;  hence,    the  choice  of  a  two- parameter  model 
attempted  to  compensate  for  this  deficiency  by  imposing  the  re- 
striction: (3  >  a,    Y  >  e.      The  two- parameter  model  did  not  fit  the 
data  as  well  as  the  first  model.     And  the  final  analysis  demon- 
strated that  the  two  desired  properties  were  incompatible.    The 
third  restriction  [3    >  a   implied  an  asymptotic  probability  of  a 
correct  response  less  than  -. 

The  approach  to  the  one-   and  two- parameter  models  provided 
a  program  for  the  analysis  of  the  remaining  models.    In  addition, 
this  chapter  introduced  most  of  the  mathematical  tools  to  be  used 
in  the  remaining  investigatio-n.      Chapter  6  will  consider  the  same 
properties  and  utilize  similar  analytic  methods  in  examining  a 
three- parameter  model. 

NOTES 

1 .  See  p.    35. 

2.  An  alternation  occurs  when  a  subject  gives  one  response  on 
trial  n  and  a  different  response  on  trial  n  +  1,  for  example, 
correct  on  n  and  incorrect  on  n  +   1. 
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3.  E(X:Xn)  =EE(X^). 

4.  For  the  form  of  inductive  proofs,    see  Polya  (1954),    pp.  108- 
116,    especially  pp.    110-111. 

5.  It  should  be  noted  that  some  tests  of  the  model  can  be  made 
without  knowledge  of  the  estimate  of  a.  The  order  of  pres- 
entation here  is  chosen  for  convenient  exposition. 

6.  Thus  the  degree  of  fit  of  the  theoretical  to  the  observed  raean 
curve  in  Figure  5.1    represents  a  successful  prediction  of  the 

model. 

!oo       M  \ 

/^    /^(l  -   X.    )  =  k> 
n=li=l  ^^  / 

in  terms  of  the  definition  of  the  random  variable  X-      given 
in  Chapter   3. 

8.  The  limits  are  based  on  the  estimate  of  d  =  .07  and  apply  to 
the   Moderate  condition  only. 

9.  The  model  assumes  that  he  cannot  be  in  S4    on  trial  1. 

10.  The  first  set  in  Equations  5.31   is  an  obvious  contradiction 
of  the  requirement.      The   second  contradicts  Equations  5.32 
in  the  following  ways:     If  (3   >  a  and  (3   =  e  ,    then  e   >  y  because 
y  =  a,    but  we  require  y  >  e,    so  that  this  does  not  satisfy  the 
required  condition. 

11.  This  development  is  identical  with  that  discussed  following 
Equations  5.2. 


Chapter  6 
THE  THREE- PARAMETER  MODEL 


6.1  Introduction 

In  this  chapter,    we  shall  examine  a  three- parameter  model. 
First,    we  shall  justify  the  particular  case  we  have  chosen;  then 
we  shall  derive  several  properties  of  this  case;    we    shall   next 
test  the  fit  of  the  model  to  the  data;  and,    finally,    we  shall  con- 
sider some  of  the  problems  resulting  from  the  tests  of  goodness 
of  fit.      Data  from  both  the  Moderate  and  the  Extreme  condition 
will  be  examined  in  this  chapter,    since  the  difficulties  in  the  pre- 
vious analysis  with  respect  to  the  Extreme  condition  no  longer 
apply. 

This  model  has  three  parameters  that  must  be  estimated  from 
the  data.      Since  we  are  limited  in  what  we  can  derive,    the  order 
of  analysis  in  this    chapter    will   differ    from   that    of   Chapter  5. 
There  we  derived  a  property  and  then  examined  the  data  for  that 
property  before  proceeding  to  the  next  derivation.      For    reasons 
that  will  be  apparent   in   the    next    section,     we    shall    do    all   the 
mathematical  analysis  before  considering  the  data.      In  the  next 
section,    we  shall  consider  properties  of  the  model  and  problems 
of  estimation  of  the  parameters.      Section  6.3  will  examine  data 
from  the  Moderate  condition  and  Section  6.4  data  from  the  Ex- 
treme condition.      In  Section  6.5,    we  shall  reconsider  the  Mod- 
erate condition  in  light  of  the  results  of  analyzing  the  Extreme 
data. 

6.2  Properties  of  the  Three- Parameter  Model 

With  this  model,    we  again  have    a    choice    concerning    which 
parameters  to  equate.      If  we  use  the  notation  of  Section  4.2,  the 
alternative   sets  of  parameters  are 


(6.1) 


1. 

a 

=  (3> 

Y> 

e 

2. 

a 

=  Y. 

p. 

e 

3. 

a 

=  e , 

P> 

Y 

4. 

a , 

P  -- 

=  Y> 

e 

5. 

a , 

P  = 

=  €  , 

Y 

6. 

a , 

P. 

Y   -- 

=  e 
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Alternatives  1  and  6  are  eliminated  because  we  desire,  for  rea- 
sons given  in  the  previous  chapter,  p  >  a  and  y  >  e.  In  connec- 
tion with  alternative  5,    these  restrictions  lead  to  the  inequality 

e   >  a 

But  the  data  show  that  more  subjects  become  consistently  cor- 
rect than  become  consistently  incorrect.      We  regard  consistent 
sequences  as  indicating  absorption,    correct  sequences  in  Sj  and 
incorrect  in  S4  .      Furthermore,  a   and  e   may  be  considered  rates 
of  absorption  in  Sj    and  S4  ,    respectively.     In  view  of  the  data,  it 
does  not  seem  reasonable  to  assume  that  the  rate  of  absorption 
into  S4   is  greater  than  the  rate  into  Sj  .      If  we  made  this  assump- 
tion,   we  should  have  to  build  into  the  model  some  additional  fea- 
tures to  compensate  for  these  rate  differences  in  order  to  yield 
the  proper  distribution  of  subjects  in  Sj   and  S4  .       Rather    than 
e   >  a,    a  desirable,    although  not  strictly  necessary  assumption, 
is 

a   >  e 

In  addition  to  eliminating  alternative  5,  this  restriction  also  rules 
out  alternative  3. 

Hence  two  alternatives  remain.      The  analysis  up  to  this  point 
indicates  that  either  set  would  be  reasonable  to  investigate.      Of 
course,    it  would  be  desirable  to  consider  both  alternative  models; 
ideally,    we  should  investigate  all  the  models  resulting  from  these 
alternative  sets  of  assumptions.       Liraitations    of  time    preclude 
such  an  endeavor  and  require  us  to  choose  one  set  for  a  thorough 
examination.      We  have  chosen  alternative  4,    viz.  , 

a,   p  =  y,  e  (6.2) 

First  we  write  the  transition  equations  for  this  model.       The 
expressions  analogous  to  Equations  5.1  and  5.34  are 

Pj(n  +  1)  =  p^(n)  +  ap^in) 

p^(n+  1)  =  (1   -  a  -   P)P2(n)  +  Pp^Cn) 

P3(n+  1)  =  (1  -  p  -  e)p3(n)  +PP2{n) 

p^(n+  1)  =  pjn)  +ep^{n) 

To  illustrate  these  transitions,    we  modify  Figure  5.2  as  shown 
in  Figure  6.1. 

To  estimate  the  parameters  of  this  model,    it  is  obvious  that 
we  require  three  independent  equations.      For  the  previous  mod- 
els,   we  derived  expressions  for  E(^X^),    11    ,    and  p(oo)  as  func- 


(6.3) 


96  The  Three- Parameter  Model 

tions  of  the  parameters.   The 
same  procedure   seems  to  be 
in  order  for  this  model;  but 
here  we  do  not  have  the  same 
properties  of  symmetry   we 
had  earlier.      We  have  found 
no    straightforward    way   to 
Figure  6.1.    States  and  transi-  derive  an  expression  for  p(n); 

tions  for  the  three- parameter  hence,     we    cannot   derive 

model.  -^^X^-^n)  ^^*^  must  resort  to 

alternative  means  for  deriv- 
ing p(oo).     Although  a  formal  solution  exists  for  p{n),    and  there- 
fore ^p(n),    the  labor  involved  in  utilizing  this  solution  to  esti- 
mate the  parameters  is  prohibitive. 

In  the  remainder  of  this  section,     we    shall   demonstrate    why 
the  procedure  used  in  the    one-    and   two- parameter    models    to 
derive  an  expression  for  p(n)  does  not  work  in  this  case.  Second, 
we  shall  present  a  formal  solution  for  p(n)  and  point  out  the  prac- 
tical difficulty  of  applying  this  formal  solution.      Following  this 
discussion,    some  important  derivations  that  can  be  made  will 
be  presented;  in  the  next  sections  we  shall  estimate  the  param- 
eters and  compare  the  model  with  the  data  from  both  the  Mod- 
erate and  Extreme  condition. 

To  derive  p(n)    in   Sections    5.Z    and    5.3,     we    defined    6(n)    as 
p   (n)  -   P3(n),    and  we  were  able,    by  subtraction,    to  obtain  a  sirri- 
ple  recurrence  relation: 

6(n  +  1)  =  C  6(n)  (6.4) 

where  C  is  a  constant  term  involving  the  parameters.      The  solu- 
tion of  this  system,    C^,    led  to  a  recurrence  relation  for  p(n  +  1) 
involving  only  p(n)  and   6(n)  which,    in  turn,    had  a  straightforward 
solution.      If  we  let  6(n)   =  p   (n)  -   p  (n)  in  the  present  model,    we 
do  not  obtain  an  expression  of  the  form  of  Equation  6.4. 

6(n+  1)  =  (1  -a  -   P)P2(n)  +  pp^  (n)  -   ( 1  -  (3  -  e)p3(n)  -l3p2(n) 

=  (1   -  Q  -    2p)p2(n)  -    (1  -    2p   -  e)P3(n) 

=  (1  -    2(3)6(n)  -  ap2(n)  +ep3(n)  (6.5) 

Equation  6.5  is  not  a  simple  linear  recurrence  relation  because 
it  involves  terms  other  than  5(n)  dependent  on  n,    and  no  solution 
for  this  system  was  found.     Attempts  to  use  devices   similar  to 
6(n)  also  failed  to  yield  an  explicit  expression  for  p(n). 

Another  approach  to  the  problem  involves  matrix  theory.  Let 
Pj^  be  the  vector  [p](n),  P2(n),  P3(n),  p4(n)]  and  Abe  the  matrix 
of  transition  probabilities 
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A    = 


10  0  0 

a          1  -  a  -  (3          p  0 

0                 (3  1  -  p  -  e         e 

0                 0  0  1 


The  rows  of  this  matrix  represent  states  of  origin  and  the  col- 
umns,   states  of  destination.      Thus  the  diagonal  elements  are  the 
probabilities  of  remaining  in  the  same  state  from  trial  n  to  trial 
n  +  1;  similarly,    the  off- diagonal  elements  are  the  probabilities 
of  moving  from  one  given  state  to  another  on  the  next  trial. 
The  desired  relation  is  then 


P     =  P  A 
n  0 


(6.6) 


where  Pq  is  the  vector  (0,    1,    0,    0)  given  by  our  assumption  con- 
cerning the  initial  state  of  the  system.      From  this  relation  it  is 
possible  to  find  an  expression  for  p(n)  for  any  given  value  of  n 
by  computing  the  appropriate  power  of  the  matrix  A,    multiply- 
ing it  by  Pq,    then  selecting  the  appropriate  elements  of  the  vec- 
tor P^  and  adding  these  elements.      This  method,    however,    does 

not  provide  a  general  expression  for  p{n).      Since  we  require  an 

N 

expression  for    y       p(n),    it  would  be  necessary  to  evaluate  Equa- 

n=l 
tion  6.6  for  each  value  of  n,    select  the  first  two  elements  of  each 
vector  Pj^,    and  then   form   a    sum   of  the    resulting    expressions. 
The  magnitude  of  such  a  task  is  readily  appreciated  if  we  mere- 
ly compute  P2 . 

Squaring  the  matrix  A  yields 


1  0  0  0 

a+a(l-a-p)  (1  -  a  -  ^)^  +  p^  p(2-2p-a-e)  pe 

ap  p(2-2p-a-e)  p2+(i.p_e)2  e(l-p-e)+e 
0                                   0                                  0  1 


A  = 


and 


hence, 


P,    =  P  A' 
2  0 


P     =  [a  +  a(l   -  a  -   p),    (1  -  a  -  p)^   +  p^  p(2  -   2p  -  a  -  e),    Pe] 
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Remembering  that  p(n)  =  p,  (n)  +  p  (n),  and  adding  the  elements 
of  the  vector,    we  have 

p(2)   =  a   +  a(l   -  a  -   p)  +  (1   -  a  -   (3)2   +  (3^ 

Because  for  n  >  Z,  powers  of  e  are  involved  in  the  expression, 
the  complexity  of  a  sum  of  such  terms  becomes  quite  clear. 
Therefore,  this  approach  did  not  appear  fruitful  in  view  of  the 
limited  resources  at  hand. 

Since  we  are  unable  to  find  an  expression  for  p(n),    we    must 
investigate  other  statistics  that  we  can  express  as  functions  of 
a,    p,    and  e.      The  first  property  to  examine  is  the  distribution 
of  errors.     As  in  Section  5.2,    let 

H]^  =  Prfprecisely  k  errors} 

At  this  point,  we  shall  derive  expressions  for  five  points  of  the 
distribution  of  errors. 

For  k  =  0,    we  must  sura  over  all  sequences  of  states  of   the 
form 


This  desired  quantity^    is 

oc 

2(1   -a   -   p)'a 
i  =  0 

Evaluating  this   sum  using  Equation  5.12,    we  have 


n    = 


0       a   +  (3 

The  form  of  a  sequence  leading  to  exactly  one  error  is 
2 2  32 21 

1+1  j  +   1 

The  probability  of  a  sequence  of  this  form  is  given  by 


(6.7) 


ap' 


£)   (1   -  a   -   P)' 
1  =  0 


Z](l   -  a    -   P)^^ 
J=0 


which  when  evaluated  leads  to 
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1        (a  +  p)2 

The  parameter  e   enters  in  when  we  consider  the  probability 
of  precisely  two  errors.      Two  forms  of  sequences  result  in  ex- 
actly two  errors.      These  forms  are 

a.       2 2332 21- 


and 


i  +   1  j  +   1 


b.       2 2  32 2  32 21- 


r  +  1  s  +  1  t  +    1 

The  probability  of  remaining  in  S3  from  n  to  n  +    1  is   (1   -  p   -  e] 
so  that  the  probability  of  any  sequence  like  a  is 

a(3'(l  -  (3  -g) 
(q  +(3)' 

On  the  other  hand,    the  probability  of  a  sequence  like  b  is 


(a  +  P)3 

because  there  are  four  transitions  between  S2   and  S3  (probability 
=  P),one  transition  from  Sj   to  S^    (probability  =  a),    and  three  se- 
quences in  S2   (probability  = — ).      Now  the  probability  of  two 

a  +  p 

errors  is  the  probability  of  either   sequence  a  or  sequence  b. 
Hence, 

^aP^(l-P-0  gp^ 

2  (a  +  P)2         ^  (a  +  p)3  ^''-^' 

We  pointed  out  in  Section  5.2  that  it  is  difficult  to  pursue  the 
derivation  of  11]^  for  much  beyond  k  =  2  because  of  the  increas- 
ing number  of    sequences  leading  to  exactly  k  errors.     If  we  look 
at  the  other  tail  of  the  distribution,    however,    we  can  compute 
a  few  additional  points.      Only  one  form  of  sequence  leads  to  ex- 
actly    36  errors,    viz: 

2  3---- 34 

Similarly,    the  forms 

2  3 32  3 34 


100  The   Three- Parameter  Model 

and 

22  3 34 


lead  to  35  errors.  Since  the  probability  of  a  subsequence  3 3 

is  and  the  probability  of  transitions  2  to  3  and  3  to  4  are 

P   and  e,    respectively, 

and 

^3s--{fT7T'-' — rn —  (^-^^^ 

This  completes  the  derivations. 


Although  we  have  derived  five  equations,    all  but  the  equation 
for  n    are  of  little  use  in  estimating. the  parameters.  The  observed 
values  of  U-^^    and  U^^,    are  both  0,    so  that  only  trivial  solutions  or 
solutions  lying  outside  the  acceptable  interval  exist.      In  addition, 
the  observed  values  of  Ej   and  Jl^,  are  small  and  thus  are  extreme- 
ly sensitive  to  measurement  error.  For  example,    there  are  three 
subjects  who  make  a  single  error  in  the  course  of  36  trials,    so 
that  the  observed  value  of  IIj    =  ,091.      If  one  response  of  a  sub- 
ject who  made  either  zero,    one,    or  two  errors  was  recorded  in- 
correctly,   the  estimate  of  Hj    could  be  either   .06  or   .121.       The 
values  of  the  parameters  would  then  be  considerably  altered  on 
the  basis  of  incorrectly  scoring  just  one  response.      To  illustrate 
this,    let  us  estimate  a   and  p   (since  e  does  not  enter  those  equa- 
tions), using  Equations  6.7  and  6.8,  assuming  IT   =  .3,  and  U-^  =  .06, 
.09,    and  .12,    respectively.^ 

For  Hi    =  .06: 

no  =  =3  = 


a  +  (3 


n,  =  .06  =    "f^' 


(a  +p)^ 

From  the  first  equation,    p   =  7/3  a,    and   substituting  in  tlie   sec- 
ond,   we  have 

.06  =    ^ 


100 


2 


and 
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a   =  .12 
p    =  .28 
For  Hi    =  .09: 

49 

SO  that 

a  =  .18  and  p   =  .42 

Finally,    for  Hi    =  .12: 

a   =  .24  and  (3   S  .56 

The  example  just  given  illustrates  why  a  statistic   such  as  IIj 
is  a  poor  statistic  from  which  to  estimate  the  values  of  a,    |3 ,  and 
e.      Thus,    the  statistic  we  should  like  to  use  for  estimation  of  the 
parameters  should  not  be  too  sensitive  to  small  errors  of  meas- 
urement.     Furthermore,    such  statistics   should  contain  more  in- 
formation about  the  data  as  a  whole  than  does  a  statistic  like  ITj  .'^ 

We  turn  next  to  the  distribution  of  alternations  in  an  effort  to 
derive  additional  formulas  for  estimating  the  parameters.     As 
in  Section  5.2,    let  cf)^  =  Pr{A  =  k},    that  is,    the  probability  of  pre- 
cisely k  alternations.      It  will  be  remembered  that  an  alternation 
refers  to  a  change  of  response  from  one  trial  to  the  next  rather 
than  a  movement  between  states;  that  is,  only  movements  between 
Sz    and  S3    produce  alternations.      Following  the  procedure  used 
to  derive  the  distribution  function  for  the  distribution  of  alter- 
nations in  the  one- parameter  model,    we  shall  write  out  the  se- 
quences of  states  that   lead   to    k   alternations    for    the    first   few 
values  of  k.      The  function  here  is  more  complex  than  in  the  pre- 
vious case,    but  we  arrive  at  an  expression  for  cj)^  in  much  the 
same  manner  as  before.      In  addition  to  writing  out  these  sequen- 
ces,   however,    we  shall  write  out  the  number  of  times  each  "tran- 
sition event"  occurs  as  well  as  the  probability  of  this  event.  We 
use  the  term  "transition  event"    rather  than  simply  transition, 

because  we  wish  to  include  subsequences  of  the  fornn.,  2 2, 

3 3,    which  are  not  single  transitions,    but  for  which  v/e  can 

assign   probabilities.       (The    probability   of   any    sequence     of 

the    form   2 2,     where    there    are    i    +    1    2's,     is    given  by 

00  .  , 

Z(l  -  a  -  S)     = —   from  the  computations  in  connection  with 
'a  +  p 

i=0 

Equation  6.7.      Similarly,    the  probability  of  any  sequence  of  the 

form  3 3,    is  given  by  — — - — .  )  Hence,  we  have  Table  6.1. 
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Table  6.1.    Number  of  Occurrences  of  Each  Transition  Event 
in  Sequences  Leading  to  k  Alternations  for  a  Few  Values  of  k 


Number    of 
Alternations 

Transition  Event           ■ 

2-2 

2-3 

3-2 

2-1 

3-3 

3-4 

k 

Sequence 

0 

1 
2 
3 
4 

(Probability) 

2--- 21 

2-  -  -  2  3-  -  -  34 

2---23---32---21 

2-- -23- --32-- -2 3-- -34 

2- --23-- -32--- 2 3- --32--- 21--- 

(     '     ) 

(P) 

0 
1 
1 
2 
2 

(P) 

0 

0 

1 
1 

2 

(a) 

1 
0 
1 
0 

1 

(     '     \ 

(e) 

0 

1 
0 
1 
0 

1 
1 
2 
2 
3 

0 

1 
1 
2 
2 

The  probability  of  any  sequence  of  a  given  form  is  the  product 
of  the  probabilities  of  the    transition    events    in   that    sequence. 
From  Table  6.1,     we    can    now    write    the    probability    of   any    se- 
quence listed,    and  hence  of  the  number  of  alternations  in   that 
sequence.      For  example,    for  k  =  3,    the  transition  event  2-2  oc- 
curs   twice;     the    probability    of   this    event    occurring    twice    is 

Thus,    the  cell  entry  in  the  table  is  the  power  to 


a   +  p/\a   +  (3^ 

which  the  probability  listed  at  the  top  of  the  column  should  be 
raised  for  the  value  of  k  to    which   the    row    refers.       Using    the 
table  in  this  way,    we  can  write 


Pr{A  =   3)   = 


1 


a  +  (3 


P^Pa< 


P^e 


(a   +  P)2(P   +  e)2 


1 


3  +  e 


To  find  a  general  expression  for  the  probability  of  k  alterna- 
tions,   we   should  first  note  that  when  k  is  even,    absorption  takes 
place  in  Sj  ,    and  the  transition  3-4  does  not  occur.      Similarly, 
when  k  is  odd,    absorption  is  in  S4  ,    and  the  transition  2-  1   does 
not  occur.      In  the  former  case,    e   will  not  appear  in  the  numer- 
ator of  the  expression,    whereas  in  the  latter  a   will  be  absent 
from  the  numerator.      This  implies  that  there  will  not  be  an  ex- 
pression that  holds  for  all  values  of  k  but  rather  an  expression 
for  even  values  of  k  and  a  separate  expression   when   k    is    odd. 
Now  let  us  return  to  Table  6.1   and  write  in  Table  6.2  the  general 
term  for  each  cell  entry  for  even  and  odd  values  of  k  separately. 
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Table  6.2.    Number  of  Occurrences  of  Each  Transition  Event 
in  Sequences  Leading  to  k  Alternations  as  a  Function  of  k 


Transition  Event 

2-2 

2-3 

3-2 

2-1 

3-3 

3-4 

Even  Values  of  k 
Odd  Values  of  k 
(Probability) 

k 
2^^ 

k  +  1 
2 

(      '     ) 

k 
2 

k  +  1 
2 

(P) 

k 
2 

k  -    1 
2 

(P) 

1 
0 
(a) 

k 
2 

k  +  1 
2 

(  '  ^ 

0 

1 

(e) 

\a   +^) 

Ip^^j 

The  reader  can  verify  the  entries  in  Table  6.2  for  the  first 
few  values  of  k  by  substituting  the  value  of  k  and  then  compar- 
ing the  result  with  Table  6.1.      That  these    entries    are    true    in 
general  can  be  shown  by  mathematical  induction.      By  taking  the 
product  of  the  probabilities  of  these  events  to  the   power  shown 
in  Table  6.2,    we  arrive  at  the  desired  expression  for  cj),  : 

^k 
a(3 


+  1 


(q   +  P) 


(P  +e) 


for  k  even 


(6.12) 


eP' 


k  1  k  1 

-  +  -  -  +  - 

2  2  2  2 

(a  +  f3)  ((3  +6) 


for  k  odd 


The  first  problem  is  to  show  that  cj)j^  is  a  distribution  function, 
that  is,    that  it  sums  to  unity. 


Let 


then 


Z  = 


(a  +  P)(e   +P) 
k 


(6.13) 


a  2 

Z         for  k  even 


a  +  p 


(a  +  (3)      (P  +e) 


k 

2 

-y    Z        for  k  odd 

2 


(6.14) 
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Summing  this  over  all  values  of  k,    we  have 


k=0 


k      a  +  (3 


(1  +   Z  +  Z^  +  Z^  +  •  •  •)  + 


1  3  5 

(Z2  +    Z2    +    Z2   + 


1  1 

(a  +  (3)2  ((3  +  e)2 


(6.15) 


Factoring  a  Z^    from  the   second  term  of  the  right-hand  member 
gives 


k=0 


k       a   +  P 


(1  +  Z  +  Z^  +  •  •  •)  + 


Pe 


(a  +  (3)(p  +  e) 


(1  +  Z  +  Z^  +  •  •  •) 


But  the   series  in  parentheses  is  the  familiar    2_.  Z  ;  therefore, 

i  =  0 
from  Equation  5.12  we  have 


00 

E^k^T^- 


k=0 


(3e 


a  +  p       (a   +  P)(P   +  e) 


1 


a(P  +  e)  +  Pe 


1   -    Z   L(a   +  P)(P   +€)_ 
Substituting  for    Z  and  simplifying  give 


(6.16) 


a(p  +  e)  +   pe  _  ae   +  ap  +  pe 

'k  ~  (a  +  p)(p  +  e)  -  p2   ~  ae  +  ap  +  pe 


k=0 


=  1 


Therefore,    we  have   shown  that  (^]^  is  a  distribution  function. 

We  have  already  commented  that  an  even  number  of  alterna- 
tions leads  to  absorption  in  Sj  .       But   when   the    asymptote    is 
reached,    the  proportion  of  subjects  absorbed  in  Sj    is  the  pro- 
portion responding  correctly;  that  is,    the  total  probability  of 
absorption  in  Sj   is  the  same  as  the  asymptotic  probability  of  a 
correct  response.      Moreover,    the  total  probability  of  absorp- 
tion is  Sj    is  identical  with  the  total  probability  of  an  even  num- 
ber of  alternations.      Thus  we  have  the  following  relation: 


P(oo)    =         ^ 


k  even 


'k' 


k  =  0,    2,    4, 


(6.17) 
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But  we  have  already  evaluated  the  right-hand  member  of  this  ex- 
pression.     It  is  simply  the  first  product  of  the  right-hand  mem- 
ber of  Equation  6.15.      That  is, 


l^       ^k       l-ZVa+(3 
k  even 


Substituting  for   Z  and  simplifying  lead  to 

00 

k  even 

Equation  6.18  gives  us  a  second  equation  for  estimating  a,    |3 , 
and  e.      The  remaining  statistics  for  which  we  can  derive  ex- 
pressions in  terms  of  the  parameters  are  the  mean  and  vari- 
ance of  the  distribution  of  alternations.    Although  we  shall  pro- 
ceed to  derive  these  expressions,    they  are  of  no  assistance  in 
estimating  the  parameters  because  once  the  asymptote  and  11 
are  fixed,    the  values  of  the  mean  and  the  variance  of  the  dis- 
tribution of  alternations  are  determined.      For  exaraple,    it  can 
easily  be  shown,    after  we  have  derived  an  expression  for  E(A), 
that 

E(A)  =-^    [2p(oo)  -   n  p(oo)  -  nj 

0 

Here  it  is  necessary  to  prove  that 
E(A)   =  ^  +  ^ 


a        a    ap  +  ae  +  Pe 

and  also  to  derive  an  expression  for  cr     (A). 

The  mean  of  the  distribution  of  alternations  is  given  by  Equa- 
tion 5.24.      Substituting  the  expression  for  (|)j^  (using  the  form  of 
Equation  6.14)  derived  for  the  three- parameter  model  in  this 
equation,    we  have 

00  00  k  00  k 

E(A)  =  2:Hk=^„  E  '-^'^     ..L    A  E  "^^^ 


k=0       "      ^    "        k  even  (a+p)i(p+e)^    k  odd 


(6.19) 


1 
Writing  out  the  terms  of  both  summations  and  factoring   7J-    from 
the  second  series,    we  obtain 
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Some   simple  algebraic  manipulation  will  convert  this  relation  in- 
to  some  series  with  which  we  are  already  farailiar.      First  we  fac- 
tor a  2  from  the  first  series;  then  we  break  the  second  into  two 
separate  series,    with  the  result 

E(A)   =-^  (Z  +  Z2}  +  3ZH  ■  •  •  ) 
a  +  p 

^-^-  [(1  +   Z  +  Z^  +  •  ■  •  )  +  2(Z  +  17}  +  3ZH  •  •  •  ); 


(a  +P)(P   +    e) 

CO  ^ 

But  the  first  and  the  third  series  are  both  V^  kZ    ,      while    the 

second  is    /  ^  Z    .      Applying  Equation  5.25    to    the    former    and 

k=0 
Equation  5.12  the  latter  gives 


a  +  P   (1   -    Z)2   '    (a   +  (3)((3    +    e)    L^   "    ^       (1   -    Z)  2_ 
2a  Z  Pe  1  +   Z 


a   +P(1   -    Z)2       (a   +P)(P   +£)(!-    Z)' 


(6.20) 


By  using  Equation  6.13,    it  is  possible  to  obtain  an  expression 
for  E(A)   solely  in  terms  of  the  parameters  a,    p,    and  e  .       How- 
ever,   to  obtain  a  simplified  expression  requires  much  tedious 
algebra  which  we   shall  omit.      The  final  result  of  this  algebra  is 

a        a     ap  +  ae   T  pe 
For  the  variance  of  the  distribution  of  alternations,    we  require 

00 

N  ^  k^(j)    .     Analogous  to  Equation  6.19,    we  have 

k=0 

k  k 

00  00  —  00  — 

k=0  k  even  (a  +  p)2  (P  +  e  )2  k  odd 

(6.22) 

P' 

where   Z  again  equals -— ,.      Writing  out  the  terms  of 

^  ^  (a  +  p)(p  +  e) 
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both  summations  and  factoring  a  4  from  the  first  and   Z^   from 
the   second  series,    we  obtain 


(A)^   =-^JZ  +  4Z^   +9Z^  +  16Z^  +  •  •  •)+- -^ , 


(1  +  9Z  +  25Z^  +49Z^+  •  •  •) 


The  first  series  we  have  encountered  earlier.      It  is  ^  ^  k^  Z    , 

k=0 
whose  value  is  given  by  Equation  5.29.      Furthermore,    the   sec- 
ond series  can  be  written  as  three   separate   series  with  which 
we  are  familiar.      That  is. 


(1  +  9Z  +  25Z2 +  =  •  •)  =  4^^  k^Z^  +  4  2^  kZ     +^     Z 

k=0  k=0  k=0 

It  is  easy  to  verify  that  any  term  of  this   series  is  given  by 


4k^Z^  +  4kZ'^  +   Z 


For  k  =  3,    for  example, 


49Z^=  4(9)  Z^+  4(3)Z^+  Z^' 

To  evaluate  Equation  6.22,    we  use  Equations  5.29,    5.25,    and 
5.12;  we  find 


E(A^)  = 


4a 


a  +  P 


2Z' 


(1   -    Z)3    "^  ( 


1    -     Z)2j 


(a  +p)((3  +  e) 


2Z' 


(1  -  z)3     (1  -  zy 


]*K 


4Z 


Z) 


1  -    Zl 


which  simplifies  to 
1 


E(A^)  = 


(1-  Z)3(a+  P) 


4a (Z^  +   Z)  +7;^    (Z^  +  6Z  +   1) 
p  +e 


(6.23) 


We  obtain  the  variance  by  substituting  Equations  6.20  and  6.23 
in  Equation  5.27. 
Thus, 


CT-MA)  = 


(1  -    Z)3(a  +P) 
2a  Z 


4a(Z^  +   Z)  +^5-^  (Z^  +  6Z  +   1) 


(3  +e 


(3e 


1  +  Z 


a  +P(1  -    Z)2        (a  +P)(P  +e)  (1   -    Z)2, 


(6.24) 


Further  simplification  of  this  expression  requires  consider- 
able effort.     As  we  are  not  able  to  use  Equation  6.24  in  estimat- 
ing parameters,    the  present  form  is  adequate.     Hence,    we  shall 
not  attempt  to  simplify  it  further. 
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We  have  thus  completed  all  the  derivations  we  can  at  present 
accomplish  for  the  three- parameter  model.      Unfortunately,    we 
do  not  have  three  independent  equations  to  solve  for  a,    (3,    and  e. 
Using  the  data  and  Equations  6.7  and  6.18,    the  expressions  for 
n     and  p(oo),    respectively,    we  can  find  (3   and  e     in  terms  of  a  . 
To  find  a,    we  use  a  trial- and- error  method.      This  method  con- 
sists of  assuming  a  value  of  a ,    running  a  sample  of  Monte   Carlo 
subjects,    computing  the  mean  number  of  errors  for  this  Monte 
Carlo  sample,    and  comparing  this  mean  with  the  observed  mean. 
Several  values  of  a  were  assumed,    and  several  Monte  Carlo  sam- 
ples all  based  on  the  same  set  of  random  numbers  were  examined 
the    parameter    values    that   produced    a   mean   nearest   to    the    ob- 
served were  the  values  chosen.      Without  additional  refinement, 
this  method  does  not  lead  to  the  best- fitting  set  of  parameters. 
But  until  we  have  additional  tools, ^  we  raust  work  with  this  ap- 
proximate solution. 

6.3  Analysis  of  the  Moderate  Condition 

To  estimate  the  parameters  for  the  Moderate  condition,      we 
first  find  p  and  e     in  terms  of  a.      In   connection   with   the    one- 
parameter  model,    we  used  the  following  estimates: 

0       10 


p(oo)   =  - 

For  the  first  test  of  the  present  model,  we  shall  use  these  again. 
Substituting  these  values  in  Equations  6.7  and  6.18,  we  obtain  the 
relations 


.=1. 


11 


(6.25) 
a 


Using  Equations  6,25,    we  then  applied  the  approximation  tech- 
nique.     In  principle,    we  could  have  investigated  any  value  of  a 
such  that  the  restriction 

7  7  ,  ■ 

0<-a<-3a<    1 

holds.       However,    we  were  guided  in  the  choice  of  a  by  the  ex- 
amination of  the  one- parameter  model  and  thus  investigated 
values  of  a  in  the  neighborhood  of  .07.      The   set  of  parameters 
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that  gave  the  closest  approximation  to  the  observed  mean  was 
a   =  .05 


P   =|a   =   .117 


(6.26) 


e   =  Yj  a  =  „032 


which  yielded  a  mean  of  12.0  for  a  single  sample,    whereas  the 
observed  mean  was   10.8.      Although  this  is  not  as  close  as  de- 
sired,   it  was  decided  to  study  further  this  set  of  parameters, 
recognizing  that  some  of  the  discrepancy  between  the  model  and 
the  data  could  be  eliminated  with  a  better-fitting  set  of  parameters. 
The  purpose  of  this  analysis  was  to  determine  what  direction  to 
take  in  finding  more  appropriate  parameter  values. 

Although  we  do  not  have  an  expression  for  p(n),    it  is   still  pos- 
sible to  obtain  numerically  the  theoretical  mean  curve.    Repeated 
substitution    in  the    transition    equations    (Equations    6.3)    yields 
values  for  pj(n)  for  all  n.      From  this,     the    mean   curve    is    the 
sum  of  Pi  (n)  +  P2(n)   for  each  value  of  n.      The  theoretical  curve 
thus  obtained  is   shown  in  Figure  6.2,    where  the  observed  curve 
is  also  presented. 

The  comparison  in  Figure  6.2  illustrates   several  facts  about 
this  model.      First  of  all,    it  is  clear  that  this  set  of  parameters 


THEORETICAL 


I  t  I i_] I I I   I 


00  0-  I  5  10  15  20  25  30  35 

TRIAL 

Figure  6.2.    Comparison  of  the  theoretical  and 
observed  mean  curves.      (Moderate  condition; 
three- parameter  model:  a   =  .05,  p   =   ,117, 
e   =   .032). 
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does  not  yield  a  mean  curve  which  fits  the  observed  very  closely. 
But  this  fact  should  not  obscure  other    features    that    the    figure 
shows.      The  theoretical  p(n)   for  this  model  is  a  closer  approxi- 
mation to  the  function  desired  than  was  that  conaputed  frora  the 
two- parameter  model  (shown  in  Figure   5.3).      In  the   second  place, 
the  mean  curve  for  this  model  is  not  a  monotonic  function  of  n, 
but  rather  reaches  a  minimum  lower  than  the  asymptotic  value 
and  then  slowly  rises  toward  this  asymptote.      Both  the  value  of 
this  minimum  and  the  rate  at  which  the  curve  rises  are,  of  course, 
functions  of  the  parameter  values.      It  is  with  respect  to  the  prop- 
erty of  being  monotonic  that  the  three- parameter  model  differs 
from  the  models  already  discussed;  the  fact  that  p(n)   need  not  be 
a  monotonic  function  of  n  has  important  consequences  for  the  fit 
of  the  model  to  the  data.      For  example,    to  increase  the  expected 
nunaber  of  alternations,    we  require  a  large  P;  in  the  two-param- 
eter case,    a  large  (3   innplied  a  low  asymptote^   or  a  rapid  approach 
to  this  asymptote,^     neither  of  which  was  a  desired  property;  in 
the  present  model,    however,    it  is  possible  to  have  a  large  value 
of  (3   and  also  a  reasonable  asymptote  in  addition  to  a  slow  rate 
of  absorption.      The  final  point  to  note  in  Figure  6.1  is  that  the 
theoretical  curve  has  not  yet  approached  an  asymptote.  This 

suggests  that  the  rate  of  absorption    given   by    these    parameter 
values  is  close  to  that  in  the  data;    moreover,     the    theoretical 
curve  appears  to  underestimate  consistently  the  observed.      If 
the  rate  of  absorption  is  adequate  to  describe  the   rate  of  becom- 
ing consistent  drawn  from  the  data,    the  fact  that  the  present  set 
of  parameters  underestimates  the  observed  curve  suggests  that 
we  desire  to  displace  the  theoretical  mean   curve    so    that   it   is 
about  .05  greater  than  at  present  at  each  point.      But  such  dis- 
placement would  mean  that  the  asymptote  is  greater  than  -  .  As 
we  are  not  able  to  estiraate  the  asymptotic  probability  of  a  cor- 
rect response  accurately,    the  asymptote  may  well  be  greater 
than  -.     After  examining  the  present  set  of  parameters ,  we  shall 
consider  the  consequences    of   assuming    an    asymptote    greater 
than  I .  ^  ' 

We  have  raised  the  issue  of  how  well  the  theoretical  rate  of 
absorption  compares  with  the  observed.      As  we  did  with  the  one- 
parameter  model,    let  us  compare  the  predicted  percentage  ab- 
sorbed on  trials   10,    ZO,    and  30  v^ith  the  percentage  of  subjects 
showing  consistent  sequences  from  those  trials  onward.      Table 
6.3  presents  this  comparison.      It  should  be  remembered  that 
the  percentage  of  subjects  showing  consistent  sequences  is  an 
estimate  of  the  maximum  percentage  absorbed  because  not  all 
subjects  who  are  consistent  are  necessarily  in  Sj  or  S4  .        The 
table  confirms  the  impression  given  by  Figure  6.1  that  the  the- 
oretical is  close  to  the  observed  rate  of  absorption.    Hence,  this 
property  of  the  model  is  adequate. 
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Table  6.3.      Predicted  and  Observed  Proportion  of  Subjects 
Absorbed  on  Trial  n 

(Moderate  condition;  three- parameter  model:    a   =  .05, 
p   =   .117,    e   =  .032) 


From 
Trial  Number 

Actual  Subjects 
Showing  Consistent  Sequences 

Predicted 

Percentage 

Absorbed 

10 
20 
30 

Numb  e  r 

Per  Cent 

36.4 
58.1 
72.3 

13 
21 
25 

39.4 
63.6 
75.8 

The  next  property  of  the  model  to  examine  is  the  distribution 
of  errors.      To  obtain  the  theoretical  distribution  requires   Monte 
Carlo  computations.      Once  again,    10  samples  of  33  subjects  each 
were  run  using  three-digit  random  numbers  from  the  Rand  Table 
(Rand,    1955)  with  the  following  transition  rules: 

1.  If  the  subject  is  in  S^'- 

a.  If  950  <  Random  Number  <  999,    the   subject  moves  to 

Si- 

b.  If  117  <  Random  Nuraber  <  949>    the   subject  stays    in 

c.  If  000  <  Random  Number  <  116,    the   subject  moves  to 
S3. 

2.  If  the  subject  is  in  S3: 

a.  If  883  <  Random  Number  <  999,    the  subject  moves  to 

S2. 

b.  If  032  <  Random  Number  <  882,    the  subject    stays    in 


c.     If  000  <  Random  Number  <  031,    the  subject  moves  to 
84. 

In  other  respects,    the  procedure  was  the  same  as  for  the  one- 
parameter  model,''      Table  6.4  presents  the  frequency  and  per- 
centage distribution  of  errors  grouped  into  class  intervals  for 
both    Monte  Carlo  and  actual  subjects.       Again  the    theoretical 
values  are  mean  frequencies.        The  table  shows  that  the  shape 
of  the  Monte   Carlo  distribution  is  a  good  approximation  to  the 
observed  distribution  of  errors.      The  largest  discrepancy  oc- 
curs in  the  class. 0-4  errors.      Part  of  this  discrepancy  can  be 
accounted  for  by  the  fact  that  the  Monte  Carlo  subjects  tend  to 
make  more  errors  in  general  than  did  the  actual  subjects.  This 
result   was  anticipated   because  the  single    Monte  Carlo    sample 


112 


The  Three- Parameter  Model 


Table  6.4.      Comparison  of  the  Distribution  of  Errors  fronn. 
the  Monte  Carlo  Subjects  with  that  Observed  in  the  Moderate 

Condition 

(Three- parameter  model:    a  =  .05,    p  =  .117,    e   -  .032) 


Number  of 
Errors 

Monte  Carlo  Subjects 

Actual  Subjects 

Mean 

Mean 

Frequency 

Per  Cent 

Frequency 

Per  Cent 

0-4 

12.5 

37.9 

16.0 

48.5 

5-9 

3.4 

11.2 

2.0 

6.1 

10-14 

3.1 

9.4 

3.0 

9.1 

15-19 

3.8 

11.5 

4.0 

12.1 

20-24 

2.8 

8.5 

2.0 

6.1 

25-29 

2.3 

7.0 

1.0 

3.0 

30  + 

5.1 

15.4 

5.0 

15.2 

X 

12.8 

10.8 

s^ 

149.63 

143.38 

that  was  used  to  choose  a  differed  fronn  the  observed  mean  num- 
bers of  errors;  hence,    a  more  careful  selection  of  a   would  re- 
duce this  discrepancy.      Finally,    the  table   shows  that  the  theo- 
retical and  observed  variances  of  the  distribution  match  very 
closely. 

Because  our  estimate    of  the    population   mean   of  the    Monte 
Carlo  subjects  does  differ  from  the  observed  mean,    it  would  be 
profitable  to  examine  how  the  mean  of  the  distribution  of  errors 
varies  from  one  Monte  Carlo  sample  to  another.      By  looking  at 
the  results  of  the   10  Monte  Carlo   samples,    we  can  answer  the 
question  of  whether  or  not  the  observed  mean  can  be  considered 
as  drawn  from  this  population.      Table  6.5  presents  the  mean  of 
each  of  the   10   samples.      In  addition,    this  table   shows,    for  each 
sample,    the  variance  and  the  statistic  H^M,    the  number  of  peo- 
ple who  make  precisely  zero  errors.      For  convenience,    the  ob- 
served values  of  each  of  these  statistics  are   shown  in  parenthe- 
ses at  the  bottom  of  the  table.      It  is  clear  from  this  table    that 
each  of  the  observed  statistics  can  be   regarded  as  drawn  from 
this  population.      One   should,    however,    note  that  each  of  these 
sample  statistics  has  considerable    variability,    for    this    fact 
bears  on  the  problem  of  finding  the  optimum  set  of  parameters. 
For  example,    the  observed  value  of  IT  M  plays  a  crucial  role  in 
determining  the  ratio  of  p  to  a;  the  Monte  Carlo  results  in  Table 
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Table  6.5.     Sannple  Values  of  X,    s^  ,  and  n^,  M  from  1  0  Monte 

Carlo  Samples 

(Moderate  condition;  three- parameter  model: 
a   =  .05,    p    =   .117,    €    =  .032) 


Sample 

X 

s^ 

n^M 

1 

13.5 

156.3 

10 

2 

13.9 

157.8 

8 

3 

10.9 

123.4 

11 

4 

8.3 

113.5 

14 

5 

12.6 

166.7 

11 

6 

17.1 

151.9 

4 

7 

13.6 

173.4 

8 

8 

13.8 

165.5 

9 

9 

10.1 

131.9 

12 

10 

14.4 

141.6 

8 

(Actual 
Subjects) 

(10.8) 

(143.38) 

(10) 

6.5   suggest  that  we  have  some  flexibility  in  choosing  a  quantity 
for  substitution  in  Equation  6.7.  ^° 

The  properties  where  the  most  serious  discrepancies  between 
the  model  and  the  data  occurred  for  the  one- parameter    model 
were  the  mean  and  the  variance  of  the  distribution  of  alterna- 
tions.     Does  the    three- parameter    model   adequately   describe 
these  statistics?     We  are  in  a  position  to  compute  the  theoret- 
ical  values    of  these    statistics    independent   of  the    particular 
values  of  the  parameters,    provided  that  the  ratios  of  the  param- 
eters are  fixed.      This  computation  will  indicate  whether  we  shall 
find  a  best  set  of  parameters  by  further  trial  and  error,      main- 
taining the  ratios  derived  from  the  estimates  of  IL    and  p(oo),    or 
whether  we  should  revise  the  estimates  of  these  statistics. 

To  compute  the  theoretical  mean  of  the  distribution  of  alter- 
nations,   we  first  substitute  Equations  6.25  in  Equation  6.13  and 
solve  for   Z: 


Z  = 


(!•)■ 


^a+3a^^]a+-^a^ 


=  H=.55 
20 


(6.27) 


When  we  use  this  result  in  Equation  6.20,    the  mean  number  of 
alternations  becomes 
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^/A,         2a         .55  V3 

E(A)   -  — + 


11     /      1.55 


T^  <■«,.     (i|.)  (t.l  ,.«,^ 


=  2.77 


(6.28) 


The  variance  of  the  number  of  alternations  is  obtained  from  Equa- 
tion 6.24,    again  by  substituting  the  value  of  Z  obtained  in  Equa- 
tion 6.27,      The  result  is 


cr^{A)   =    11.13 


(6.29) 


Table  6.6  compares  these  computed  results  with  those  obtained 
in  the  Moderate  condition. 

Table  6.6.      Theoretical  and  Observed  Means  and  Variances 
of  the  Number  of  Alternations 

(Moderate  condition;  three- parameter  model: 
a   =  .05,    p   =  ,117,  e   =  .032) 


Theoretical 

Observed 

Mean  Number  of 

Alternations 

2.77 

6.79 

Variance  of  the 

Number  of  Alternations 

11.13 

53.42  ■ 

This  table  compares  theoretical  values  based  on  an  experi- 
ment with  an  infinite  number  of  trials  with  the  values  observed 
in  an  experiment  of  36  critical  trials.     Although  most  of  the  al- 
ternations occur  in  the  earlier  part  of  the  experiment  before  a 
substantial  number  of  subjects  is  absorbed,    some  alternation 
will  occur  after  trial  36.      Therefore,    the  discrepancy  shown  in 
the  table  is  actually  larger  than  the  numbers  indicate.    Despite 
the  fact  that  this  model  represents  an  improvement  over  the  pre- 
dictions of  the  one- parameter  model  (shown  in  Table  5.4),      the 
discrepancy  must  be  considered  a  serious  one.      At  this  point, 
we  could  examine  theoretical  statistics  more  comparable  with 
the  actual  data  by  using  the  Monte  Carlo  samples,    but  there  is 
little  point  in  further  investigation  because  the  problem  is  al- 
ready clear.      Briefly  stated,    it  is  as  follows:     While  it  would 
be  possible  to  improve  the  fit  of  the  theoretical  to  the  observed 
mean  curve  by  finding  the  best  set  of  parameters,    given  that 
P  =  ^  a  and  e   =  n  ^ '    niaintaining  these  ratios  would  not  improve 
the  fit  of  the  model  with  regard  to  statistics  related  to  alterna- 
tions. 

The  ratios  of  p  to  a  and  eto  a  depend  on  tlie  estimated  values 
of  XIq    and  p(oo);  the  fact  that  ITo    has  considerable  binomial  vari- 
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ance  and  the  fact  that  we  are  unsure  of  the  value  of  p(oo)  offer  a 
possible  solution  to  the  problera  that  involves  assuming  values 
other  than  j-  and  -   for  these  statistics.      There  is,    however,    an- 
other alternative.      We  can  use  expressions  other  than  those  for 
Uq   and  p(oo)  to  estimate  the  ratios  of  the  parameters.      Unfortu- 
nately most  of  the  possible  combinations  of  the  equations  that 
we  have  derived  are  not  readily  solved;  using  the  expression  for 
E(A)  instead  of  p(oo)  together  with  I\,,    however,    does  yield  a  so- 
lution.     From  Table  6.6,    the    mean   number    of   alternations    is 
6.79,    and  again  we  have  p   =  |  a.     If  we  substitute  these  in  Equa- 
tion 6.Z1,    the  explicit  expression  for  E{A)  gives 


a  -   e 


"7       2  "7 

—  a      +  ae   +  -:5ae 


Solving  this  equation  for  e,    we  obtain 

e   =  -.25a 

But  this    solution   violates    the    restriction   that   all   parameters 
must  be  between  0  and  1.     Hence,    this  result  further  supports 
the  view  that  we  cannot  fit  the  mean  number  of  alternations  with- 
out altering  the  ratios  of  the  parameters.      Before  pursuing  this 
problem  further,    let  us    examine    the    fit   of   the    model    to    data 
from  the  Extreme  condition.     Such   an   investigation   may    pro- 
vide some  indication  of  what  assumptions  are  necessary  to  im- 
prove the  fit  of  the  model  to  the  Moderate  condition. 

6.4  Analysis  of  the  Extreme  Condition 

The  one-   and  two- parameter  models  were  not  tested  with  data 
from  the  Extreme  condition  because  these  models  predicted  p(n) 
as  a  monotonic  function  of  n.     As  we  noted  earlier  in  this  chap- 
ter,   this  restriction  is  not  present  in  the  three- parameter  case. 
Thus  it  might  be  possible  to  fit  this  case  of  the  conflict  model 
to  data  from  the  Extreme  condition. 

To  estimate  the  parameters  in  the  case,    we   shall  again  use 
Equations  6.7  and  6.18,    the  expressions  for  IT     and  p(oo),    re- 
spectively; this  step  will  yield  |3  and  e  in  terms  of  a .   Following 
this,    the  trial- and- error  procedure  outlined  in  our  analysis  of 
the  Moderate  condition  will  give  the  value  of  a  that  produces  a 
mean  number  of  errors  close  to  that  observed  in  the  Extreme 
condition.     It  will  be  remembered  from  Chapter  2  that  the  Ex- 
treme condition  included  27   subjects,    of  whom  there  were  6, or 
22  per  cent,    who  made  no  errors.      To  facilitate  computation, 
we  shall  deal  in' round  numbers  and  use  .  25  as  an  estimate  of 
ITq  .      This  estimate  gives  the  relation 
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(3   =  3a 


(6.30) 


when  substituted  in  Equation  6.7.      To  estimate  the  asymptotic 
probability  of  a  correct  response,    we  refer  to  Figure    2.1.    The 
mean  curve  for  the  Extreme  condition  presented  in  this  figure 
shows  a  clear-cut  trend  and  is  apparently  still  rising  at  the  end 
of  the  experiment.      On  the  basis  of  this  fact,    it  seems  wise  to 
choose  a  value  for  p(oo)  that  is  greater  than  any  value  of  p(n)  ac- 
tually observed.'^     Thus  p(oo)  =  .9  would  be  a  reasonable  estimate. 
Using  this  value  in  Equation  6.18,    we  obtain 


e   =  .115a 


(6.31) 


Several  values  of  a  were  then  assumed,    and  a  Monte  Carlo 
sample  of  27   subjects  was  run  for  each  value.    The  set  of  param- 
eters that  gave  the  closest  approximation  to  the  observed  mean 
number  of  errors  was 


a  =  .13 

p   =  .39 
e   =  .015 


(6.32) 


Repeated  substitution  of  the  values  of  Equations  6.32  in  the 
transition  equations  (Equations  6.3)  yielded  values  for  p^(n)  for 
all  n.      From  this,    it  was   simple  to  obtain  the  theoretical  mean 
curve.      This  curve  is  presented  in  Figure  6.3  together  with  the 
mean  curve. 
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Figure  6.3.    Comparison  of  the  theoretical  and  ob- 
served mean  curves.      (Extreme  condition;  three- 
parameter  model:  a  =  .13,    (3   =  .39,    e   =  .015) 
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Although  this  set  of  parameters  is  not  the  optimum,    the  mean 
curve  computed  from  these  values  is  a  reasonably  good  approx- 
imation to  the  observed.      Figure  6.3  illustrates  one  discrepancy 
that  should  be  mentioned.      The  theoretical  curve  is  considerably 
off  at  trials  1   and  3,  more,  it  appears,  than  can  be  accounted  for 
by  sampling  variation.       It  is  possible  that  these    discrepancies 
could  be  eliminated  with  a  better   set  of  parameters.    However, 
it  might  be  that  an  additional  assumption  about  the  initial  stage 
of  the  process  would  be  necessary  to  improve  the  fit  at  the  early 
trials.^     Further  experimentation  is  required  for  a  thorough  in- 
vestigation of  this  particular  problem;for  example,  the  presence 
of  neutral  trials  at  the  beginning  of  the  sequence  may  be  the  fac- 
tor producing  the  difference  between  early  and  later  trials. 

In  computing  the  mean  curve,    we  also  compute  Pi  (n)  and  P4(n). 
Using  this  information,    we  can  compare  the  predicted  percent- 
age absorbed  on  trials   10,    20,    and  30  with  the  number  of  sub- 
jects showing  consistent  sequences    from   those    trials    onward. 
This  analysis  will  indicate  whether  the  theoretical  and  observed 
curves  are  approaching  the  asymptote  at  about  the  same  rate  as 
Figure  6.3  suggests.      The    relevant   data   appear    in    Table  6.7, 

Table  6.7.      Predicted  and  Observed  Proportion  of  Subjects 
Absorbed  on  Trial  n 

(Extreme  condition;  three- parameter  model: 
a  =  .13,   (3  =  .39,   e   =  .015) 


From 
Trial  Number 

Actual  Subjects 
Showing  Consistent 
Sequences 

Predicted 
Percentage  Absorbed 

10 

Number 

Per  Cent 

54.5 

13 

48.1 

20 

18 

66.7 

77.6 

30 

24 

88.9 

89.0 

The  comparison  suggests  that  there  is  some  discrepancy,    par- 
ticularly at  trial  20.      Part  of  this  discrepancy  may  be  owing  to 
measurement  error,    since  three  subjects  who  are  not  consist- 
ent from  trial  20  on  show  exactly  one  inconsistent  trial  each. 
In  any  case  the  discrepancy  is  not  serious.    ^ 

We  consider  next  the  distribution  of  errors.      Again  we  are 
required  to  run -Monte  Carlo  subjects  to  obtain  the  theoretical 
distribution.      Thus   10  samples  of  27   subjects  were  run  for  this 
purpose.      In  addition   to   the    general    procedure    for    the    Monte 
Carlo  computations  discussed  earlier, ^^    the  following  transi- 
tion rules  were  specific  to  the  present  case: 
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1.      If  the  subject  is  in  Sj  : 

a.  If  870  <  Random  Number  <  999,    the   subject  goes  to  Sj 

b.  If  390  <  Random  Number  <  869,    the   subject  stays  in 

c.  If  000  <  Random  Number  <  389,    the   subject  goes  to  S^.. 
Z.      If  the   subject  is  in  S3: 

a.  If  610  <  Random  Number  <  999,    the  subject  goes  to  S^. 

b.  If  015  <  Random  Number  <  609,    the   subject  stays  in 
S3. 

c.  If  000  <  Random  Number  <  014,    the   subject  goes  to  S4. 

In  Table  6.8  the  results  of  the  Monte  Carlo  computation  are 
compared  with  the  observed  distribution  of  errors  from  the  Ex- 
treme condition.      (We  have  again  grouped  the  data  in  class  in- 
tervals; the  theoretical  cell  entries  are  obtained  by  dividing  the 
total  frequency  by   10.  )     The  means  and  variances  appear  at  the 
bottom  of  the  table.      In  the  present  instance,    the  Monte   Carlo 
mean  is  a  better  approximation  to  the  observed  mean  than  was 
the  case  for  the  Moderate  condition.      Furthermore,    the  vari- 
ance of  the  Monte   Carlo  distribution  is   sufficiently  close  to  the 
observed.      The  most  serious  discrepancy  in  the  table  occurs  in 
the  interval  10-14;  to  determine  how  much  of  this  difference  is 
caused   by    sampling    variation   would    require    a    considerably 
larger  sample.      That  is,    it  is  possible  that  the  empty  cells  in 
the  sample  distribution  are  accurate  estimates  of  zero  proba- 
bility in  the  population,    in  which  case  the  model  would  contain 
systematic  error.      On  the  other  hand,    if  the  model  is  correct, 


Table  6.8.      Comparison  of  the  Distribution  of  Errors  from 
the  Monte  Carlo  Subjects  with  That  Observed  in  the  Extreme 

Condition 

(Three- parameter  model:    a  =  .13,    |3   =  .39,  e   =  .015) 


Number  of 
Errors 

Monte  Carlo  Subjects 

Actual  Subjects 

Mean 

Mean 

Frequency 

Per  Cent 

Frequency 

Per  Cent 

0-4 

13.8 

51.1 

17 

oZ.o 

5-9 

4.6 

17.0 

5 

18.5 

10-14 

3.4 

12.6 

0 

0.0 

15-19 

1.4 

5.2 

0 

0.0 

20-24 

1.0 

3.7 

1 

3.7 

25-29 

1.3 

4.8 

0 

0.0 

30+ 

1.5 

5.b 

4 

14.8 

X 

8.0 

7.7 

s^ 

95.98 

115.55 
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the  variance  of  the  true  probabilities  (using  mean  percentage  as 
estimates  of  these  true  values)  would  allow  empty  cells  to  occur. 
Therefore,    until  there  is   evidence  to  the  contrary,    it  is  reason- 
able to  ascribe  these  discrepancies  to  sampling  error.    Although 
sampling  variation  can  account  for  the  differences  between   the 
theoretical  and  observed  distribution,    the  possibility  of  syste- 
matic error  was   raised  because  it  might  be  desirable    to    alter 
the  parameter  values   slightly,  a  modification  that  would  system- 
atically change    the    theoretical    distribution.        Such    a    change 
might  reduce  the  discrepancy  between   the    theoretical    and    ob- 
served.     For  the  present,    however,    we  can  regard  the  fit  of  the- 
oretical to  observed  as   satisfactory. 

The   sampling  variability  of  the  mean  and  variance  of  the  dis- 
tribution of  errors  and  of  Il^M  (the  number  of  subjects  with  zero 
errors)   are  also  of  interest  in  connection  with  the  model  for  the 
Extreme  condition.      Table  6.9    presents    the    sample    values    of 
these  statistics  for  each  of  the   10  Monte   Carlo  samples.         The 
observed  values  are  clearly  within  the  range  of  sampling  varia- 
tion.     Comparing  this  table  with  Table  6.5,    which  presents  the 
same  data  for  Monte  Carlo  samples  based  on  a   =   .05,     (3   =  ,117, 
and  e    =  .032,    poses  an  interesting  problem  for  extensive  Monte 
Carlo  investigation.      In  Table  6.5,    the  range  of  sample  means 
is  8.8,    and  the  range  of  sample  variances  is  59.9.      The  ranges 
in  Table  6.9  are  6.7  and   100.9  for  the  mean  and  variance,    re- 
spectively.     These  differences  may  be  an  artifact  of  the  small 
number  of  samples  on  which  these  ranges  are  based.      The  dif- 

Table  6.9-      Sample  Values  of  X,    s^,    and  Jl^M  from  10 
Monte  Carlo  Samples 

(Extreme  condition;  three-parameter  model; 
a  =  .13,   (3  =  .39,   e   =  .015) 


Sample 

X 

s^ 

n^M 

1 

7.6 

85.4 

7 

2 

8.9 

131.0 

8 

3 

6.4 

87,6 

10 

4 

3.8 

30.1 

8 

5 

10.5 

83.9 

6 

6 

9.2 

91.7 

7 

7 

7.1 

129.2 

8 

8 

8.4 

109.5 

12 

9 

9.4 

84.2 

5 

10 

8.8 

128.1 

7 

(Actual 
Subjects) 

(7.7) 

(115.5) 

(6) 
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ference  between  the  ranges  of  the   sample  variances,    however, 
seems  to  have  some  basis  when  we  recognize  the  effect  of  in- 
creasing the  parameter  values.      In  the  earlier  model,   a   =  .05, 
(3   =  .117,    and  e    =  .032,    there  is  a  higher  probability  of  remain- 
ing in  S2    or  S3  for  a  long  sequence  of  trials  than  in  the  present 
case,   a  =  .13,    p   =  .39,    e    =  .015.      The  higher  probability  of  con- 
sistency would  tend  to  stabilize  the  variance;  on  the  other  hand, 
the  higher  probability    of   movenaent   for    the   larger    parameter 
values  tends  to  produce  larger  changes  in  the  distribution  of  er- 
rors and  hence  larger  variability  of  the  variance  from  sample 
to  sample.      The  full  implications  of  this  difference,    if  indeed  it 
is  a  difference,    are  not  yet  understood.      A  fuller  investigation 
of  the  parameter   space  of  the  model  with  a  greater  number  of 
separate   samples   should  shed  light  on  this  problem. 

Although  the  questions  are  unsolved,    the  preceding  paragraph 
has  important  practical  implications.      If  the  supposition  is  true, 
it  would  mean  that  in  those  cases    where    the    larger    parameter 
values  apply,    we  should  need  larger  samples  to  obtain  more  ac- 
curate estimates  of  the  variance.      That  is,    by  reducing  varia- 
tion due  to  sample  size,  we  should  have  to  compensate  for  varia- 
tion due  to  the  model. 

Because  we  have  previously  had  difficulty  fitting  the  distribu- 
tion of  alternations,    it  is  important  to  examine  these  properties 
for  the  Extreme  condition.      We  use  Equations  6.30  and  6.31  to 
solve  Equation  6.13  for   Z: 

Q    2 

Z  = Z5 =  .72  (6.33) 

(4a)(3.115a)  ^  ' 

Then  using  Equations  6.30,    6.31,    and  6,33  in  6.20,    we  find 

,  ..        2a       .72  o345a^  1.72         ^  ^  /•    o  ,x 

^(^^-4^(:Z8)^^4a)(3.115a)(38P^'-'  ^''''^ 

We  then  obtain  the  variance  from  Equation  6.24 

a^(A)  =   36.8  (6.35) 

It  will  be  remembered  that  these  theoretical  values  are  for  an 
experiment  containing  an  infinite  nuinber  of  trials.      How   they 
compare  with  the  mean  and  variance  of  the  number  of  alterna- 
tions observed  in  the  36  critical  trials  of  the  Extreme  condition 
is   shown  in  Table  6.10.      In  contrast  to  the  findings  for  the  Mod- 
erate condition,    the  table   shows  that  the  theoretical  values  are 
greater  than  the  observed,    as  is  desired.      This  test  of  the  model 
is  then  in  the  right  direction;  hence,    we  can  investigate  tliis  area 
further. 
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Table  6.10.      Theoretical  and  Observed  Means  and   Variances 
of  the  Number  of  Alternations 

(Extreme  condition;  three- parameter   model: 
a  =  .13,   p   =  .39,   e   =  .015) 


Theoretical 

Observed 

Mean  Number  of 

Alternations 

5.3 

4.8 

Variance  of  the 

Number  of  Alternations 

36.8 

19.8 

Table  6.11.      Distribution  of  Alternations  from  1   Monte  Carlo 
Sample  Compared  with  Data  from  the  Extreme  Condition 

(Three- parameter  model:    a   =  .13,    p   =  .39,  e   =   ,015) 


Number  of 

Monte  Carlo  Subjects 

Actual  Subjects 

Alternations 

Frequency 

Frequency 

0 

7 

6 

1 

2 

1 

2 

2 

4 

3 

3 

2 

4 

1 

3 

5 

1 

0 

6 

2 

3 

7 

0 

1 

8 

2 

1 

9 

2 

2 

10 

1 

0 

11 

1 

1 

12 

1 

2 

13 

1 

0 

14 

0 

0 

15 

0 

0 

16 

0 

1 

17 

1 

0 

X 

4.9 

4.8 

s^ 

23.4 

19.8 

To  compare  the  distribution  of  alternations  arising  from  the 
model  in  a  36- trial  period  with  that  actually  observed,    we  have 
tabulated  this  distribution  for  the  first  of  the   10  Monte  Carlo 
samples.      Table  6.11  presents  the  distribution  of  alternations 
for  the  first  Monte  Carlo  sample  and  for  the  Extrenne  condition. 
The  mean  and  variance  of  each  distribution  appear  at  the  bottom 
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of  the  table.      These  statistics  are  directly  comparable  because 
they  are  based  on  the  same  number  of  trials.      There  is  remark- 
ably close  agreement   between  the    Monte    Carlo    and   the    actual 
data  with  respect  to  the  mean  and  variance  of  the  number  of  al- 
ternations.     In  addition,    the  Monte  Carlo  closely  approximates 
the  empirical  distributions  at  each  interval. 

There  is  one  further  property  to  investigate.      Related  to  alter- 
nations are  runs.      Whereas  an  alternation  is  a  change  from  one 
response  to  another,    a  run   is    a    consistent    subsequence    of   re- 
sponses,   and  the  number  of  runs  is  always  one  more  than  the 
number  of  alternations.      Thus  the  analysis  with  respect  to  alter- 
nations yields  the  same    information   that   would    come    from   an 
analysis  of  the  distribution  of  runs.  However,  runs  vary  in  length, 
and  run  lengths  can  give  additional  information  about  the  fit  of 
the  model  to  the  data.      Of  course,    since  run  lengths  are  not  in- 
dependent of  the  number  of  runs  or  the  number  of  alternations, 
an  error  with  respect  to  the  number  of  runs  would  produce  er- 
rors with  regard  to  run  lengths;  for  this  reason,    we  did  not  con- 
sider run  lengths  in  testing  the  model  for  the  Moderate  condition. 
On  the  other  hand,    if  the  model  correctly  predicts  the  number  of 
runs,    this  does  not  mean  that  it  will  correctly  predict  the  distri- 
bution of  run  lengths.      For  example,    a  subject  who  has  3  runs 
could  have  any  combination  of  run  lengths  that  added  to  36.  Hence, 
it  is  possible  that  the  model    could   be    systematically    in   error 
with  respect  to  the  distribution  of  run  lengths. 

It  is  important  to  consider  run  lengths  because  this  property, 
reveals  much  about  the  structure  of  the  process.      For  example, 
subjects  whose  consistent  subsequences  were  relatively  equal 
in  length  would  perhaps  differ  from  those  who  had  several  very 
short  and  a  few  very  long  runs.      Since  the  model  is  based  on  a 
process  of  absorption,  and  since  there  is  initially  a  high  proba- 
bility of  alternation,    we  should  expect  the  model  to  describe  an 
experiment  containing  a  majority  of  the  second  type  of  subject. 
The  frequency  distribution  of  run  lengths  for  a  sample  should 
then  be  skewed    with   the   highest    frequencies    at    runs    of    short 
lengths.      Although  it  is  the  nature  of  the  case  that  the  greater 
the  number  of  runs,    the   shorter    their    average    length    and    the 
fewer  runs,    the  longer  they    are    (because    the    sum    of   the    run 
lengths  is   36M  for  the   sample),    the  shape  of  the  distribution  is 
not  determined  by  fixing  the  number  of  runs.      The  mean  length 
of  run  is,    of  course,    fixed  once  the  number  of  runs  is  specified 
(X  =  36m  divided  by  the  number  of  runs).      Therefore,    in  com- 
paring the  model  with  the  data,    we  are  interested  in  the  shape 
of  the  distribution  of  run  lengths. 

Run  lengths  were  tabulated  for  each  of  the   10  Monte   Carlo  sam- 
ples,   and  a  mean  frequency  distribution  is  presented  in  Table 
6.12  together  with  the  actual  distribution  from  the  Extrenie  con- 
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Table  6.12.      Distribution  of  Run  Lengths  from  10  Monte 
Carlo  Samples  Compared  with  Data  from  Extreme   Condition 

(Three- parameter  model:   a   =  .13,    (3   =  .39,  e   =  .015) 


Run  Length 

Monte  Carlo 
Mean  Frequency 

Actual  Frequency 

1 

57.6 

70 

2 

28.3 

29 

3 

16.4 

12 

4 

7.2 

1 

5 

4.3 

5 

6-10 

6.2 

11 

11-15 

1.5 

5 

16-20 

3.3 

6 

21-25 

2.7 

4 

26-30 

3.0 

3 

31  + 

13.4 

10 

dition.      The  data  in  this  table  were  grouped  into  class  intervals 
because  of  the  small  frequencies  of  longer  run  lengths.    It  should 
be  noted  that  the  intervals  are  not  of  equal  size.       As    the    table 
demonstrates,    the  two  distributions  have  quite   similar   shapes, 
and  there  is  also  a  close    correspondence    in   cell    frequencies. 
Both  the  Monte  Carlo  and  the  empirical  distributions  agree  with 
the  expectation;  that  is,    they  are  highly  skewed,      with    runs    of 
length   1  and  length  2  having  the  highest  frequencies.   We  can  con- 
clude that  the  model  is  quite  adequate  in  describing  this  prop- 
erty of  the  data. 

For  the  Extreme  condition,  then,  we  have  examined  the  model's 
predictions  for  the  mean  curve,    the  distribution  of  errors,    the 
distribution  of  alternations,    and  the  distribution  of  run  lengths. 
With  respect  to  each  property,    the  theoretical  closely  approxi- 
mated the  observed  statistics.      Those  discrepancies  which  were 
found  in  the  mean  curve  and  the  distribution  of  errors  could  be 
eliminated  by  slight  adjustment  of  the  parameters.      Since  these 
parameter  values  were  estimated  using  a  trial- and- error  pro- 
cedure,   the  fact  that  some  changes  are  necessary  is  nor   sur- 
prising.     It  is  clear,    however,    that  the  values  a   =  ,13,    p    =   .39, 
and   e    =  .015  are   sufficiently  close  to  the  optimum  values  to  pro- 
vide a  clear  indication  of  the  adequacy  of  the  model.    The  accept- 
ance or   rejection  of  a  model  depends  on  what  alternative  models 
are  considered;  we  have  examined  these  data  from  the  point  of 
view  of  the  baseline  models  in  Chapter   3  and  the  one-    and  two- 
parameter  cases  of  the   ''conflict"  model,  ^^  and  we  conclude  that 
the  three- parameter  "conflict"  model  affords  the  most    adequate 
description  of  the  experimental  data  for  the  Extreme  condition. 


124  The  Three- Parameter  Model 

One  discrepancy  between  the  model  and  the  data  for  the  Ex- 
treme condition  which  would  probably  remain,    even  with  an  op- 
timum set  of  parameters,    is  the  fact  that  the  observed  propor- 
tion of  correct  responses   shows  marked  fluctuation  on  the  early 
experimental  trials,    while  the  theoretical  p(n)   is  relatively  stable. 
This   suggests  that  an  additional  assumption  about  the  early  stages 
of  the  process  is  necessary;  what  assumption  would  be  desirable 
is  a  question  for  future  research.      One  object  of  additional  ex- 
perimentation on  this  problem  should  be  to  determine  the  effect 
of  prefacing  the   sequence  of  critical  trials  with  a  pair  of  neutral 
trials. 

6.5  Reconsideration  of  the  Moderate  Condition 

The  analysis  of  the  Extreme  condition  brought  to  light  some 
features  of  the  three- parameter  model  that  bear  on  fitting  this 
model  to  the  Moderate  condition.   In  the  first  place,  the  expected 
number  of  alternations  increases  as  Hq    decreases;  this  is  not 
surprising  because,    by  definition,    when  there  are  fewer  com- 
plete  sequences  of  correct  responses,    there  are  more  alterna- 
tions.     What  is  of  interest,    however,    is  the  amount  of  change  in 
the  mean  number  of  alternations  for  a  slight  change  in  IIo.    For 
example,    with  an  asymptote  of  -  ,    the  mean  number  of  alterna- 
tions varies  with  11^    as  follows: 

n^  =  .25,  X  =  3.67 

n    =  .30,  X  =  2.77 

0 

n^  =  .33,  X  =  2.33 

The   second  feature  to  note  is  that  the  number  of  alternations  in- 
creases as  the  asymptotic  probability  of  a  correct  response  in- 
creases.     This  was  not  true  in  the  case  of  the  one-    and  the  t\^o- 
parameter    models;     for    those    cases,      a   higher    value    of   the 
asymptote  meant  that  the  process  ended   sooner,    and  therefore, 
the   sequences  contained  fewer  alternations.      For  this  model, 
though,    a  higher  asymptote  can  mean  a  longer   process  and  thus 
more  alternations;  the  computations  for  the   Extreme  case  il- 
lustrate the  point  because  the  theoretical  mean  curve  for  this 
condition  descends  to  a  minimum  and  then  begins   rising  toward 
the  asymptote.      These  facts   suggest  that  \\  e  can  improve  the  fit 
of  the  raodel  to  the  Moderate  condition  by  increasing  the  esti- 
mate of  the  asymptote  and  decreasing  the  estimate  of  n^,. 

Several  trial  computations  following  the   suggestions  of  the 
previous  paragraph  were  conducted  with  disappointing  but  en- 
lightening results.      It  is  indeed  possible  to  improve  the  degree 
to  which  the  computed  value  of  the  mean  number  of  alternations 
approximates  the  observed  value.      But  the  computed  \alue  is 
based  on  an  experiment  containing  an  infinite  number  of  trials. 
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When  a  Monte   Carlo  sample  of  36  trials  is  compared  with  the 
data;    the  discrepancy  remains  large.      Why  is  this   so  enlighten- 
ing?    It  appears  that  in  addition  to  being  larger  relative  to  a ,  p 
must  be  considerably  larger  than  the  estimate   .117  used  in  an- 
alyzing the  Moderate  condition.      For  example,    in  the  Extreme 
condition,    a  (3  equal  to  .39  produced  a  Monte  Carlo  mean  number 
of  alternations  of  4.9  where  the  observed  value  was  4.8.    There- 
fore,   in  order  to  approach  the  mean  of  6.8  observed  in  the  Mod- 
erate condition,    some  value  of  p  larger    than    .117    is    desired. 
But  a  (3  of  .39  for  the  Moderate  condition  would  yield  a  theoret- 
ical mean  curve  that  would  bear  little  resenablance  to  the  curve 
actually  observed.      This  theoretical  curve  would  reach  a  mini- 
mum too  early  and  rise  toward  the  asymptote  too  rapidly.  Other 
values  of  p   produce  similar  difficulties;  hence,    we  conclude  that 
it  is  not  possible  to  find  a  set  of  parameters  such  that  the  three- 
parameter  model  would  adequately  describe  alternations  and  at 
the  same  time  fit  other  properties  of  the  data  from  the  Moderate 
condition. 

It  is  possible  to  increase  the  number  of  alternations  without 
drastically  altering  the  mean  curve,    the  rate  of  absorption,    and 
other  properties  that  we  have  examined.      To  do  this  requires 
that  we  abandon  the  three- parameter  model.      The  restriction 
in  the  three- parameter  case  is    that   the    probability    of   moving 
from  S2   to  S3  is  equal  to  the  probability  of  moving  from  S3    to 
Sz  or,    by  using  the  notation  of  the  general  model  in  Section  4.2, 
that 

p   =y 

The  magnitude  of  p,   however,    must  be  restricted;  otherwise  the 
minimum  value  of  p(n)  would  be  too  low.      A  large  y,    on  the  other 
hand,    would  increase  the  number  of  alternations,    and  what  ef- 
fect it  might  have  on  the  other  properties  could  be  compensated 
for  by  adjusting  the  values  of  a  and  e.      Hence,    in  Chapter  7  it 
is  desirable  to  consider  briefly  the  four- parameter  model. 

6.6  Summary 

This  chapter  examined  a  particular  three- parameter  model 
in  which  the  transitions  from  S2   to  S3  and  from  S3  to  Sg   were 
equally  likely.      Section  6,2  derived  expressions  for  p(oo),    the 
mean  and  variance  of  the  distribution  of  alternations,    and  sev- 
eral points  of  the  distribution  of  errors.      It  was  not  possible, 
however,    to  find  three  independent  equations  to  use  in   estimating 
the  parameters.-     An  approximate  method  was  suggested,    and 
some  of  the  problems  of  estimation  were  discussed. 

We  then  analyzed  the  Moderate  condition  in  terms  of  this  mod- 
el.     This  model  came  closer  to  describing  the  data  than  the  al- 
ternatives   previously  considered.      The  discrepancies,  however , 
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were  sufficient  to  warrant  further  investigation.  The  major  dif- 
ference between  theoretical  and  observed  values  again  occurred 
with  respect  to  the  distribution  of  alternations.  The  final  section 
of  this  chapter  demonstrated  that  it  was  not  possible  to  improve 
the  fit  of  the  model  to  this  distribution  and  at  the  same  time 
maintain  the  restriction  (3   =  7. 

For  the  Extreme  condition,    the  three- parameter  model  close- 
ly described  all  the  properties  of  the  data  examined.      One  dis- 
crepancy between  the  model  and  the  data  occurred  on  two  early 
trials  of  the  experimental  sequence;  this  suggested  that  an  ad- 
ditional assumption  about  the  early  stages  of  the  process  may 
be  necessary.      We  speculated  that  this  assumption  might  be  re- 
lated to  the  fact  that  the  experimental  sequence  began  with  two 
neutral  trials. 

One  intention  of  this  chapter  has  been  to  illustrate  the  pro- 
cedures used  in  estimating  parameters  of  a  model  and  in  testing 
the  model'  s  predictions.      In  connection  with  this  objective,    this 
chapter  discussed  several   of  the    difficulties    involved    as    they 
were  encountered. 


NOTES 

1.  It  will  be  noted  that  this  is  the  same  expression  which  re- 
sulted in  the  two- parameter  model  (Equation  5.41). 

2.  A  trivial  solution  here  is  a   =  0,    (3=0,    and  e   =  0.      The  ac- 
ceptable intervals  for  each  of  the  parameters,    since  they 
are  probabilities,    are  0<a<l,    0<|3<1,    and  0  <  e  <   1. 

3.  The  actually  observed  values  are  XIq  =  .  3  and  IIi  =  .09.    The 
value  rij  =  .06  arises  from  assunning  a  subject  who  nnade 
one  error  actually  made  two,    the  second  of  which  was  un- 
recorded; and  IIj  =  .12  arises  from  assuming  a  subject  who 
actually  made  one  error  was  recorded  as  having  made  two 
errors. 

4.  This  is  the  technical  issue  of  sufficiency  which  will  not  be 
discussed  in  detail  here  but  which  is  considered  in  Cramer 
(1946). 

5.  An  investigation  of  the  parameter   space,    feasible  only  on  a 
large-scale  digital  computer  such  as  the  IBM  704,    would 
enable  us  to  choose  a  set  of  parameters  more  closely  ap- 
proximating a  best  fit.      See  Chapter  7. 

6.  This  restriction  follows  from  the   fact  that  |3  and  e   are  prob- 
abilities.     The  restriction  is   "less  than"  instead  of  "less 
than  or  equal  to,  "  because  the  latter  would  be  a  trivial  case 
of  the  model. 


Notes  127 

7.  Increasing  (3  while  holding  a  constant  lowered  the  asymptotic 
probability  of  a  correct  response. 

8.  Increasing  (3  while  holding  the  ratio  of  p  to  a  constant  implied 
increasing  a  and  thus  increasing  the  rate  of  absorption  or  ap- 
proach to  the  asymptote. 

9.  Chapter  5,    pp.  7  3  ff. 

10.  We  used  the  proportion  of  subjects  making  0  errors  to  esti- 

2       P(l   -    P) 
mate  IIo;  this  proportion  has  o"     = r- — ^— .    For  p  =   .3,    the 

variance  is  .0064  for  a  sample  of  33.      The  standard  devia- 
tion is   .08;  hence,    the  2cr  range  on  this  proportion  is   .14  to 
.46.      Thus,    from  considering  binomial  variance,    we  should 
be  aware  of  this  flexibility  in  estimation;  the  Monte  Carlo 
results  merely  dramatize  this  fact. 

11.  This  same  consideration  did  not  apply  in  the  Moderate  con- 
dition because  the  mean  curve  showed  no  marked  trend. 

12.  This  view  is  supported  by  the  fact  that  all  subjects  were  cor- 
rect on  the  first  critical  trial  in  the  Moderate  condition.    In 
addition,    Asch  had  told  the  present  author  that  in  much  of 
his  research     the  first  critical  trial  is  different  from  the 
succeeding  trials.      It  is  possible  that  this  might  account  for 
some  of  the  difficulties  in  fitting  the  Moderate  condition. 

13.  We  raise  the  question  of  measurement  error  to  emphasize 

a  skepticism  concerning  differences  owing  to  one  or  two  re- 
sponses.    As  was  pointed  out  earlier  (Section  6.2),    a  single 
incorrect  recording  can  have  wide  ramifications.      In  the 
present  case,    there  is  some  possibility  of  measurement  er- 
ror as  there  is  an  erasure  on  the  recording  sheet  for  one  of 
the  subjects. 

14.  Chapter  5,    pp.    72  ff. 

15.  The  data  from  the  Extreme  condition  were  not  considered 
in  detail  for  the  one-   and  two- parameter  cases,    since  the 
initial  property  examined  for  these  two  models  was  the  fact 
that  p(n)  was  a  monotonic  function  of  n,    a  property  clearly 
absent  in  the  data. 


Chapter  7 
THE  FOUR- PARAMETER  MODEL 


7.1   Introduction 

This  chapter  examines  the  general  case  of  the  conflict  model. 
The  model    was    described   in   detail   in   Section   4.Z,     where  the 
transition  equations  were  given  by  Equations  4.6.      Before  dis- 
cussing this  case,    it  should  be  noted  that  the  problems   encoun- 
tered in  Chapter  6  are  also  present  in  the  four- parameter  case: 
We  are  unable  to  derive  mathematically  a  sufficient  number  of 
properties  of  the  model,    and  we  can  find  only  two  of  the  four  in- 
dependent equations  necessary  to  estimate  the  parameters.  For 
the  present,    we  must  resort  to  a  trial- and- error  procedure  that 
yields  extremely  gross  estimates  of  the  parameters,    although 
we  can  obtain  some  idea    of  the    properties    of   the    model   from 
them.      The  labor  necessary  to  find  an  optimum  set  of  parameter 
estimates  is  beyond  the  scope  of  the  present  work;  the  intention 
of  the  present  analysis  is  rather  to  determine  whether  this  mod- 
el shows   sufficient  promise  to  warrant  further  investigation.  The 
analysis  in  this  chapter,    then,    should  be  regarded  as  an  explor- 
atory study  rather  than  a  definitive  test  of  the  four- parameter 
model. 

7.Z   The  Four- Parameter  Model 

Since  the  mathematical  analysis  of  this  model  is  identical  in 
nnethod  with  that  of  Section  6.2,    we  shall  omit  the  derivations 
and  simply  present  the  principal  results.      These  are  as  follows: 

^aPy(l-  Y-e)        at3S^ 
2  (a  +  P)2  ^(a  +  [3)3  ^'■^' 


Y  +  e  (y  +  e)' 
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p(oo)    =  r-^  (7.6) 


1+^ 

e 

a 

1(21. 

x 

e 

i+e  + 

X 

E(A)  =—^ :^  (7.7) 


These  results  do  not  provide  us  with  the  necessary  independ- 
ent equations  for  estimating  the  parameters.  ^     Further  analysis 
may  uncover  additional    expressions    for    other    quantities    than 
those  we  have  considered;  for  the  present,    however,    we  must 
turn  to  numerical  procedures  in  order  to  obtain  values  for  a,  (3, 
Y,    and  e  . 

The  procedure  we  used  may  be  outlined  as  follows:     Choose  a 
set  of  values  for  a,    p,    y,    and  e.      Using  these  numbers,    compute 
a  theoretical  curve  of  the  probability  of  a  correct  response  by 
repeated  substitution  in  the  transition  equations  (Equations  4.6) 
and  repeated  solution  of  Equation  4.4;  i.  e.  ,    p(n)  =  Pi  (n)  +  p2(n). 
Then  compare  this  theoretical   mean   curve    with   the    observed 
curve  of  the  proportion  of  correct  responses.      Choose  a  new  set 
of  numerical  values  and  repeat  the  computation  and  the  compari- 
son.     When  a  large  number  of  sets  of  values  has  been  examined, 
select  that  set  of  parameter  values  which  generates  the  theoret- 
ical curve  most  closely  resembling  the  observed  mean  curve. 

There  are,    however,    three  difficult  problems  with  this  simple 
numerical  approach.      (1)     Any  useful  application  involves  exam- 
ining a  large  number  of  parameter  sets,    for  which  the  computa- 
tional labor  is  horrendous.      (2)     There  is  as  yet  no  systematic 
method  for  choosing  trial  sets  of    parameter    values.      (3)      The 
phrase  "most  closely  resembling"  must  be  explicated;  that  is, 
appropriate  criteria  of  "goodness  of  fit"  must  be  developed. 

The  magnitude  of  the  computation  involved  is  indicated  by  the 
fact  that  it  takes  a  clerk  with  a  desk  calculator  approximately 
one  hour  to  compute  the  theoretical  curve  for  one  set  of  param- 
eter values  in  a  36- trial  experiment.      If  we  tlien  require  an  in- 
dex of  the  agreement  between  theoretical  and  observed,    we  fur- 
ther expand  the  labor.      If  all  we  wanted  was  the  information  for 
a  single  set  of  parameters,    desk  calculation  would  be    practical 
even  for  an  experiment  with  a   much   larger    number    of   trials. 
Suppose,    however,    we  wanted  to  try  out  two  values  for  each  of 
the  parameters,    we  should  have   16  separate  sets  of  parameters 
for  computation.     And  indeed  we  should  have  to  try  many  more 
than  two  values  for  each  parameter  to  obtain  anything  like  rea- 
sonable estimates.      Numerical  estimation,  then,  is  feasible  only 
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with  the  aid  of  high-  speed  computing  equipment  such  as  the  IBM 
Type  704.      Fortunately,    the  procedure  we  have  outlined  involves 
performing  the   same  operations  with  different  numberical  values; 
that  is,    it  is  highly  repetitive.      Hence,    programming  the  estima- 
tion procedure  is   straightforward. 

While  the  computer  enables  us  to  examine  a  large  number  of 
parameter  sets,    we    still    require    a    systematic    procedure    for 
choosing  those  sets  to  investigate.      One    approach   would   be    to 
define  a  parameter  space  for  the  model  and  systematically  sam- 
ple this   space.      For  our  purposes,    the  parameter  space  consists 
of  all  possible  differing  sets  of  parameters  such  that  the  mini- 
mum difference  between  a  parameter  in  one  set  and  that  same 
parameter  in  a  second  set  is  .01.       For    example,     two    sets    of 
parameter  values  belonging  to  the  space,    as  we  define  it,    are 

1.  a  =  .01,        p   =  .00,        y  =  .00,        e   =  .00 

2.  a  =  .02,        |3  =  .00,        y  =  .00,        e   =  .00 

Since  these  parameters  are  probabilities,  their  values  are 
restricted  to  the  range  0  to  1 .  Therefore,  it  is  possible  in  prin- 
ciple to  investigate  this  defined  space  completely.  But  this  is  a 
task  that  would  require  an  inordinate  amount  of  time  even  on  the 
raost  potent  computer  since,  if  the  parameters  were  independ- 
ent of  one  another,  there  would  be  more  than  10^  sets  of  param- 
eters in  the  space.  Fortunately,  the  model  imposes  restrictions 
on  the  parameters,    viz.  : 

0  <  a  +  p  <  1.0 

0  <  y  +  e  <  1.0 

In  addition,    previous  analysis   suggests  that  it  is  reasonable  to 
restrict  our  sampling  to  that  area  of  the  space  where  a  <    .  5  and 
e   <    .5.      With  these  restrictions,    and  some  concessions  to  ex- 
pediency,   we  can  devise  a  practicable  sampling  plan. 

Sampling  the  space  in  stages  significantly  reduces  the  amount 
of  computation.  Our  restrictions  lead  to  the  following  inequali- 
ties which  define  a  subspace: 

0  <  a  <  .5 

0  <  |3  <  1   -  a 

0  <  e  <  .5 

0  <  Y  ^  1  -  e 

Suppose  for  the  first  stage  we  impose  a  coarse  grid  on  this  sub- 
space  and  sample  sets  of  parameters  that  differ  in  at  least  one 
value  by  .10  instead  of  .01.      This  would  mean  examining  1,^00 
sets  in  the  first  stage  and  would    require    approximately    three 
hours  of  704  time.    From  these   1,600  sets,  we  then  would  select 
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a  small  number  of  sets  yielding  theoretical  curves  most  closely 
resembling  our  observed  curve.      These   sets  provide  the  basis 
for  the  second  stage  of  sampling  with  a  finer  grid;  here  we  should 
explore  other  values  in  the  neighborhood  of  the  values  selected 
using  increments  of  ,01.     A  staging  procedure  like  the  one  de- 
scribed makes  the  computer  problem  manageable. 

Two- stage  sampling,    however,     does    not    guarantee    that   we 
shall  find  the  best-fitting  set  of  parameters,    because  we  do  not 
know  what  happens  between   the    points    of   the    grid   used   in   the 
first  stage.      For  example,    if  we  sample  with  increments  of  ,10, 
our  sample  would  include  sets  with  a   =  .10,    .20,    .30.       Suppose 
the  best- fitting  set  had  an  a  of  .15  but  that  sets  with  a  =  .30  gave 
better  fits  than  either  a  =  ,10  or  a  =  .20.      We    should    conclude 
from  the  first  stage  that  the  second  sampling  should  be  in   the 
neighborhood  of  a   =  ,30,    but  this  would  lead  us  to  miss  the  best- 
fitting  set.      Such  an  outcome  is  possible;  whether    or    not   it   is 
likely  to  occur  cannot  be  evaluated  until  we  have  more  informa- 
tion about  how  the    model   behaves    under    changing    parameter 
values. 

Perhaps  the  most  difficult  problem  is  that  of  developing  a  cri- 
terion of  goodness  of  fit.     At  present,    it  is  out  of  the  question  to 
consider  a  statistical  test  of  goodness  of  fit  because    our    com- 
parisons do  not  meet  the  requirement  of  independent  observa- 
tions necessary  for  most  tests.      Instead,    we  must  rest  with  an 
index  that  allows  us  to  make  relative  comparisons  between  sets 
of  parameters. 

Indices  usually  employed  in  this  type  of  situation  are  not  with- 
out difficulties.      For  example,    an  index  like  chi  square  weights 
each  trial  equally;   similar  discrepancies  between  observed  and 
expected  values  increases  the  index  by  similar  amounts,    regard- 
less of  where  in  the  sequence  of  trials  these  discrepances  occur. 
Since  we  regard  the  process  as  tending  toward    stability,     it   is 
likely  that  this  procedure  gives  undue  weight  to  trials  later  in 
the  sequence.     An  illustration  of  what  may  happen  in  searching 
for  the  set  of  parameters  with  the  lowest  chi  square  emphasizes 
the  problem.      Suppose  we  have  two  sets  of  parameters,    A  and  B. 
Set  A  leads  to  a  function  p(n),    which  departs  radically  from  the 
data  for  the  first  10  trials  and  then  converges  to  a  small  discrep- 
ancy for  the  remainder  of  the  sequence.  Set  B,  on  the  other  hand, 
yields  a  function  that  is  much  closer  to  the  observed  values  on 
the  initial  trials  but  has  a  slightly  greater  discrepancy  than  A 
for  the  remainder  of  the   sequence.      Arbitrarily  extending  the 
number  of  trials  in  the  experiment  increases  the  probability  that 
we  shall  choose  set  A  over  set  B,    and  this  seems  undesirable. 

While  we  should  prefer  an   index   that   differentially    weights 
discrepancies  depending  upon  where  in  the   sequence  they  occur, 
it  is  a  major  problem  to  develop  such  an  index.       If,    however. 


132  The  Four- Parameter  Model 

we  keep  in  mind  the  ambiguities  connected  with  chi  square,    we 
feel  we  can  use  this  index  for  gross    discrinninations.       But   we 
should  not  take  the  index  value  too  literally.      The  result    should 
represent  an  improvement  over  the  guessing  procedure  of  Chap- 
ter 6. 

The  foregoing  discussion  has  not  included  all  of  the  problems 
connected  with  estimating  the  parameters  by  sampling  the  param- 
eter space.      The  issues   raised  are  intended  to  underscore    one 
point:     The  procedure  outlined    is    an    expedient    rather    than   an 
ideal  solution  to  the  estimation  problem.      The  use  of  the  com- 
puter to  sample  the  parameter   space  is  not,    in  this  case,    a  sub- 
stitute for  further  mathematical  analysis  but  a  stopgap  measure 
until  we  can  find  an  analytic   solution.      This  is  not  to   say  that  the 
computer  investigation  is  not  of  value  in  its  own  right;   sugges- 
tions for  a  solution  to  the  estimation  problem  as  well  as  for  new 
experimentation  could  result  from  even  the   "brute- force"      ap- 
proach of  this   study.      On  the  other  hand,     additional   analysis, 
particularly  of  the  criteria  of  "goodness  of  fit"    could  lead  to  a 
more  efficient  and  less  primitive  use  of  the  computer.        What 
should  be  emphasized  is  the  complementary  nature  of  the  two 
lines  of  investigation,    mathematical  and  computer.      With  this 
in  mind,    we  can  proceed  to  the  application  of  our  procedure  to 
the  Moderate  condition. 

7.3  Analysis  of  the  Moderate  Condition 

We  have  indicated  that  the  objectives  of  this  analysis  are  to 
determine  whether  or  not  the  model  shows   sufficient  promise 
to  warrant  further  application  to  this  type  of  experiment.    Such 
determination,    of  course,    depends  ultimately  upon  what  alterna- 
tive models  are  available.      The  limited  analyses  here,  however, 
can  tell  us  if  it  would  be  more  fruitful  to    modify    some    of   the 
model's  highly  restrictive  assumptions  or  if  we  can  proceed  to 
apply  the  model  in  its  present  form. 

In  the  first  stage  of  the  computer  investigation,    we  planned 
to   sample  a  subspace  bounded  by  the  following  inequalities: 


.01 

< 

a 

< 

.41 

.01 

< 

P 

< 

.91 

.03 

< 

y 

< 

.93 

.03 

< 

e 

<. 

.43 

The   setting  of  limits  for  each  parameter  was   somewhat  arbi- 
trary,   but  the  boundaries  do  represent  practical  considerations. 
Thus,    we  chose  the   sample  points   so  that  the  first  stage  would 
exclude  the  cases  discussed  in  Chapters   5  and  6,    i.  e.  ,    tlie  one-  . 
two-,    or  three- parameter  models.      Furtherniore ,    the  upper 
bounds  on  a  and  e,    together  with  the  way  the  computation  was 
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progranamed,    restricted  the   sampling  to  that  part  of  the   subspace 
where,    for  a  given  value  of  a  or  e,    there  was  at  least  one  larger 
value  of  p  or  y.      In  other  words,    the  computer  would  not  sample 
extensively  from  that  area  where  a  >   P   or  e   >   V-      Finally,     the 
computer  program  ruled  out  those  values    within   the    preceding 
boundaries  which  are  outside  the  parameter  space,  that  is,  where 
a+p    >    lory+e>    1.      For  example,    when  the  computer  deals 
with  those  parameters   sets  where  e    =   .43,    it  will  consider  only 
6  instead  of  10  values  of  y,    namely  .03,    .13,    .Z3,    .43,    and   .53. 
These  restrictions  yield  a  sampling  plan  that  is  reasonable    as 
well  as  practical. 

The  author  programmed  this  procedure  for  the   IBM  Type  704 
scientific  computer.^      It  was  estimated  that  the  first  stage  would 
take  approximately  three  hours  of  computer  time.    For   schedul- 
ing reasons,    we  divided  the  problem  into  two  parts:       the    first 
testing  those  sets  with  a   =  .01   and  .11,    and  the  second  the  re- 
maining sets.      Part  1  used  about  80  minutes  of  machine    time 
and  provided  information  which  enabled  us,    in  the  interests  of 
economy,    to  omit  part  2  entirely. 

In  general,     the    first   machine    run   indicated   that    sets    with 
a  =  .01  fit  the  data  more  closely  than  sets  with  a  =  .11.      Hence, 
it  did  not  seem  necessary  to  pursue  increasing  values  of  a  .   The 
five  best- fitting  sets  from  part  1   were  used  to  choose  values  for 
the  second  stage  of  the  sampling.      These  sets  are 


a 

P 

X 

e 

X^ 

.01 

.11 

.33 

.03 

24.2 

.01 

.11 

.23 

.03 

30.3 

.01 

.21 

.63 

.03 

26.5 

.01 

.21 

.53 

.03 

28.8 

.11 

.21 

.43 

.13 

27.0 

These  figures  enable  us  to  narrow  the  ranges  of  a ,    p,    and  e  but 
do  not  indicate  a  neighborhood  for  y.      In  view  of  the  wide  range 
for  y,    using  increments  of  .01  as  planned  for  the  second  stage 
of  sampling  seemed  impractical;   such  a  plan  would  require  test- 
ing 40,000  sets.      To  reduce  this  number  to  manageable   size  ne- 
cessitated some  rather  arbitrary  choices:     For  a  and  e  ,  we  chose 
three  values  closer  to  the  lower  end  of  the  range;  for  p   and  y , 
we  used  increments  of  .03  instead  of  .01.      These  decisions  re- 
duced the  number  to  540  (3a's,    4p's,    15y's,    and  3  e  '  s) ,  but 
they  did  not  take  advantage  of  other  information  available  from 
the  first  computer  run.  Inspecting  the  computer  output  suggested 
that  it  would  be  desirable  to  test  a  smaller  value  of  e  than  had 
previously  been  considered.      In  addition,    it  appeared  that  high 


134 


The   Four- Parameter  Model 


values 
Y  =   .43 
stage, 
pie  an 
2  we  re 


of  Y  yielded  good  fits    only    for    high    values    of  (3;    since 
was  the  best  fit  for  p    =   .21,    the  top  p  value  for  the   second 
we  decided  to  omit  the  six  highest  values  of  y>    and  to  sam- 
additional  value  of  p   instead.    The  values   sampled  in  stage 


a  (3  Y  £ 

.0  3  .12  -.21  .02 

.04  .15  .24  .03 

.05  .16  .27  .04 

,18  .30  .05 

,20  .33 

.36 
.39 
.42 
.45 
Table  7.1.  Parameter  Sets  with  Smallest 
from  the  Second  Computer 


Chi  Square 
Run 


Values 


a 

^ 

Y 

e 

X^   ' 

.03 

12 

.21 

.02 

22.56 

.03 

12 

.24 

.03 

21.03 

.03 

12 

.27 

.04 

20,52  ! 

.03 

12 

.30 

.05 

20.68  ' 

.03 

15 

.30 

.03 

2  3.0.3 

.03 

15 

.30 

.04 

23.58 

.03 

15 

.33 

.04 

21.83 

.03 

15 

.36 

.04 

23,15 

.03 

15 

.33 

.05 

23.81 

.03 

15 

.36 

.05 

21.69 

.03 

15 

.39 

.05 

22.16 

.03 

16 

.33 

.04 

23.71 

,03 

16 

.36 

.04 

22.56 

.03 

16 

.39 

.04 

24.05 

.03 

16 

.36 

.05 

24.06 

.03 

16 

.39 

.05 

22.26 

.03 

16 

.42 

.05 

22.74 

.03 

18 

.42 

.04 

24.12 

.03 

18 

,45 

.05 

23.45 

.04 

15 

.27 

.04 

23.35 

.04 

15 

.30 

.04 

23.50 

.04 

15 

.30 

.05 

22.37 

.04 

15 

.33 

.05 

22.17 

.04 

16 

.30 

.04 

23.92 

,04 

16 

.33 

.05 

22.85 

.04 

16 

.36 

.05 

23.07 

.04 

18 

.39 

.05 

24.10 

.05 

16 

.30 

.05 

23.87 
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All  connbinations  of  these  values  again  nneant  testing  540   sets. 

The   second  connputer  run  produced  Z8   sets  of  parameters  with 
smaller  chi  square  values  than  .the   best    set   of  the    first    stage. 
The  improvement,  however,  was   small;  for  the  best  set  x^  =  20.5. 
These  are  shown  in  Table  7.1.      The  difficulties  with  chi  square 
as  an  index  together  with  the   small  magnitude  of  the  differences 
shown  in  the  table  preclude  automatically  choosing  the  set  with 
X     =  20.5  for  further  investigation.  In  the  three- parameter  model 
we  had  found  that  (see  Chapter  6)  the  greatest  discrepancy  be- 
tween the  model  and  the  data  occurred  with  respect  to  alterna- 
tions that  are  in  turn  related  to  the  ratio  of   y  to  e.    To  increase 
our  chances  of  innprovement  over  the  three- parameter  case,    we 
decided  to  select  for  further  investigation  the   set  of  values  that 
maximized  this  ratio.      The  set 


Q  =  .03,   (3  =  .12,    y  =  .21,    e 


,02 


has  the  highest  ratio  and  was  chosen. 

Figure  7.1   compares  the  theoretical  and  observed  mean  curves. 
Since  the  observed  curve  was  used  in  the  estimation,    it  is  not 
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Figure  7.1.    Comparison  of  the  theoretical 
and  observed  mean  curves.      (Moderate  con- 
dition;    four- parameter    model:      a  =  .03, 
p  =  ,12,   Y  =  .21,  €  =  .02) 
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surprising  that  the  fit  is  the  best  we  have  had  thus  far.      If    we 
compare  Figure  7.1,    for  example,    with  Figure  6.2,    we  note  that 
the  theoretical  curve  does  not  consistently  underestimate  the  ob- 
served,   as  was  the  case  in  Figure  6.Z.      In  addition,    the  agree- 
ment between  theoretical  and  observed  curves  for  the  early  trials 
of  the  experiment  represents  a  considerable  improvement  over 
the  three- parameter  model. 

Since  the  estimated  values  of  a  and  e  are  smaller  than  those 
used  in  the  three- parameter  analysis,    the  process  of  absorption 
takes  place  at  a  slower  rate  in  this  model.      This  can  easily  be 
seen  in  Table  7.2,     which    compares    the    predicted    percentage 
absorbed  with  the  percentage  of  actual  subjects  showing  consist- 
ent sequences.      The  differences  between  predicted  and  actual 
are  larger  than  in  the  three- parameter  case,    but  these  differ- 
ences do  not  indicate  a  failure  of  the  model;  it  will  be  remem- 
bered that  the  percentage  of  subjects   showing  consistent  sequen- 
ces is  an  estimate  of  the  maximum  absorbed,    including  some 
who  are  in  temporary  states  at  trial  n. 

An  estimate  of  the  theoretical  distribution  of  errors  was  cal- 
culated using  10  Monte  Carlo  samples.'^      The  results  are  pre- 
sented in  Table  7.3.      The  Monte  Carlo  mean  overestimates  the 
observed,    although  less  than  it  did  in  the  three- parameter   study. 
In  addition,    extreme  scores  are  less  frequent  in  the  Monte  Carlo 
results  than  in  the  actual  data.      These  discrepancies  do  not  ap- 
pear serious  in  view  of  the  fact  that  the  variability  among  Monte 
Carlo  samples  is  considerable.    For  example,  5  of  the   10  Monte 
Carlo  samples  have  means  smaller  than  the  observed  mean.  The 
result  for  extreme  scores  was  anticipated  because  the  theoreti- 
cal quantity  Eq    equals   .2,    whereas  the  observed  proportion  of 
completely  correct  sequences  equals   .3. 

The  greatest  discrepancy  between  theoretical  and  observed 
values  in  the  one-   and  three- parameter  models  occurred  when 

Table  7.2.      Predicted  and  Observed  Proportion  of  Subjects 
Absorbed  on  Trial  n 

(Moderate  condition;  four- parameter  model: 
a  =  .03,    (3   =  .12,    Y  =  -21,  e   =  .02) 


From 
Trial  Number 

Actual  Subjects 
Showing  Consistent 
Sequences 

Predicted 
Percentage  Absorbed 

10 
20 
30 

Number 

Per  Cent 

24.2 
42.0 

55.6 

13 
21 
25 

39.4 
63.6 

75.8 
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Table  7.3.      Comparison  of  the  Distribution  of  Errors  from 
the  Monte  Carlo  Subjects  with  That  Observed  in  the  Moderate 

Condition 

(Four- parameter  model:   a   =  .03,    (3   =   .IZ,    y  =  -21,  e   =  .02) 


Number  of 
Errors 

Monte  Carlo  Subjects 

Actual  Subjects 

Mean 
Frequency 

Per   Cent 

Frequency 

Per  Cent 

0-4 

10.6 

32.2 

16.0 

48.5 

5-9 

5.8 

17.5 

2.0 

6.1 

10-14 

5.1 

15.4 

3.0 

9.1 

15-19 

3.7 

11.2 

4.0 

12.1 

20-24 

2.9 

8.8 

2.0 

6.1 

25-29 

1.7 

5.2 

1.0 

3.0 

30+ 

3.2 

9.7 

5.0 

15.2 

X 

11.8 

10.8 

s' 

110.7 

143.38 

we  examined  the  distribution  of  alternations.       Both   of   these 
models  seriously  underestimated  the  observed  amount  of  switch- 
ing.     Does  the  four- parameter  model  then  represent  an  improve- 
ment,   or  is  the  model  as  we  formulate  it  incompatible  with  a  set 
of  data  that  includes  both  highly  consistent  and  highly  alternating 
sequences?     In  view  of  the  provisional  nature  of  the  estimates  of 
our  four  parameters,    we  cannot  answer  this  question  definitively. 
The  results  presented  in  Table  7.4,     however,     suggest   that   the 
model  can  generate  alternating  sequences.      While  the  theoreti- 
cal values  in  the  table  underestimate  the  observed,    the  discrep- 
ancies are  considerably  smaller  than  those  of  previous  analyses. 
We  noted  earlier  that  the  model  predicted  slightly  fewer  com- 
pletely consistent  sequences  (zero  errors)  than  were  observed. 
It  appears,    then,    that  these  parameter  values  improve  the  mod- 
el's fit  with  respect  to  alternations  at  the  expense  of  increasing 


Table  7.4.      Theoretical  and  Observed  Means  and  Variances 
of  the  Number  of  Alternations 

(Moderate  condition;  four- parameter  model: 
a  =  .03,    p   =  .12,  Y  =  .21,    e   =  .02) 


Theoretical 

Observed 

Mean  Nunaber  of- 
Alternations 

Variance  of  the 
Number  of  Alternations 

5.68 
40.37 

6.79 
53.42 

138 


The  Four- Parameter  Model 


discrepancies  with  respect  to  other  properties.  But  since  we  do 
not  regard  these  other  discrepancies  as  serious  in  view  of  the 
variability  of  Monte  Carlo  samples,    we  feel  encouraged  by  the 
results  with  regard  to  alternations. 

One  caution  is  necessary.      The  theoretical  mean  and  variance 
in  Table  7.4  are  based  on  an  experiment  with  an  infinite  number 
of  trials;  for  a  36- trial  experiment,  these  values  will  be  snaaller. 
The  Monte  Carlo    data    enable    us    to    obtain   theoretical    values 
which  are  more  directly  comparable  with  our  observations  and 
which  provide  a  more  accurate  reflection  of  the  discrepancies 
between  predicted  and  observed.      Table  7.5  presents  the  distri- 
bution of  alternations  calculated  from  10  Monte  Carlo  samples 


Table  7.5.      Distributions  of  Alternations  from  10  Monte  Carlo 
Samples  Compared  with  Data  from  the  Moderate  Condition 

(Four- parameter  model:  a  =  .03,    (3   =  .12,  y  -  .Zl,    e   =  .02) 


Number  of 

Monte  Carlo  Subjects 

Actual  Subjects 

Alternations 

Mean  Frequency 

Frequency 

0 

6.3 

10 

1 

3.7 

1 

2 

5.0 

3 

3 

2.5 

0 

4 

5.0 

2 

5 

2.8 

4 

6 

4.2 

2 

7 

1.3 

1 

8 

1.5 

0 

9 

0.4 

0 

10 

0.2 

0 

11 

0.0 

0 

12 

0.1 

0 

13 

0.0 

1 

14 

0.0 

1 

15 

0.0 

0 

16 

0.0 

3 

17 

0.0 

2 

18 

0.0 

1 

19 

0.0 

0 

20 

0.0 

1 

21 

0.0 

0 

22 

0.0 

0 

23 

0.0 

1 

X 

3.3 

D.8 

8^ 

7.0 

53.42 
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together  with  the  observed  distribution.      The  Monte  Carlo  mean 
and  variance  shown  at  the  bottonn  of  the  table  are  much  further 
from  the  actual  values  than  the    computed   mean  and   variance. 
However,    when  this  table  is  compared  with  Table   5»4,   we  find 
that   the    four- parameter  model  fits  alternations  more  closely 
than  the  one- parameter  case.^      Despite  this  improvement,    the 
lack  of  fit  is  clearly  still  a  problem.      We  shall  return  to  this 
issue  shortly. 

Before  deciding  to  modify  the  model  or  to  seek  new  estimates 
of  the  parameters,    we  chose  to  collect  additional  experimental 
data.      For  this  purpose,    a  new  experiment  was  conducted,  which 
we  shall  call  Experiment  3,  the  aim  of  which  was  to  replicate  the 
Moderate  condition.      But  Experiment  3  illustrates  the  interplay 
between  the  analysis  of  the  model  and  the  construction  of  experi- 
ments,   for  it  was  not  an  exact  duplication  of  the  Moderate  con- 
dition.     If  the  four- parameter  model  and  the  parameter  estimates 
we  have  reported  are  taken  seriously,    nearly  half  the  subjects 
are  unabsorbed  at  trial  36  (see  Table  7.2)„  If  subjects  were  run 
through  a  longer    sequence    of   experimental   trials,     we    should 
have  a  better  idea  of  equilibrium  behavior^      The  design  of  Ex- 
periment 3  took  advantage  of  the  analysis  of  the  Moderate  con- 
dition by  expanding  the  sequence  to  80  trials.     In  addition,     the 
new  sample  contained  a  larger  number  of  subjects. 

Experiment  3  took  place  at  a  different  college  from  the  one  in 
which  the  Moderate  condition  was  run.       The    population   from 
which  we  drew  subjects  and  the  physical  facilities  of  conducting 
the  experiment  differed  from  our  previous   study.      The  fact  that 
our  earlier  results  closely  approximated  those  obtained  by  Asch 
with  three  quite  different  student  populations  suggested  that  pop- 
ulation differences  would  be  negligible.      Nor  had  we  any  reason 
to  believe  that  changing  the    physical  setting  of  the  experiment 
would  markedly  alter  our  results. 

Fifty  male  undergraduates,  all  of  whom  were  recruited  through 
a  student  employment  service  and  paid  for  their  participation, 
served  as   subjects.      They  were  put  through  the  same  situation, 
except  for  length  of  the  experiment,    as  Moderate  condition  sub- 
jects.     That  is,  they  judged  the  same  stimuli,  faced  a  unanimous 
and  incorrect  majority  on  all  but  the  first  two  trials,    and  were 
asked  to  respond    orally.      Once  again  each  of  the  80  trials   re- 
quired the  identical  judgment;  the  standard  and  comparison  lines 
were  the  same  on  every  trial  although  the  labels  of  the  connpari- 
son  lines  varied  in  the  same  fashion  as  in  the  Moderate  condi- 
tion.    As  in  the    earlier   study,  to  relieve  monotony,  we  randomly 
placed  the  standard  to  the  left  or  right  of  the  comparison  lines 
on  each  trial. 

These  data  were  collected  to  determine     (1)  whether  or  not 
the  parameter  estimates  obtained  from  the  computer  investiga- 
tion would  fit -a -completely  new  set  of  observations,    and     (2)  if 
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some  of  the  discrepancies  between  the  model  and  the  Moderate 
condition  would  disappear  with  more  stable  estimates  of  the   sum- 
mary statistics.      It  is  important  to  emphasize  that  no  data  from 
Experiment  3  were  used  to  obtain  the  parameter  values;  the  nu- 
merical estimates  from  the  Moderate  condition  were  applied  di- 
rectly to  the  new  observations.      As  far  as  Experiment  3  is  con- 
cerned,   the  parameters  are  a  priori,    and  no  degrees  of  freedom 
are  used  up. 
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Figure  7.Z.      Comparison  of  the  theoretical 
and  observed  mean  curves  for  Experiment  3. 
(Four- parameter  model  with  previously  esti- 
mated parameters:  a   =  .03,    (3   =  .IZ,    y=  .Zl, 
e  =  .OZ) 


Figure  7.Z  compares  the  theoretical  mean  curve  with  the  curve 
observed  in  Experiment  3.      On  the  whole,    the  fit  is  quite  good; 
while  there  is  considerable  variability  in  the  observed  curve,  it 
appears  to  stay  near  the  theoretical.      Second,    the  time  trend  in 
Experiment  3  is  much  more  pronounced  than  in  the  Moderate 
condition;  the  80-trial  experiment  indicates  that  the  asymptotic 
probability  of  a  correct  response  is  considerably  higher  than  we 
should  estimate  from  observing  a  36- trial  experiment.         This 
suggests  that  the  reasoning  in  Chapters  5  and  6  which  led  us  to 
reject  those  models  that  generate  a  monotone  decreasing  mean 
curve  was  essentially  sound.      Finally,    although  the  variability 
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of  the  observed  curve  decreases  through  time  as  the  model  pre- 
dicts,   on  the  initial  trials  this  variability  is  larger  than  the  Mod- 
erate condition.      Since  Experiment  3  involved  a  larger    number 
of  subjects  than  the  Moderate  condition,    one  would  expect  this 
variability  to  be  smaller. 

The  large  trial- to-trial  variability  of  the  mean  curve  for  Ex- 
periment 3  points  to  a  problem  with  respect  to  the  distribution 
of  alternations.     Indeed,    the  mean  number  of  alternations  in  Ex- 
periment 3  is   11.2,    which  is  a  greater  discrepancy  from  the  pre- 
dicted than  we  observed  in  the  Moderate  condition.    These  results 
are  convincing  evidence  that  the  discrepancy  represents  a  syste- 
matic departure  from  the  model  rather  than  random  fluctuation. 
The  problem  then  becomes  one  of  accounting  for  this  systematic 
departure. 

Reconsideration  of  Figure  7.2  provides  an  explanation  for  the 
unexpectedly  large  number  of  alternations;  if  we  compare  those 
trials  marked  with  inverted  v'  s  (A)  with  those  not  marked,      we 
immediately  see  striking  differences.      Every  large  change  in 
the  proportion  of  correct  responses  occurs  between  a  marked 
and  an  unmarked  trial.      The  changes  between  two  marked  or  two 
unmarked  trials  are  relatively  small.  Furthermore,  the  observed 
values  for  all  but  one  of  the  marked  trials  falls  below  the  theo- 
retical,   while  for  nearly  all  of  the  unraarked  trials,    the  observed 
is  greater  than  the  theoretical.      This  suggests  that  the  predicted 
curve  represents  the  average  of  two  separate  processes  and  that 
alternations  occur  when  the  experiment  switches  from  evoking 
one  of  these  processes  to  evoking  the  other.      This  interpretation 
will  seem  more  apparent  when  the  reader  becomes  aware  that 
the  marked  trials  have  a  significance  independent  of  the  observed 
data:     Trials  that  are  marked  are    those    on   which   the    standard 
line  was  presented  to  the  left  of  the  comparison  lines,    whereas 
unmarked  trials  presented  the  standard  to  the  right  of  the  com- 
parison lines. 

In  Experiment  3,    varying  the  side  of  the  standard  had  a  sig- 
nificant effect  on  the   subject's  behavior,    but  we  have  already 
noted  in  Chapter  2  that  this  device  did  not  significantly  affect 
responses  in  the  Moderate  condition.      The  differences  between 
the  outcome  of  these  two  experiments  are  more  apparent   than 
real.      First  of  all,    closer  examination  of  Table  B.l  in  Appen- 
dix B  shows  that  in  the  Moderate  condition  as  well  more  errors 
were  made  when  the  standard  was  to  the  left  than  when  it  was 
to  the  right.      While  the  results  are  not  statistically  significant, 
the  trend  in  the  Moderate  condition  is  clearly  the  same  as  in  Ex- 
periment 3. 

The  second  point  to  be  considered  in  evaluating  the  difference 
between  the  Moderate  condition  and  Experiment  3  concerns  the 
physical  setting  in  which  each  experiment  took  place.    The  room 
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available  for  running  the  Moderate  condition  dictated  a  seating 
arrangement  that  differed  from  Asch's  original  work.       At  the 
time,    little  importance  was  attached  to  this  change,    which  in- 
volved seating  the  group  in  a  semicircle  with  the  naive   subject 
one  seat  from  the  end.        This    arrangement   placed   the    subject 
somewhat  closer  to  the  left  stimulus  display  stand  than  to  the 
right  display.      The  chairs,    however,    were  movable,    so  that  by 
setting  the  circle  off  center  it  was  possible  to  reduce,    though 
not  eliminate,    the  difference.      This  arrangement  was  carried 
over  to  Experiment  3,    although  the  room  employed  presented 
other   seating  problems.      Here  we  were  assigned  a  lecture  room 
with   fixed    seats    and    a   fixed    desk   on   which   to    set   the    display 
stands.      To  reproduce  the   semicircle,    it  was  necessary  to  seat 
the  naive   subject  closer  to  the  left  stand    than    in   the    Moderate 
condition.      Furthermore,    the  fact  that  the  chairs  were  fixed  held 
constant  the  relative  distances  in  Experiment  3,    whereas  these 
distances  probably  varied  when  subjects  were  free  to  move  their 
chairs. 

It  should  be  noted  that  we  were  aware  of  potential  problems 
arising  from  seating  arrangement  in  Experiment  3.    We  equated 
the  perceptual  task  of  Experiment  3  with  that  of  the  Moderate 
condition  by  running  four   subjects  without  the  presence  of  con- 
federates.     None  of  these   subjects  made  a  discrimination  error, 
so  that  we  felt  the  task  was  equivalent  to  the  earlier   study. 

If  the  judgment  task  was  not  affected  by  the  seating  arrange- 
ment,   why  then  should  the  two  seating  arrangements  differen- 
tially affect  yielding  behavior?   In  both  experiments,  more  yield- 
ing occurred  when  the  standard  was  to  the  left,    that  is,    closer 
to  the  subject.      But  the  standard  on  the  left  means  that  the  three 
comparison  lines  from  which  the  choice  is  made  are  farther  away. 
If  we  assume  that  moving  the  comparison   lines    away    from   the 
subject  could  be  subjectively  defined  as  increasing  the  ambiguity 
of  the  situation  and  that  a  subjective  definition  of  ambiguity  al- 
lows him  to  rationalize  yielding  to  the  group,    we  can  account 
for  the  association  of  yielding  with  position  of  the   standard.    We 
can  explain  the  different  amounts  of  associations  in  the  two  ex- 
periments on  the  basis  of  a  greater  and  more  consistent  distance 
from  the  conaparison  lines  in  Experiment  3  which  leads  to  greater 
and  more  consistent  ability  to  rationalize.      The  distance  does  not 
change  the  subject'  s  judgment  of  the  comparison  lines  but  rather 
his  ability  to  rationalize    giving    an   incorrect    response.       Wlien 
there  is  no  need  for  such  rationalization,    as  in  the  control  group, 
the  distances  involved  in  these  experiments  will  not  produce  dif- 
ferences in  response.      But  given   the    need    for    rationalization, 
small  distance  differentials  can  produce  tlie  differences  observed 
between  the  Moderate  condition  and  Experiment  3. 

Finally,    in  the  original  analysis  of  the  effect  of  varying  the 
standard  in  the  Moderate  condition,    we  focused  exclusively  on 
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the  association  between  frequency  of  yielding  and  position  of  the 
standard.      Since  this  association  was  not  significant,    we  ignored 
the  position  of  the  standard  as  a  variable  in  subsequent  analyses. 
Consideration  of  Figure  7.Z   suggests  that  we  examine  the  associa- 
tion between  changes  in  the  position  of  the  standard  and  alterna- 
tion of  response.      For  this  analysis,    let  us  examine  only  those 
responses  that  change  from  trial  n  to  trial  n  +   1.      If  our  reason- 
ing concerning  subjective  ambiguity  is  correct,    then  moving  the 
standard  from  right  on  trial  n  to  left  on  trial  n  +   1    should  pro- 
duce more  changes  from  correct  to  incorrect  than  from  incor- 
rect to  correct.      Similarly,    moving  the  standard  in  the  opposite 
direction  should  have  the  reverse  effect;  that  is,    there   should  be 
more  changes  from  incorrect  to  correct.      The  results  presented 
in  Table  7.6  are  as  we  anticipated:      When   the    standard    moved 
from  right  to  left,  there  were  more  than  twice  as  many  changes 
from  correct  to  incorrect  as  from  incorrect  to  correct;  and  when 
the  standard  moved  from  left  to  right,    the  pattern  was  exactly 
reversed. 

Table  7.6.     Association  of  Change  in  Response  with  Change 
in  Position  of  the  Standard 


Response  Changes 

Standard  Moves                    | 

From  Right  on 
Trial  n  to  Left 
on  Trial   n  +  1 

From  Left  on 

Trial  n  to  Right 

on  Trial  n  +  1 

From  Correct  on  n 
to  Incorrect  on  n  +  1 

From  Incorrect  on  n 
to  Correct  on  n  +   1 

52 

25 

25 

53 

The  insights  from  Experiment  3  then  bear  directly  on  our  an- 
alysis of  the  Moderate  condition.      We  conclude  that  the  discrep- 
ancy between  the  model  and  the  Moderate  condition  is  a  system- 
atic one    which   will  not  be  eliminated  with  "better"  estimates 
of  the  parameters.      We  attributed  the  discrepancy  to  a  feature 
of  the  experiment  which  the  model  does  not  incorporate.        The 
model  considers  all  trials  equivalent  and  assumes  that  the  tran- 
sition probabilities  from  trial  n  to  n  +  1  are  constant,    regard- 
less of  the  nature  of  particular  trials.    Analysis  of  the  Moderate 
condition  shows,    however,     that   there    are    several   classes    of 
transition  events-  with  which  different  probabilities  should  be  as- 
sociated.     In  oth.er  words.      Table  7.6  is  inconsistent  with  the  as- 
sumption of  constant  transition  probabilities;  according  to  this 
assumption,    transition  probabilities   should  be  the  same  whether 
the  standard  moves  from  right  to  left  or  from  left  to  right. 
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At  the  beginning  of  this   section,     we  noted  that  the  purpose  of 
these  analyses  was  to  determine  whether  we  could  apply  the  mod- 
el  in    its    present    form  or  whether  it  would    be    more    fruitful  to 
modify  some  of  the  model's  assumptions.      It  would  seem  from 
our  results  that  modification  of  the  constant  transition  assump- 
tion is  in  order.      However,    such  a  conclusion  may  be  too  literal 
an  inference  from  our  findings.      While  it  is  true  that  the  present 
experiments  depart  from  the  model,    our  concern  is  with  develop- 
ing a  general  descriptive  tool  which  would  apply  to  new  experi- 
mentation as  well.      Hence,    in  modifying  the  model,    we  must  con- 
sider how  any  changes  will  affect  the  direction  of  future  research. 
If  a  property  of  the  experiment  is    to    be    incorporated    into    the 
model,    it  should  be  a  property  that  is,    in  its  own  right,    signifi- 
cant for  future  investigation  or  one  that  is  a  necessary  concomi- 
tant of  significant  features  of  the  experiment. 

It  would  be  possible  to  build  into  the  model  the  variable  tran- 
sitions observed  in  our  experiments.      We  could  assume  three 
sets  of  transition  probabilities,    one   set  associated  with  the  event 
of  moving  the   standard  from  right  to  left,    one  with  the  event  of 
moving  the  standard  from  left  to  right,    and  one  with  the  event 
of  holding  the  position  of  the   standard   stationary.      But  by    the 
criterion  we  have  enunciated,    this  approach  is  not  fruitful.  Apart 
from  the  enormous  difficulties  of  estimating   12  parameter s,  there 
is  the   serious  question  of  associating  basic   elements  of  the  model 
with   incidental   and    accidental    features    of   the    experiment.     Of 
course,    increasing  the  nuraber  of  parameters  would  impro\-e  the 
model's  fit,    but  it  would  do    so    at   the    expense    of   giving    equal 
weight  to  substantively  crucial  and   substantively  trivial  features 
of  the  experiment.      It  is  our  contention  that  the  position  of  the 
standard  is  a  variable  of  minor  substantive  importance  and  should  ^ 
be  eliminated  from  future  experiments.^      Insofar  as  the  present 
experiments  are  concerned,    we  believe  that  we  have  isolated  a 
source  of  error  that  confounds  the  core  process  which  the  model 
describes.      If  we  recognize  that  any  model  is  an  idealization  of 
its  object  phenomena  and  that  our  parameter   estimates   represent 
an  averaging  over   nonessential  confounding  factors,    we  can  re- 
gard the  model  as  providing  a  sufficiently  good  description  of  the 
core  process  involved  in  the  experiment.      Despite  the  discrep- 
ancies we  have  encountered,    we  believe  that  it  would  be  fruitful 
to  continue  to  apply  the  model  in  its  present  form. 

Throughout  this  monograph,    we  have  been  motivated  by  a  de- 
sire to  account  for  as  much  of  the  experinnental  variance  as  pos- 
sible.     The  model  does  quite  well  by  this  criterion  of  its  utility, 
particularly  when  compared  with     correlational  attempts  to  ac- 
count for  conformity  behavior.     While  it  is  clear  that  the  model 
does  not  account  for  all  the  experimental  \-ariance,    we  have  con- 
cluded that  the   sources  of  the  unexplained  variation  are  not  of 
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great  theoretical  significance.      Rather  than  continuing  the  ef- 
fort to  increase  the  proportion  of    variance    accounted    for,     it 
would  be  more  strategic  to  indicate  other  criteria  against  which 
to  evaluate  the  model'  s  utility.      Chapter  8  will  offer  examples 
of  how  the  model  may  be  utilized,    but  before  turning  to  that  dis- 
cussion,   there  are  some  additional  findings  of  our  computer  in- 
vestigation which  should  be  considered. 

7.4  Computer  Simulation  of  the  Model 

Up  to  this  point,    we  have  described  the  use  of  a  high-  speed 
computer  in  obtaining  numerical  estimates  for  the  parameters. 
Now  we  want  to  emphasize  another,    and  perhaps  more  important, 
aspect  of  applying  the  computer    to    this    research.        There    are 
many  properties  of  the  raodel  that  cannot  at  present  be  uncovered 
by  mathematical  means,    either  because  the     appropriate  mathe- 
matical techniques  have  not  yet  been  developed  or  because  those 
techniques  which  exist  are  too  laborious  to  carry  out.    Here  com- 
puters can  play  a  crucial  role;  computer  simulation  allows  us 
to  trace  out  consequences  of  our  conceptualization  which  cannot 
be  derived  formally.      By  simulating  the  model,    we  can  gain  new 
insights  about  its  properties.     Although  we  have  not  yet  pursued 
simulation  studies  in  any  systematic  fashion,    some  provisional 
results  have  provided  leads  for  further  research.      We  shall  sum- 
marize these  to  illustrate  what  can  be  accomplished  through  sim- 
ulation studies. 

The  procedure  outlined  earlier  in  this  chapter  represents    a 
partial  simulation  of  the  model.      We  say  "partial"  because  the 
computer  program  does  not  simulate  individuals  going  through 
the  experiment  trial  by  trial;  rather,    it  generates  certain  of  the 
averages  that  would  result  if  a  population  of  subjects  to  whom 
a  given  set  of  parameters  applied  were  put  through  the   situation. 
Simulation  of  individuals  generates  the  state  for  each  individual 
on  each  trial  through  the  use  of  random  numbers.    (This  technique 
was  described  in  Chapters  5  and  6*)     The  partial  simulation,    on 
the  other  hand,    generates  only  the  proportion  of  subjects  in  each 
state  on  each  trial.      Thus,    for  example,    partial  simulation  tells 
us  how  the  mean  curve  varies  with  changing  parameter   sets  but 
cannot  tell  us  anything  about  alternations,    since  alternations  de- 
pend upon  examining  the  change   of   state    from   trial    n  to    trial 
n  +  1  for  each  individual.      Thus,    statements  about  alternations 
must  await  the  simulation  of  individuals.      Similarly,    from  the 
partial  simulation  we  can  examine  how  the  mean  number  of  er- 
rors changes  as. we  change  the  parameters,    but  we  cannot    say 
anything  about  the  variance  of  the  number  of  errors.      The    com- 
puter output  from   our    partial    simulation,    however,     offers    a 
wealth  of  material  dealing  with  the  behavior  of  the  mean  curve 
and  the  mean  number  of  errors. 
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Although  the  output  is  still  being  analyzed,  we  have  uncovered 
two  features  of  the  model  from  our  partial  simulation.  The  first 
is  a  documentation  of  a  point  we  have  previously  made,  whereas 
the  second  represents  a  property  of  the  model  of  which  we  were 
previously  unaware. 

We  had  noted  that  the  mean  number  of  errors  may  not  be  an 
appropriate  statistic  for  describing  this  kind  of  experiment  or 
for  distinguishing  between  groups  classified  on  some    a    priori 
basis  and  then  subjected  to  the   situation.      We  asserted  that  this 
statistic  may  not  be  sensitive  enough  to  changes  in  the  underly- 
ing process,    that  widely  different  processes  could  give  rise  to 
similar  means.  While  this  point  is  widely  recognized,  it  can  be 
documented  only  where  there  is  a  model  that  enables  us  to  gen- 
erate the  process.     The   simulation  study  supports   our  contention 
but  also  requires  us  to  qualify  it.      We  selected  those  parameter 
sets  yielding  means  between   10,  7  and  10,  9   and   examined   the 
ranges  of  our  parameters  in  this   selected  sample.     Of  approx- 
imately 1,000  sets  in  the  population  for  this  preliminary  analysis, 
Z3  generated  means  within  this  very  narrow  range.      Among  the 
23,    the  following  ranges  for  each  of  the  parameters  were  found: 

a:  .01   -  .11 

(3:  ,15  -  .71 

y:  .27  -  .93 

e:  .02  -  .13 

With  respect  to  a ,    p,    and  y,    nearly  all  the  values  used  in  the 
first  and  second  stages  of  sampling  the  parameter  space  appear 
in  these  23  sets.      As  we   should  expect,    none  of  the  high    values 
of  €,    that  is,    .23,    .33,    and  .43,    appear  in  the   subsample,    and 
this  leads  to  our  qualification.      Over  all  the  sets  in  the   simula- 
tion,   the  mean  number  of  errors    varied    from    3.0    to    29.0,     a 
finding  hardly  consistent  with  our   statement  about  insensitivity. 
But  high  means  were  associated  with  high  e   values  and  low  means 
with  high  a  values.      The  means,    then,    are  sensitive  to  those  fac- 
tors that  radically  alter  a  or  e  .      High  values  of  these  two  param- 
eters would  describe  processes  terminating,    for  all  practical 
purposes,    within  a  very  few  trials.      The  means  perhaps  would 
be  a  sufficient  statistic  to  describe  a  rapidly  terminating  proc- 
ess,   particularly  since  rapid  absorption  would  markedly  reduce 
variability.      For  processes  that  stretch  out  in  time,    however, 
as  indicated  by  low  rates  of  absorption,    the  mean  number  of  er- 
rors  seems  to  vary  within  a  narrow  band  at  the  same  time  that 
the  paramenters  p   and  y  a^re  fluctuating  over  nearly  the  whole 
of  their  permissible  range.      It  will  be  remennbered  that  p  and 
y  were  interpreted  as  the  probability  of  the  individual  changing 
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his  leanings  toward  and  away  from  the  group,    respectively.    Two 
situations  with  markedly  different  P'  s,    for  example,    would,    in 
our  interpretation,    be  quite  different  even  if  the   situation  were 
identical  in  values  of  a,  y,    and  e .      (It  seems  reasonable  to  con- 
sider a  situation  where  an  individual  has  a  high  probability  of 
changing  his  leanings  at  each  trial  to  be  sharply  distinct  from  a 
situation  where  that  individual  has  a  low  probability  of  changing 
his  leanings  on  each  trial.  )     If  our  interpretation  of  these  param- 
eters is  correct,    then  the  results  indicate  that  widely  differing 
processes  give  rise  to  similar  means.     Although  the  behavior 
of  the  mean  number  of  errors  needs  to  be  studied  in  a  simula- 
tion designed  specifically  for  that  purpose,    we  believe  that  pres- 
ent "anecdotal"  results  support  our  original  contention,    which 
we  would  now  state  as  follows:     Comparing  means  of  different 
experimental  treatments  would  be  appropriate  only  in  very  spe- 
cial situations  (which  do  not  include  the  standard  As ch- type  pro- 
cedures); for  procedures  such  as  the  one  we  have  used,    testing 
mean  differences  between  treatments,  such  as  between  our  Mod- 
erate   and    Extreme    conditions,     risks    overlooking    properties 
that  have    greater    discriminating    power  than  the  mean  number 
of  errors. 

A  more  detailed  and  systematic  analysis  of  the  data  presently 
at  hand  could  perhaps  indicate  the  conditions  under  which  it  is 
appropriate  to  examine  the  mean  as  a  crucial  statistic.    Studies 
are  now  under  way  examining  the  behavior  of  these  means  as  a 
function  of  the  ratios  of  the  parameters;   specifically,    we  were 
interested  in  how  the  behavior  of  the  mean  number  of  errors 
varies  with  the  ratio  of  (3  to  a  when  the  ratio  of  y  to  e  is  held 
constant.      Furthermore,    we  intend  to  investigate  the  discrimi- 
nating powers  of  other  statistics  usually  computed  in  this  kind 
of  research  as  a  function  of  the  ratios  of  the  parameters.    These 
studies  should  provide  us  with  information  of  value  in  designing 
future  experiments  as  well  as  point  to  further   simulation  studies 
that  should  be  done. 

The  most  intriguing  and  significant  outcome  of  this  partial 
simulation  study  is  that  it  has  provided  us  with  a  new  insight 
about  the  nature  of  the  model  itself.      Since  the  model  has  ab- 
sorbing states,    it  is  clear  that  when  all  individuals  have  passed 
into  an  absorbing  state,    an  equilibrium  will  have  been  reached, 
and  no  further  changes  in  the  process  will  occur.        This  might 
be  termed  "stationary"  equilibrium.     An  unforeseen  result  of 
our  simulation  was  to  point   to  another  type  of  equilibrium,    in 
addition  to  the  stationary  equilibrium  we  have  just  described. 
Even  a  casual  inspection  of  page  after  page  of  the  computer  out- 
put reveals  a  curious  regularity:  For  several  of  our  parameter 
sets  in  the  second    stage  of  sampling   the  parameter  space,    the 
mean  curve  stabilizes  when  a  considerable  proportion  of  indi- 
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viduals    are    still    not    absorbed.      Although    individuals    are    still 
changing  their  behavior ,  that  is,  are  moving  about  between  stages 
2  and  3,    the  proportion  correct  remains  the  same  from  trial  to 
trial.      In  other  words,    every  individual  who  moves  from  state 

2  to  state  3  is  balanced  by  an  individual  moving  from  state   3  to 
state  2.      Hence,    under  certain  conditions,    we  have  what  might 
be  termed  an  "equal  exchange"    equilibrium  (see  Berger    and 
Snell,    1957).      Furthermore,    the  simulation  indicates  conditions 
for  the  occurrence  of  this  equal  exchange  equilibrium,    namely, 
that  the  probability  of  being  absorbed  in  state  1,   a,    equals  the 
probability  of  being  absorbed  in  state  4,  e  .      The  point  in  time  at 
which  this  equilibrium  is  reached  will  vary  depending  upon  the 
magnitudes  of  a  and  e,    but  such  a  stabilization  will  always  occur 
when  these  two  parameters  are  equaL 

We  began  this  computer  investigation  with  questions  about  the 
model  and  about  fitting  the  model  to  a  specific  set  of  data.  Even 
the  provisional  results  we  have  thus  far  obtained  lead  us  direct- 
ly back  to  the  laboratory.       We  can  now  ask  what  properties    of 
our  experimental  situation  will  generate  equal  exchange  equi- 
librium; what  variables  can  we  manipulate  to  produce  a  situation 
in  which  a  is  equal  to    e?      In  view  of  our  interpretation  of  the 
parameters  a  and    e,    we  can  phrase  this  question  in  a  substan- 
tively more  pointed  fashion:     Under  what  conditions  will  an  indi- 
vidual be  as  likely  to  reject  his  own  judgment  as  he  is  to  reject 
the  group? 

7.5  Summary 

This  chapter  has  focused  on  the  fit  of  the  four- parameter  model 
to  the  Moderate  condition.      After  presenting  the  principal  formal 
results  of  this  model,    we  described  a  computer  approach  to  esti- 
mating its  parameters.     This  approach,    it  was  emphasized,    rep- 
resents a  stopgap  measure  until  further  analytic  procedures  be- 
come available.      Nevertheless,    the  estimates  obtained  from  the 
computer  provided  the  basis  for  a  general  conclusion  about  the 
model  and  for  a  new  experiment. 

Our  conclusion  is  that  though  the  four- paranneter  case  is  an 
improvement  over  previous  cases,  a  discrepancy  between  the 
model  and  the  data  from  the  Moderate  condition  would  persist 
even  if  a  set  of  best- fitting  estimates  could  be  obtained.  The 

outcome  of  a  new  experiment.    Experiment  3,    enables  us  to  iden- 
tify the  source  of  the  discrepancy  between  the  model's  predic- 
tions and  the  observed  data.      From  an  analysis  of  Experiment 

3  and  a  reanalysis  of  the  Moderate  condition,    it  is  clear    that 
varying  the  position   of   the    standard    line    creates    a    situation 
which  violates  the  assumption  of  constant  transition  probabilities. 

On  the  grounds  that  alternating  the  position  of  the   standard  is 
a  substantively  unimportant  feature  of  the  experiment,    we  argued 
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that  it  would  be  more  fruitful  to  modify  the  experimental  proce- 
dure rather  than  the  model.      Recognizing  that  a  model  is  an  ide- 
alization,   we  concluded  that  the  present  model  provides  a  suf- 
ficiently good  description  of  the  core  process  involved  in  these 
experiments. 

Finally,    we  indicated  how  connputer   simulation  can  contribute 
to  a  deeper  understanding  of  the  model.      Provisional  results  of 
a  partial  simulation  indicated  that  the  mean  number  of  errors 
was  quite   sensitive  to  changes  in  absorption  rates  and  not  at  all 
sensitive  to  changes  in  p   and  y.      The  most  important  results  of 
the   simulation,    however,    was  the  discovery  of  an  equal- exchange 
type  of  equilibrium.      This  discovery  leads  back  to  the  laboratory 
with  the  question:     Under  what  conditions  is  an  individual  as  like- 
ly to  reject  his  own  judgment  as  he  is  to  reject  the  group? 
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1 ,       See  Chapter  6  , 


Z.       For  example,    the  IBM  704  can  investigate  about  1,000  sets 
per  hour. 

3.  We  are  indebted  to  the  Computation  Center  at  M.  I,  T.  ,    In- 
ternational Business  Machines,    and  Standard  Oil  of  Califor- 
nia for  their  aid  in  providing  access  to  computers  and  funds 
for  the  development  and  running  of  our  program.    We  are 
particularly  grateful  to  Dr.    Roger  Simons  of  IBM  for  his 
invaluable  assistance. 

4.  The  transition  rules  for  these  Monte  Carlo  samples  are 

1 .  If  the   subject  is  in  S2  : 

a.  If  970  <  Random  Number  <  999,   the  subject  moves 
to  Sj  . 

b.  If  120  <  Random  Number  <  969,    the  subject  stays 
in  S2  . 

c.  If  000  <  Random  Number  <  119,    the  subject  moves 
to   S3. 

2.  If  the  subject  is  in  S3: 

a.  If  790  <  Random  Number  <  999,    the  subject  moves 
to  S2. 

b.  If  020  <  Random  Number  <  789,    the  subject  stays 
in  S3. 

c.  If  000  <  Random  Number  <  019,    the  subject  moves 


to  S 


5.  See  Chapter  5,    p.  82. 

6.  Analysis  of  the  Moderate  and  Extreme  conditions,    where 
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both  paid  and  unpaid  subjects  were  used,    confirmed  our  be- 
lief that  payment  did  not  markedly  affect  the  experimental 
results.      See  Cohen  (1956). 

7.       A  pilot  study  with   10  subjects  has  been  conducted  in  which 

the  position  of  the   standard  was  held  constant.      Although  the 
number  of  subjects  is   small,    it  does  appear    that  this  modi- 
fication markedly  reduced  the  average  number  of  alterna- 
tions. 


Chapter  8 
AN  OVERVIEW  OF  THE  CONFLICT  MODEL 


8.1  Introduction 

The  last  three  chapters  have  concentrated  on  formal  aspects 
of  our  model:     derivation   of  the    properties    of  the    respective 
models  and  evaluation  of  the  fit  of  these  models  to  experimental 
data.      The  copious  detail  of  this  examination  may  have  obscured 
the  role  of  model  building  in  contributing  to  our  understanding 
of  the  phenomenon  of  conformityc      But  our  major  concern  is  with 
the  substantive  utility  of  the  conflict  model.  In  this  chapter ,  then, 
we  shall  emphasize  the  theoretical  issues  that  have  emerged  in 
the  course  of  our  work.      While  much  remains  to  be  done  before 
we  shall  be  able  to  formulate  an  explanatory  theory  of  conformity, 
we  believe  that  the  conflict  model  represents  a  significant  first 
step  toward  our  stated  goal.      In  formulating  this  model,  we  have 
not  restricted  ourselves  to  the  concrete  and  specific  nature  of  a 
particular  empirical  study;  neither  have  we  presented  a  set  of 
interpretive  principles  completely  unconstrained  by  observations. 
The  conflict  model,    as  an  organizing  tool,    incorporates  a  few 
key  ideas  about  conformity  and  explicates  the  relations  among 
these  ideas.      In  so  doing,    it  serves  as  a  baseline  from  which  to 
proceed  to  cumulate  knowledge. 

The  task  that  remains  is  to  highlight  our  key  ideas  and  to  il- 
lustrate how  one  proceeds  from  the  baseline  we  have  established. 
Section  8.2  reviews  the  development  of  the  conflict  model,  point- 
ing out  the  principal  ideas  and  their  organization.    In  Section  8.3, 
we  illustrate  the  application  of  the  model  to  the  test  of  two  hy- 
potheses drawn  from  current  theorizing  and  also  present  a  gen- 
eralization of  the  model.      The  final  section  briefly  inventories 
some  of  the  immediate  next  steps  in  extending  the  model. 

8.2  The  Development  of  the  Conflict  Model 

We  began  this  monograph  with  the  observation  that  previous 
applications  of  the  Asch  situation  were  not,    in  other  than  a  cor- 
relational sense,    attempts  to  explain  behavior  in  the  experiment.^ 
That  is,    these  investigations  were  aimed  at  explaining  a  set  of 
conformity  scores  on  the  basis  of  the  correlation  of  these  with 
scores  on  some  extrinsic  variable,    or  with  indicating  differences 
in  mean  conformity  by  some  a  priori  criterion  of  classification. 
But,    as  we  have  noted  several  times,    there  are  a  number  of  as- 
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sumptions  innplicit  in  the  use    of   these    indicators    of   conformity 
behavior.      It  is  to  Asch'  s  credit  that  he  recognized  some  of  these 
assumptions  and  attempted  to  examine  them.         In   the    first   in- 
stance,   our  study  has  been  a  direct  continuation  of  Asch's  work; 
we  have  explicitly  stated    some    major    assumptions    concerning 
this  conformity  phenomenon,    examined  the  adequacy  of  these  as- 
sumptions,   and  asked  against  what  alternatives  they  should  be 
tested.      But  our  concern  did  not  end  with  the   step- by- step  ex- 
amination of  single  assumptions  independent  of  one  another.   The 
goal  of  explanation  required  that  we  seek  a  set  of  interconnected 
assumptions  from  which  we  could  derive  a  large  number  of  prop- 
erties of  the  phenonaenon —  not  only  the  values  of  various  behav- 
ioral indicators  but  also  the  interrelations  of  these  indicators. 

Our  desire  to  construct  a  model  that  would  explicitly  tie  to- 
gether our  assumptions  forced  us  to  abstract  from  Asch's  orig- 
inal work.      The  number  of  factors  operating  in  Asch's  Experi- 
ment 1  would  require  a  battery  of  assumptions  about  the  factors 
themselves,    and  the  interactions  among  these  factors,    that  would 
be  much  too  complex  to  handle.      Of  necessity,    we  asked:  "What 
is  the  core  of  this  phenomenon?  "     Asch  himself  provided    the 
basis  for  our  answer;  the  essential  experimental  conditions,    ac- 
cording to  him,    are  the  introduction  of  an  unambiguous   stimulus, 
the  presence  of  a  unanimous  majority,    and  the  necessity  to  re- 
spond publicly,    whereas  the  principal  regularity  occurring  under 
these  conditions  is  the  striking  consistency  of  individual  behav- 
ior.      Guided  by  his  insights,    we  decided  to  modify  the  experi- 
ment,   removing   such  features  as  variations  in  the  stimuli    and 
trial- to-trial  switching  between  moderate  and  extreme  responses 
by  the  confederates.      These  modifications  took  place  before  any 
specific  model  was  formulated.     And,  as  Chapter  2  indicated, 
our  first  encouraging  result  was  that  these  changes  in  procedure 
did  not  alter  dramatically  the  observations  obtained. 

Here  we  should  digress  momentarily  to  point  out  two  innpor- 
tant  aspects  of  this  experimental    simplification.        Insofar    as 
modifying  the  experiment  reduces  the  variability  of  response, 
it  should  make  the  Asch  situation  more  efficient  for  hypothesis 
testing.      If  there  is  a  difference  in  the  average  amount  of  con- 
formity between  two  experimental  conditions,    then  reducing  the 
variability  due  to  extraneous  factors   should  make  it  easier  to 
detect  this  difference.      The   second  aspect  of  the  simplification 
is  that  the  nnodifications  themselves   raise   significant  questions. 
For  example,     the  decision  to  separate    moderate  and  extreme 
trials  into  the  Moderate  and  Extreme  conditions  leads  us  to  ex- 
amine how  a  "pure"    sequence  would  differ  from  Asch'  s  mixed 
sequence.      We  pursued  this  particular  analysis  and  shall  pre- 
sent the   results   in  the   next   section. 

Initially,    the  efforts  to  construct  a  model  were  devoted  strict- 
ly to  describing  the  observed  patterns  of  conforming  and  non- 
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conforming  responses.      The  baseline  models  of  Chapter  3  rep- 
resent the  examination  of  a  few,    simple,    alternative  assump- 
tions that  could  account  for  these  patterns.      The  "constant  prob- 
ability raodel"    and  the  "individual  differences  model"  both  focused 
on  previous  views  of  the  phenomenon:     Asch's  finding  of  the  ab- 
sence of  temporal   trends    and   his  emphasis    on   individual   dif- 
ferences.      By    attaching    a   different   probability   of   responding 
correctly  to  each  individual  and  regarding  each  of  these    prob- 
abilities as  constant  over  time,'^     we  incorporated  both  individual 
differences  and  the  already  noted  within- individual    consistency. 
Discovery  of  the  inadequacies  of  this  naodel  demonstrated  that 
not  only  individual  consistency  but  also  within- individual  varia- 
bility had  to  be  taken  into  account. 

Although  we  began  this  research  with  a  strong  belief  in  the 
importance  of  the  process  involved  in  the  experiment,    we  had 
no  empirical  support  for  this  belief  until  we  had  completed  the 
analysis  reported  in  Chapter  3.     As  a  result  of  Monte  Carlo  sim- 
ulation of  the  "individual  differences  model,  "    it  became    clear 
that  examining  the  temporal  aspects  of  the  experiment  could  con- 
tribute to  our  understanding  of  the  conformity  phenomenon. 

Bush's  "insight  model"    and  the  "consistency  of  group  pres- 
sure model"  were  attempts  to  posit  processes  that  would  gener- 
ate considerable  individual  consistency  and  yet  allow  Some  indi- 
viduals to  fluctuate.      In  the  first  case,  consistency  resulted  from 
"insight,  "    whereas  variability  was  attributed  to  essentially  ran- 
dom responding  prior  to  insight.      While  we  did  not  reject   this 
model  for  the  Extreme  condition,    it  clearly  did  not  fit  the  Mod- 
erate.     The  "consistency  of  group  pressure  model,  "  applied  to 
Asch' s  original  Experiment  1,    emphasized  fluctuation,    linking 
variation  in  the  subject'  s  response  to  variation  in  the  confeder- 
ates' answers.      Because  of  this  emphasis,     the    model   did    not 
allow  enough  individual  consistency  and  hence  generated  a  the- 
oretical distribution  of  correct  responses  differing  markedly 
from  the  observed. 

Up  to  this  point,    the  models  examined  stayed  very  close    to 
manifest  events.      By  and  large,    the  elements  of  these    models 
are  either  formal  translations  of  summary  statements  about  the 
observations  or  rigorous    linkages    between   two    sets    of   overt 
events.      Positing  a  set  of  probabilities  attached  to  individuals 
is  one  translation  of  individual  differences,    while  predicating 
changes  in  the  individual's  conformity  on  changes  in  the  con- 
federates'responses  is  an  example  of  a  linkage.  In  other  words, 
these  models  were  not  far  removed  from  the  phenomenal  world; 
there  were  direct  operational  coordinates  for  the  elements  of 
the  model.      In  attempting  to  understand  why  none  of  these  models 
adequately  described  our  experiments,    we  had  to  invoke  consid- 
erations that  had  no  direct  operational  meaning  and,    in  so  doing, 
we  began  to  view  conformity  from  a  more  abstract  level.    This 
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experience  convinced  us  of  the  necessity  for  turning  one's  back 
on  the  data  temporarily  and  theorizing  about  the  phenomenon. 

The  conflict  model  is  much  further  removed  from  the  phenom- 
enal world.       Its  elements  do  not  have    direct   operational    co- 
ordinates.    It  formalizes  a  process  that  is  not  observable  at  the 
present  time  but  rather  is  hypothetical  and  inferred.    We  formu- 
lated an  underlying  conflict  resolution  process  to  account  for  the 
observed  process  and  then  constructed  a  model  to  describe  this 
underlying  process.      Once  the  decision  to  leave  the  restricted 
focus  of  the  observed  response  was  made,    the  utility  of  a  more 
abstract  approach  became  clear.'*      We  had  much  more  informa- 
tion about  the  conformity  phenomenon  than  was  contained  in  the 
observed  response  patterns;  for  example,    the  interview  proto- 
cols from  our  own  and  previous  studies,    while  not  systematic 
nor  amenable  to  forrrjal  treatment,    provided  many  insights.   The 
more  abstract  conceptualization  allowed  us  much  greater  free- 
dom to  make  use  of  this  information  as  well  as  to  make  use  of 
the  substantive  interpretations  contained  in  prior   studies.  Many 
of  the  distinctions  in  the  conflict  model  can  be  traced  directly 
to  these  sources.     Although  we  were  unable  to  find  enn.pirical 
counterparts  for  some  of  these  distinctions,    they  served  valuable 
heuristic  purposes.^ 

The  idea  of  conflict  has  been  a  recurrent  theme  in  discussions 
of  the  Asch  experiment,    and  it  seemed  a  reasonable  point  of  de- 
parture for  our  thinking.      Previous  work,    however,    employed 
the  notion  largely  in  an  intuitive  manner;  hence,    the  concept  of 
conflict  remained  undefined  and  unanalyzed.      The  effort  to  ex- 
plicate some  of  the  features  of  a  process  involving  conflict  con- 
tributed to  the  construction  of  the  four-  state  model. 

The  first  distinction  made  was  between  conflict  and  resolution. 
In  the  Asch  situation,    environmental  pressures  generate  conflict 
in  the  individual,    but  does  this  conflict  persist  throughout    the 
entire  sequence  of  experimental  trials?       Interview   protocols 
suggested  that  some  subjects  recognized  "being  in  conflict"  but 
that  this  subjective  state  terminated  before  the  end  of  the  experi- 
ment.     There  were,    then,    at  least  two  subjective  states  that  sub- 
jects implicitly  recognized;  we  termed  these  states,    "conflict" 
and  "conflict  resolved.  "     The  notion  of  movement  in  time  from 
conflict  to  conflict  resolution  arose  quite  naturally,    given    our 
concern  with  temporal  processes.     By  assuming  the  simplest 
form  of  conflict,    that  between  two  opposing  forces,    and  arguing 
that  behavior  differs,    depending  upon  which  of  these  forces  is 
paramount,    we  arrived  at  the  four   states  of  our  model.      In  our 
view,    these  subjective   states  logically  exhausted  the  possibili- 
ties at  any  point  in  time,    and  so  were  sufficient  to  characterize 
where  the  process   stood  when  exainined  at  a  particular  time 
point. ^ 


The  Development  of  the  Conflict  Model  155 

The  interplay  between  the  conflict  process  as  we  had  thus  far 
delineated  it  and  our  knowledge  of  the  experiment  generated  fur- 
ther ideas.      These  ideas  may  not  be  universal  attributes  of  con- 
flict processes,    but  certainly  are  attributes  of  a  restricted  class 
of  conflict.      One  salient  question  was,    "How  could  this  conflict 
process  account  for  the  striking  consistency  of  individual  beha- 
vior occurring  side  by  side  with  highly  variable  behavior?"  If 
resolution  were  irreversible,    then  passage  to  a  particular  reso- 
lution state,    say  resolution  on  the  side  of  conforming  to  the  con- 
federates,   would  guarantee  consistent  behavior  from  that  time 
on.      Therefore,    we  assumed  that  once  the  conflict  is  resolved, 
it  stays  resolved.     Assuming  movement  back  and  forth  between 
the  two  conflict  states  allowed  for  variability  of  response  and  at 
the  same  time  was  consonant  with  the  view  that  vacillation  is  a 
frequent  accompaniment  of  conflict.     At  this  point  in  our  thinking, 
we  had  allowed    movement   between    states    2    and    3    and   barred 
movement  out  of  states   1  and  4.      We  then  considered  the  ques- 
tion of  how  one  moves  into  the  resolution  states.      Here,    looking 
at  our  modifications  of  the  experimental  procedure  was  helpful. 
The  experiment  involves  a  smoothly  flowing  sequence  of  trials 
with   intertrial   intervals    that   are    approximately    constant   and 
with  similar  behavioral  requirements  at  each  trial.      There  are 
no  abrupt  shifts  in  the  task,    nor  are  there  sudden  changes  in  en- 
vironmental pressures.      It  seemed  then  that  there  should  not  be 
abrupt  resolutions  of  the  conflict,    and  we  regarded  passage  from 
a  conflict  state  where  the  individual  leaned  toward  maintaining 
his  integrity  directly  to  a  resolution  state  on  the  side  of  conform- 
ing to  the   confederates  as  too  abrupt.      Thus    we    restricted   the 
mode  of  resolution  of  the  conflict:     The  conflict  cannot  be  re- 
solved by  passing  from  a  conflict  state  in  which  one  pole  pre- 
dominates directly  to  a  resolution  state  where  the  opposite  pole 
is  dominant.       Adding  these  "movement"    properties  provided 
the  transition  rules  among  the  four  states  and  so  extended   the 
conception  of  the  underlying  process. 

Substantive  reasoning  did  not  lead  us  directly  to  the  conflict 
model.      That  is,    we  were  not,    and  are  not  now,    able  to  deduce 
the  Markov  chain  model  from  substantive  assumptions  about  the 
process  of  conflict  resolution  alone.      In  fact,    the  properties  de- 
scribed in  the  last  few  pages  do  not  allow  powerful  enough  de- 
ductions  to    make    relating    the    conflict   process    to    data   worth 
while.     Additional  assumptions  were  required  before  we  could 
make  further  deductions.      Our  intuitive  notions  of  conflict  did 
not  provide,    in  themselves,    guides  for  these  additional  assump- 
tions.     We  then  searched  for  those  conceptual  tools  that   would 
enable  us  to  make  a  large  number  of  deductions.      We  sought  a 
mathematical  system  that  incorporated  the  properties  attributed 
to  the  conflict  process. 
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A  number  of  formal  systems  could  incorporate  our  ideas    of 
conflict,    and  any  of  these  would  impose  more  constraints  on  the 
nature  of  the  process  than  we  could  justify  by  the  level  of  sub- 
stantive understanding  of  conflict.      But  only  by  imposing  addition- 
al   restrictions    could    we    tie    the    underlying    process    to    the  ob- 
served   conformity    responses.       And  just  as  we  cannot   justify 
these  constraints,  neither  do  we  have  enough  knowledge  to  reject 
them  wholly. 

Another  brief  digression  is  necessary.      If  the  elements  of  the 
conflict  process  could  be  tied  directly  to  observables,    then  our 
problem  would  have  been  less  difficult,    because  the  observed  re- 
sponses would  impose  additional  constraints.      For  example,    do 
we  choose  a  system  that  requires  constant  transition  probabili- 
ties among  the  states?     If  we  could  directly  observe  the  state  to 
state  movement,    we  could  test  whether  such  an  assumption  were 
tenable.      But  the  conflict  process,    in  our  view,    is  a  hypothetical, 
underlying  process  that  cannot  have  one-to-one  links  with  observ- 
able conformity  behavior.      To  be  sure,    the  overt  response  proc- 
ess is  a  function  of  the  underlying  process  but  is  not  identical 
with  it.^      Restricting  ourselves  to  the  overt  behavior  might  have 
made  choice  among  models  a  simpler  task  but  might  also  have 
precluded  finding  an  adequate  descriptive  system. 

Since  we  viewed  the  conflict  process  as  probabili  stic,  one  path 
of  investigation  was  to  attempt  to  describe  it  by  means  of  a  Mar- 
kov chain.      This  required  several  additional  assumptions:     (1) 
The  transitions  between  the   states  are  probabilistic;   (2)  the  ini- 
tial distribution  among  the  states  is  known  or  can  be  ascertained; 
(3)  the  state  at  a  point  in  time  depends  only  on  the  state  at  the 
immediately  previous  time  and  the  transition  probabilities;  (4) 
the  transition  probabilities  are  constant  through  time.    In  princi- 
ple,   these  were  the  only  additional  assumptions  needed  and,    at 
the  outset  of  the  study,    did  not  seem  overly  restrictive.       As- 
sumption 2  in  its  weak  form,    for  example,    implies  that  we  re- 
gard the  initial  distribution  Pi(0),    Pe(0),  PjiO),    P4(0)  as  param- 
eters to  estimate  from  the  data.      By  so  doing,    we  should  have 
added  considerably  to  the  labors  of  derivation,     but  the  compli- 
cations introduced  would  have  been  complications  of  algebra  and 
not  of  the  theory.      In  practice,    however,    labor-saving  devices 
were  a  consideration.      Furthermore,    in  tying  a  model  to  a  set 
of  observations,    other  practical  issues  arose;  in  any  experiment, 
there  is  a  relatively  limited  number  of  observations,  and  knowl- 
edge about  this  is  quite  incoinplete.       In  other  words,     it   was 
desirable  to  have  as  few  parameters  as  possible;  this  end  ne- 
cessitated further  specifying  assumption  2  and  adding  an  addi- 
tional premise:  (2')  P2  (0)   =  1.0,    and  (5)  the  process  has  the  same 
transition  probabilities  for  all  individuals.'' 

The  coordination  of  elements  of  the  model  to  observables  was 
relatively  straightforward.      Point  in  time  was  operationally  re- 
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lated  to  the  point  of  the  subject's  response  on  an  experimental 
trial.      Correct  responses  were  tied  to  presence  in  states   1   or 
2,    while  conforming  responses  were  linked  to  presence  in  states 
3  or  4.      The  only  issue  that  came  up  concerned  whether  or  not 
to  identify  the  start  of  the  process  with  the  first  observed  trial. 
Had  we  done  so,    we  could  have  relaixed  assumption  2'  and  made 
use  of  the  responses  on  trial  1  to  help  estimate  the  initial  dis- 
tribution. ^° 

Our  examination  of  the  conflict  model  proceeded  from  the  most 
restrictive  case  to  more  general  cases.     It  was  clear  than  even 
the  highly  simplified  one- parameter  case  provided  a  better  de- 
scription of  the  Moderate  condition  than  did  any  of  the  baseline 
models.      Using  the  mean  number  of  correct  responses  to  esti- 
mate the  parameter,    we  were  able  to  deduce  a  theoretical  curve 
that  closely  resembled  the  observed  time  trend.      In  addition,  the 
theoretical  variance  of  the  distribution  of  conforming  responses 
more  closely  approximated  the  observed  than  in  any  of  our  pre- 
vious analyses.      While  this  model  grossly  underestimated  alter- 
nation,   it  nevertheless  provided  us  with  considerable  descriptive 
power. 

The  three- parameter  model  showed  further  promise.    It  pro- 
vided us  with  a  close-fitting  description  of  the  Extreme  condi- 
tion and  an  improved  fit  for  the  Moderate.      This  was  particularly 
encouraging  in  view  of  the  necessity  for   "guesstimating"  the  value 
of  one  of  the  parameters.      For  the  Extreme  condition,    the  model 
generated  theoretical  values  that  did  not  depart  markedly  from 
the  observed  for  every  quantity  examined,    including  alternations 
and  runs. 

A  trial- and- error  computer  procedure  yielded  numerical  val- 
ues for  the  four- parameter  case.      While  these  values  were  very 
gross  approximations,    they  were  sufficient  to  provide  new  in- 
formation concerning  the  relation  of  the  model  to  the  Moderate 
condition.      While  the  theoretical  quantities  for  the  four- param- 
eter case  were  closer  to  the  observed  statistics, it  became  clear 
that  better  estimates  of  the  parameters  would  not  reduce  sub- 
stantially the  major  discrepancy  between  model  and  observation. 
Our  analysis,    and  the  data  from   a   new    experiment,     indicated 
that  the  discrepancy  with  respect  to  alternations  was  due  to  a 
feature  of  the  experimental  procedure.      Varying  the  position  of 
the  standard  line  resulted  in  a  set  of  observations  that  failed  to 
meet  the  assumption  of  constant  transition  probabilities.       We 
concluded  that  this  feature  of  the  experiment  was  not  sufficient- 
ly important  to  require  us  to  naodify  assumption  4  of  the  model. 
In  future  experiments,    the  variable  can  be  controlled;    for    the 
present,    we  regarded  the  model  as  providing  a  sufficiently  good 
description  of  the  core  process  involved  in  the  experiment. 

There  are  other  aspects  to  the  utility  of  the  conflict  model  in 
addition  to  its -descriptive  power  with  respect  to  the  particular 
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experinnents  that  have  concerned  us.      The  heuristic  value  of  the 
model  is  at  least  as  important.      In  discussing  its  basic  assump- 
tions,   we  have  indicated    several   directions    for    extending   the 
model. '^      Moreover,     we   have    asserted   that   the    source    of  the 
model'  s  theoretical  utility  lies  in  the  hypothetical  nature  of  th' 
process  it  formalizes.      By  viewing  conforming  behavior    as    a 
function  of  an  underlying  process  of  conflict  resolution,    we  are 
led  to  consider  other  overt  behaviors  that  also  may  be  functions 
of  this  underlying  process.      Furthermore,    our  formulation  sug- 
gests that  we  examine  not  only  other  overt  behaviors  in  Asch- 
type  experiments  but  also  responses  in  experiments  where  the 
situation  is  manifestly  quite  different  but  where  the  elements  of 
conflict  are  also  present.      Application  of  a  model  of  this  under- 
lying process  to  apparently  divergent  phenomena  could  provide 
the  basis  for  interrelating  a  number  of  response  variables  and 
thus  contributing  to  the  development  of  a  propositional  structure. 

At  present,    however,    it  is  premature  for  us  to  move  on  to  the 
study  of  other  response  processes  in  different  situations.    There 
are  still  many  features  of  the  present  experiments  to  be  exam- 
ined.     Since  we  have  no  behavioral  data  other  than  the  sequence 
of  conforming  and  nonconforming  responses,    we  can  only  spec- 
ulate about  additional  behaviors  that  may  be  functions  of  the  un- 
derlying conflict  resolution  process.       It   is    equally    pertinent, 
however,    to  look  at  the  conflict  process  itself  as  a  function  of 
variable  properties  of  the  experimental  situation.    These  prop- 
erties   may   be    terraed   boundary    conditions    and    include    such    . 
things  as  nature  of  the  stimulus,    characteristics  of  the  confed- 
erates,   characteristics  of  the  sample  of  subjects,    etc.    Any  sin- 
gle experiment  usually  takes  place  under  fixed  values    of  these 
boundary  variables,    but   from   experiment   to    experiment    the 
boundary  conditions  may  change.      It  there  is  a  change  m  some 
boundary  variable,    we  should  also  expect  a  change  in  some  as- 
pect of  the  underlying  process.      For  example,    the  Moderate  and 
Extreme  conditions  of  our  experiments  represent  two  different 
values  of  a  boundary  variable,    and  we  can  ask  if  the  models  for 
these  two  conditions  reflect  such  a  difference.      In  our  view,  the 
parameters  of  the  model   will   vary   with   variation  in   certain 
boundary  variables,     while    the    initial    distribution   among    the 
states  will  change  as  a  function  of  other  boundary  conditions. 

The  underlying  process  serves  as  an  intervening  link  between 
two  kinds  of  observables,    what  we  have  termed  boundary  con- 
ditions and  response  processes.      The  conflict  model  has  the  po- 
tential for  interrelating  a  large  number  of  factors,    tying  them 
together  through  their  relationship  to  the  underlying  process. 
In  the  next  section,     we    shall    apply    the    model    to    research  ques- 
tions   that    illustrate  both  the  heuristic  value  of  the  model    and 
avenues  of  possible  extension  of  our  conceptualization. 
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8.3  Application  of  the  Conflict  Model 

In  the  previous  section,    we  suggested  that  one  way  to  extend 
^he  conflict  naodel  involved  viewing  the  parameters  as  functions 

certain  boundary  variables.      It  is  not  difficult  to  enumerate 
rr.any  boundary  variables,    but  at  present  we  have  data  relevant 
to  only  one,    namely,    the  nature  of  the  confederates'  responses.'^^ 
The  decision  to  separate  moderate  and  extrenne  responses  of  the 
confederates    into    two    conditions    of  the    experiment   naturally 
raised  the  question  of  differences  between  the  two  conditions.   In 
Chapter  2,    the  author  noted  his  belief  that  the  confederates  exert 
a  differing  amount  of  social  pressure  on  moderate  trials    from 
that  exerted  on  extreme  trials.      On  the  basis  of  this  interpreta- 
tion,   one  would  certainly  expect  the  two  conditions  to  differ.    And 
indeed  at  several  points  in  our  analysis,    we  noted  important  dif- 
ferences between  the  Moderate  and  Extreme  conditions. 

Up  to  this  point,    however,    we  did  not  focus  on  the  differences 
between  the  Moderate  and  Extreme  conditions  per  se.    We  post- 
poned consideration  of  these  differences  because  we  believe  that 
the  conflict  model  provides  us  with  a   better    means    of    summa- 
rizing them  than  simply  comparing  two  time  trends  or  presenting 
two  means.      Furthermore,    and  of  more  importance,    the  conflict 
model  allows  us  to  tie  the  differences  between  Moderate  and  Ex- 
treme conditions  to  a  current  theoretical  position  to  which   the 
author  feels  his  work  is  closely  related. 

Once  we  are  able  to  summarize  in  a  simple  manner  the  varia- 
tion between  the  Moderate  and  Extreme  conditions,    can  we  use 
the  description  to  examine  the  question  raised  in  Chapter  3,    for 
example,    how  does  a  pure  sequence  of  either  moderate  or  ex- 
treme trials  differ  from  a  "mixed"  sequence?     In  examining  this 
issue,    we  shall  use  the  model  and  parameter  values  for  the  Mod- 
erate and  the  Extreme  conditions  in  an  attempt  to  fit  the  obser- 
vations from  Asch'  s  Experiment  1. 

This   section,    then,   has  two  purposes:  (1)  to  indicate  the  mod- 
el's utility  in  summarizing    the    effects    of  a    specific   boundary 
variable  in  a  theoretically  relevant  way,    and  (2)  to  show  how  the 
model  may  be  used  to  construct  more  complex  experimental  se- 
quences.     To  accomplish  the  first,    we  shall  "test"    two  hypoth- 
eses that  could  not  be  tested  using  statistics  usually  examined 
in  this  type  of  study.      Our  second  aim  requires  us  to  formulate 
a  generalization  of  the  conflict  model,    which  we  shall  call  the 
"two- event  conflict  modeL  " 

Festinger  (1950)  and  Schachter  (1950)  offer  some  hypotheses 
relevant  to  the  present  experiment.    These  concern  how  the  dis- 
crepancy between  the  group  (or  confederates)  and  the  individual 
affects  the  tendency  of  the  individual  to  change  his  opinion  and 
also  how  it  affects  the  tendency  of  the  individual  to  reject  the 
other  members  of  the  group.     For  the  present  purposes,    it  is 
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desirable  to  paraphrase  their  hypotheses;  where  they  speak  of 
"forces  acting  on  the  individual,  "    this  author  will  use  "the  prob- 
ability of  an  individual  acting  (in  a  specified  manner).  "    The  hy- 
potheses are  the  following: 

1.  With  increasing  discrepancy  between  the  group  and  an  in- 
dividual,   the  probability  of  that  individual  changing  his  re- 
sponse in  the  direction  of  the  group's  response   should  in- 
crease. 

2.  With  increasing  discrepancy  between  the  group  and  the 
individual,  the  probability  of  that  individual  rejecting  the 
group  should  increase. 

Now  the  distinction  between  the  Moderate  and  the  Extreme  con- 
ditions of  the  present  experiment  is  a  difference  in  the  degree 
of  discrepancy  between  the  group'  s  response  and  what  the  sub- 
ject perceives,    at  least  initially,    as  correct.      The  discrepancy 
between  the  group  of  confederates  and  the  subject  is  greater  in 
the  Extreme  condition.      Then  should  the  mean  number  of  con- 
forming responses  be  greater  or   smaller  in  the  Extreme  con- 
dition?    Hypothesis   1    says  that  the  Extreme  should  be  greater 
than  the  Moderate,    but  from  Hypothesis  2  we  can  predict   the 
reverse.      Using  these  hypotheses  jointly,    one  cannot  derive  an 
unambiguous  prediction  about  the  means.    Furthermore,  we  have 
already  noted  that  the  difference  between  means  for  the  Moderate 
and  Extreme  conditions  is  well  within  sampling  variability  (cf. 
Tables  5.1  and  6.8  for  the  variances).      Perhaps  on  the  basis  of 
the  hypotheses  one  could  expect  the  Extreme  condition  to  be  more  , 
variable,    but  such  an  expectation  could  not  be  derived  from  the 
hypotheses  without  additional  assumptions.      Furthermore,     the 
tables  indicate  that  the  variances  for  the  two  conditions  are  sim- 
ilar.     Using  the  conflict  model,    however,    provides  a  way  to  test 
these  hypotheses. 

In  Chapter  4,    we  identified  a  as  the  probability  that  an  indi- 
vidual will  reject  the  group  and  (3   as  the  probability  that  an  in- 
dividual will  change  his  leanings  in  the  direction  of  the  group. 
According  to  the  hypotheses,    both  a  and  (3   should  be  greater  in 
the  Extreme  condition,    which,    in  fact,    is  the  case.    The  esti- 
mates of  these  paranneter s,    from  the  four- parameter  model  for 
the  Moderate  condition  and  from  the  three- parameter  model  for 
the  Extreme  condition,    are 

Moderate  Extreme 

a  .03  .13 

P  .12  .39 

These  estimates  are  approximate,    and  since  there  are  no  tests 
of  significance,    one  must  be  cautious  in  interpreting  this  analysis. 
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The  results,    however,    indicate  that  paranneters  could  be  innpor- 
tant  and  theoretically  relevant  indices  of  behavior  in  this  situa- 
tion. 

We  suggested  earlier  that  the  parameters  might  be  statistics 
that    summarize    many   inaportant   properties    of  the    data.       The 
parameter  differences  just  noted  in  the  previous  paragraph,    in 
effect,    signify  many  properties  that  differ  in  the  two  conditions. 
In  the  Extreme  condition,    the  amount  of  conformity  is  highest  at 
the  beginning  of  the  experiment,    and  then,    increasingly,    subjects 
become  consistently  correct.      For  practical  purposes  the  proc- 
ess is  nearly  over  at  the  end  of  the  36  trials.     In  the    Moderate 
condition,    the  process  takes  place  at  a  much  slower  rate;  it  may 
take  more  than  36  trials  to  reach  a  stable  equilibrium,    or  if  it 
is  not  really  the  same  process  as  the  Extreme  condition,    oscil- 
lation may  be  the  only  equilibrium.     If  the  model  is  correct,  the 
point  of  greatest  conformity  occurs  later  in  the  Moderate  than 
in  the  Extreme  condition.     It  also  should  be  noted  that  a  higher 
proportion  of  subjects  makes  at  least  one  conforming  response 
in  the  Extreme  condition,    although  the  average  number  of  con- 
forming responses  is  smaller. 

We  have  pointed  to  only  a  few  of  the  differences  between  con- 
ditions,   and  there  are  many  open  questions,    especially  with  re- 
gard to  the  Moderate  condition.      The  features  we  have  described, 
however,    are  related  to  our  view  of  the  underlying  process    of 
conflict  resolution.      Let  us  follow  briefly  one  line  of  speculation 
concerning  the  degree  of  discrepancy,    the  intensity  of  conflict 
and  the  rate  of  conflict  resolution.      First  of  all,    it  is  clear  that 
the  rate  of  conflict  resolution,    that  is,    the  rate  of  movement  to 
the  absorbing  states,    is  greater  in  the  Extreme  than  in  the  Mod- 
erate condition.      How  can  we  examine  the  intensity  of  the  con- 
flict?    It  may  be  possible  to  make  use  of  alternations  for    this 
purpose,    since  we  have  already  noted  that  this  measure  may  be 
quite  sensitive  to  changes  in  the  boundary  conditions  of  the  ex- 
periment. ^^    Alternations  seem  to  be  appropriate  because  it  is 
reasonable  to  assume    that   the    more    intense    the    conflict,     the 
more  an  individual  will  switch  back  and  forth.       But   the    mean 
number  of  alternations  may    reflect   both   the    intensity   and   the 
duration  of  the  conflict;  ^^  the  probability  of  an  alternation  from 
trial  n  to  trial  n  +  1  is  given  by 

(3p2(n)  +  yp3(n) 

hence,    this  probability  depends  on  the  probabilities  of  being  in 
states  2  and  3  on  trial  n,    or  in  other  words,    on  the  probability 
of  still  being  in  conflict  on  trial  n.     Similarly,    the  mean  number 
of  alternations  depends  on  the  behavior  of  P2(n)  and  P3(n).    (For 
given  values  of  p  and  y,    the  faster  P2(n)  and  P3(n)  go  to  zero, 
the  smaller  the  expected  number  of  alternations.)  If,   however. 
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we  ask  in  which  condition  is  a  person  who  is  in  conflict  more 
likely  to  alternate,    we  can  compare  the  Moderate  and  Extreme 
conditions  with  respect  to  intensity,    and  independent  of  the  dura- 
tion,   of  conflict. 

In  the  Extreme  condition,  p   =  y  =  .39,    whereas  in  the  Moderate 
(3   -  .IZ  and  y  =  .21.      But  p  and  y  are  the  conditional  probabilities 
of  an  alternation,    given  states  Z  and  3,    respectively.      In  other 
words,    given  two  individuals,    both  in  state  2  on  trial  n,    the  in- 
dividual subjected  to  the   Extreme  condition  is  more  likely  to  al- 
ternate than  the  individual  subjected  to  the  Moderate  condition. 
The  same  conclusion  holds  for  two  individuals  in  state  3. 

Since  we  view  the  probability  of  an  alternation  as  reflecting 
the  intensity  of  the  conflict,    we  conclude  that  both  the  intensity 
and  the  rate  of  conflict  resolution  vary  with  the  discrepancy  be- 
tween the  individual  and  the  group.      While  we  might  expect  the 
rate  of  resolution  to  vary  monotonically    with  the  magnitude    of 
the  discrepancy,    the  intensity  of  the  conflict  should  begin  to  di- 
minish when  this  magnitude  becomes   sufficiently  large.     Addi- 
tional research  could  enable  us  to  specify  further  the  form  of 
this  function  and  also  could  uncover  other  quantities  of  the  model 
to  characterize  dimensions  of  conflict  such  as  intensity. 

In  addition  to  being  concerned  with  establishing  functional  re- 
lations between  the  parameters  of  the  model  and  the  values  of 
boundary  variables,    we    hope    to    extend    the    model    to    apply   to 
more  complex  experimental  situations.     For  example,    if  we  al- 
ter   the    sequence  of  trials    within  the  experiment   in  some  sys- 
tematic way,      can  we  modify   the    model  to  describe    the    new 
sequence?      We  turn  next  to  an  illustration  of  the  way  in  which 
we  can  make  use  of  our  experimental  results  to  generalize  our 
model  to  a  more  complex  experiment. 

One  of  the  criteria  of  a  model's  usefulness  is  its  ability  to 
predict  new  experimental  results.     Although  the  present  design 
was  based  on  Asch'  s  Experiment  1,    the  differences  between 
the  design  and  Asch's  are  sufficient  to  consider  testing  the  con- 
flict model  on  Asch's  data  a  new  application  of  the  model.       In 
fact,    the  present  results   suggest  that  we  must  modify  the  model 
before  testing  it  with  his  data. 

Asch  combines  both  Moderate  and  Extreme  trials  in  the  same 
experimental  sequence;  in  the  present  work,    we  have  found  two 
distinct  sets  of  parameters  for  Moderate  and  Extreme  condi- 
tions.     The  conflict  model,    however,    assumes  that  the  transi- 
tion probabilities  are  the   same  on  all  trials.      We  can  state  this 
assumption  in  slightly  different  form:     Let  a  given  trial  consti- 
tute an  event;  call  it  E.     With  this  event  is  associated  an  opera- 
tor O  which  alters  the  probabilities  of  being  in  each  state.  Each 
time  the  event  occurs,    that  is,    on  each  trial,    the  operator  is 
applied.      The  form  of  O  is  given  by  the  matrix  of  transition 
probabilities: 


Application  of  the  Conflict  Model 

10  0                0 

a         1  -  a  -  p                (3                 0 

0              y  l-Y-ee 

0               0  0               1 


O  = 


163 


(8.1) 


and  the  results  of  applying  this  operator  are  given  by  the  trans- 
ition equations  (Equations  4.6).     As  long  as  the  environment  is 
constant,    it  does  not  matter  with  which  element  of  the  situation 
we  identify  E;  we  could  identify  E  with  a  trial,    with  a  group  re- 
sponse,   or  with  the  experimenter  turning  the  stimulus  cards. 
When  these  conditions  do  not  completely  overlap,    we  must  be 
careful  to  identify  E  with  that  aspect  of  the  environment  which 
produces  changes  in  the  subject'  s  behavior.      In   the    present  con- 
text,   we  identify  E  with  the  occurrence  of  a  unanimous  and  in- 
correct response  of  the  role  players.      The  fact  that  we  found 
differences  between  sequences  of  Moderate  and  Extreme  trials 
suggests  that  we  assume  two  separate  events  in  order  to  describe 
Asch'  s  experiment.      Hence:     Let 

Ej   be  the  occurrence  of  a  unanimous  moderate  error  on  the 

part  of  the  role    players 
and 

Eg  be  the  occurrence  of  a  unanimous  extreme  error  on  the 

part  of  the  role    players 

We  then  associate  the  operator  O^  to  event  Ej   and  the  opera- 
tor O2  to  Eg  .      For  Oj    we  have  a  transition  matrix  like  Equation 
8.1,      with  the  subscript  1  attached  to  each  parameter.       Using 
the  fact  that  three  parameters  were  sufficient  to  describe  the 
Extreme  condition,    we  have 
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After  applying  these  operators,    we  have  the  following  transition 
equations: 
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If  Ej    occurs: 

Pi(n  +  1)   =:  pi(n)  +  aiP2(n) 

P2(n  +   1)   =  (1   -  ai    -   pi)p2(n)  +  YiPsi^) 

[8.2) 
P3  (n  +   1)   =  (1   -   7i    -  ei)p3  (n)  +  (3iP2(n) 

P4(n  +   1)    =  P4(n)   +  eiP3(n) 

and  if  E2   occurs: 

Pi(n  +   1)   n:  pj(n)  +  a2P2(n) 

P2(n  +   1)   =  (1  -  a2   -   (32)P2(n)  +  ^zPsin) 

(8.3) 
P3  (n  +   1)   =  (1   -   [32   -  e2)P3  (n)  +  P2P2(n) 

P4(n  +  1)   =  p4  (n)  +  e2P3(n) 

But  for  distinguishing  these  two  classes  of  events,    the  model  is 
identical  with  the  conflict  model  discussed  in    Chapter  4.         We 
shall  call  this  special  case  the  "two- event  conflict  model.  " 

We  should  point  out  some  of  the  features  of  Asch'  s  Experi- 
ment 1  that  we  are  not  considering  in  this  model.      These    were 
mentioned  in  Chapter  Z,    but  here  we  want  to  make  it  clear  that 
we  assume  the  following  variables  have  no  effect: 

1.  Interspersing  of  neutral  trials  in  the  sequence. 

2.  Varying  the  size  of  the  standard. 

3.  Varying  the  relative  positions  of  the  comparison  lines. 

4.  Varying  the  ratio  of  the  discrepancy  to  the  size  of  the   stand- 
ard. 

The  only  additional  factor  considered  in  this  model  is  the  varia- 
tion in  the  nnajority  response.      Furthermore,    we  assume  no  in- 
teraction between  trials  on  which  the  majority  gives  a  moderate 
response  and  trials  on  which  the  majority  gives  an  extreme  re- 
sponse.     In  contrast  to  the   "consistency  of  group  pressure  model" 
of  Chapter   3,    we  consider  that  the  majority  response  affects  the 
subject'  s  behavior  only  on  the  given  trial,    and  we  are  not  con- 
cerned with  the  confederates'    change  from  moderate  to  extreme 
as  we  were  in  Chapter  3.      In  other  words,    we  assume  that  an 
extreme  trial  has  the   sanne  effect  whether  it  is  preceded  by  a 
moderate,    a  neutral,    or  another  extreme  trial. 

For  the  two- event  model  we  shall  not  derive  any  properties, 
nor  shall  we  estimate  the  parameters  from  Asch'  s  data.      We 
shall  use  the  parameter  values  estimated  in  the  Moderate    and 
Extreme  conditions  of  the  present  experiment  and  test  the  fit  of 
the  model  by  numerical  and  Monte  Carlo  techniques. 


Application  of  the  Conflict  Model  165 

The  values  of  the  paranneters  are  as  follows: 
ai    =  .03  az    =  .13 


Pi    =  .12  (32   =   .39 

Yi    =  .21  62   =  .015 

ei    =  .02 


(8.4) 


Since  we  have  not  estimated  these  values  from  Asch'  s  data,  we 
are  testing  paranneter  values  as  well  as  the  nnodel. 

In  Chapter  2  we  noted  that  Asch's  experimental  sequence  was 
as  follows: 


where 


N,  N,  M,M,  N,  E,M,  E,  E,  N,  N,  M,  M,  N,  E,  M,  E,  E 

M  is  a  moderate  trial 
E  is  an  extreme  trial 
N  is  a  neutral  trial 

Since  we  assume  that  neutral  trials  have  no  effect  and  that  mod- 
erate trials  constitute  E^  ,    while  extreme  trials  are  event  Eg  , 
the  sequence  of  events  in  his  experiment  is 

El,    El,  Eg,  El,  Eg,  Eg,  El,  Ei  ,  Eg,   Ej  ,  Eg,  Eg 

To  obtain  the  theoretical  curve  of  p(n),    we  substitute  the  values 
in  Equations  8.4  into  the  transition  equations  (Equations  8.2    and 
8.3).      Then  we  apply  Equations  8.2  or  8.3  to  the  probabilities  of 
being  in  S;  from  the  previous  trial.     We  use  Equations  8.2  or  8.3 
depending  on  whether  the  event  on  trial  n  is  Ej   or  Eg.       Using 
the  assumption  that  all  subjects  are  in  Sg   on  trial  0,    and  the  fact 
that  event  Ej   occurs  on  trial  1,    we  have  for  p^(l) 

Pi(l)  =  .03 

P2(l)  =  .85 

P3(l)  =  .12 

P4(l)  =  .00 

Adding  Pi(n)  and  pg(n),    we  obtain  .88  as  the  desired  p(n).       In 
similar  fashion  we  obtain  values  of  p(n)  for  n  =  1,   •  •  •  ,    12. 

The  theoretical  mean  curve  is  compared  with  the  observed  in 
Figure  8.1.     On  the  whole,    the  degree  of  agreement  is  quite  good, 
especially  when  one  remembers  that  the  parameter  values  are 
not  optimum  for  the  conditions  from  which  they  were  estimated. 
The  major  discrepancies  occur  at  trials  2,    3,    4,    and  10.    It  is 
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Figure  8.1.  Comparison  of  the  theoretical 
and  observed  mean  curves  for  Asch'  s  Ex- 
periment 1 . 
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interesting  to  speculate  on  the  question  of  whether  or  not  the  dis- 
crepancies at  the  three  later  points  are  caused  by  the  presence 
of  neutral  trials  immediately  before  trial  3  and  before  trial  9. 

The  next  property  to  consider  is  the  distribution  of  errors. 
The  model'  s  predictions  are  obtained  by  running  Monte  Carlo 
subjects,    but  with  two  sets  of  transition  rules.  The  first  of  these 
which  is  applied  when  Ej    occurs,    is  the   set  of  rules  for  the  four- 
parameter  conflict  model  and  is  found  in  note  4  of  Chapter  7. 
The  rules  applied  when  Ej    occurs  are  those  in  Chapter  6  for 
the  three- parameter  model  for  the  Extreme  condition. 

Table  8.1  compares  the  Monte  Carlo  and  observed  distribu- 
tions.     The  Monte  Carlo  data  are  based  on  a  sample  of  50  sub- 
jects,   whereas  the  observed  sample  contains   123  subjects.  Thus 
it  is  the  percentage  distributions  that  should  be  compared.     As 
the  table  shows,    the  model  gives  rise  to  a  distribution  similar 
to  the  observed,    although  the  Monte   Carlo  distribution  has    no 
subjects  who  make   10  or  more  errors.      Accordingly,  the  Monte 
Carlo  mean  and  variance  are  less  than  the  observed.      From  ex- 
amination of  results  of  several  Monte  Carlo  samples  for  the  pre- 
vious models,    it  seems  that  these  discrepancies  are  within  the 
range  of  sampling  variation;  but  this   statement  must  be  regarded 
as  tentative  because  we  have  examined  only  a  single  Monte  Carlo 
sample  for  the  two- event  model. 
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Table  8.1.      Comparison  of  the  Distribution  of  Errors  from  the 
Monte  Carlo  Subjects  with  That  Observed  in  Asch'  s  Experiment  1 
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Finally,  we  should  consider  the  mean  and  variance  of  the  num- 
ber of  alternations.      Table  8,2  presents  these  statistics  for  the 
Monte  Carlo  and  observed  samples.       Since  the    conflict    model 
underestimated  both  the  mean  and  variance  in  the  Moderate  con- 
dition, we   should  expect  a  discrepancy  here.  But  the  discrepancy, 
although   in  the    same    direction,     is    considerably   less    serious. 
This  finding    suggests  that  the  conflict    model   may   be    appropri- 
ate for  describing  short  sequences,     but  additional  assumptions 
are  necessary  to  describe  longer   experimental  sequences. 

Table  8.2.     Mean  and  Variance  of  the  Number  of  Alternations 
from  1  Monte  Carlo  Sample  Compared  with  Data  from  Asch's 

Experiment  1 
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Early  in  the  section,    we  again  raised  the  question  of  how  a 
mixed  sequence  of  experinnental  trials  would  differ  from  a  pure 
sequence.      Clearly,    the  mixed  sequence  is  considerably  more 
variable  than  either  the  Moderate  or  Extreme  condition;  hence, 
one  basis  for  separating  these  two  types  of  trials  is  justified. 
But  the  fact  that  we  achieve  as  good  a  fit  as  we  do  with  the  "two- 
event"    model  indicates  to  us  that  the  same  basic  process  is  op- 
erating in  Asch'  s  more  complex  experiment.      This  provides  ad- 
ditional support  for  our  belief  that  in  simplifying  Asch's  work, 
we  retained  its  essential  features.      The  degree  of  fit  obtained 
is  all  the  more  encouraging  in  view  of  the  many  factors  operat- 
ing in  Asch's  experiment  which  the  two- event  model  ignores, 
and  also  in  view  of  the  fact  that  we  have  used  no  degrees  of  free- 
dom in  fitting  this  model;  that  is,    no  parameters  were  estimated 
from  the  data. 

The  discrepancies  between  the  "two- event"    model  and  the  ob- 
servations from  Asch's  Experiment  1   remain  to  be  explained. 
When  they  are  explained,    we   shall  have  a  better  understanding 
of  how  a  pure   sequence  differs  from  a  mixed  one.      While   some 
of  the  factors,    such  as  neutral  trials,    not  incorporated  in  the 
two- event  model  undoubtedly  will  account  for  part  of  the  dis- 
crepancy,   it  does   seem  that  a  mixed  sequence  produces  effects 
beyond  what  would  be  obtained  by  simply  adding  the  effects  of 
moderate  and  extreme  trials.      In  other  words,    we  should  sug- 
gest a  modification  of  this  model  to  allow  interaction  between' 
these  two  types  of  trials  in  a  manner   similar  to  the   "consistency 
of  group  pressure"    model  of  Chapter  3.      Such  speculation  could 
be  examined  best  with  a  new  experiment  which  mixed  moderate 
and  extreme  trials  but  which  did  not  contain  the  other  variables 
of  Asch's  experiment. 

This  brief  analysis  of  the  two- event  model  is   suggestive  rather 
than  conclusive.      We  must  reserve  detailed  consideration  of  this 
case  for  future  investigation.      Our  results  clearly  indicate  that 
the  conflict  model  and  its  generalization  to  a  two-  event  model 
should  be  pursued  further,    in  an  effort  both  to  deduce  additional 
properties  and  also  to  discover  new  empirical  applications. 

8.4  Extending  the   Conflict  Model 

The  illustrations  of  the  last  section  in  themsel\-es   suggest 
many  paths  for  future  research.      Furthermore,    throughout  the 
course  of  the  monograph,    we  have  alluded  to  possible  new  ex- 
periments that  arise  from  using  the  conflict  model  as  a  heuris- 
tic tool.      Moreover,    we  have  discussed  alternative  formulations 
that  would  generate  new  models.      In  this  final  section,    we   shall 
present  a  few  examples  of  studies  now  being  planned  to  illustrate 
further  the  fertility  of  the  conflict  model. 

Before  considering  these  studies,    we  should  mention  one  con- 
cern that  remains  with  us,    that  is,    the  development    of  better 
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methods  for  estinriating  the  paranneters  of  the  model.    Mathenna- 
ticians  who  have  examined  the  nnodel  have  suggested  that  it  should 
be  possible  to  derive  expressions  for  other  properties  of  the  sit- 
uation,   such  as  the  distribution  of  run  lengths,    which  would  en- 
able us  to  solve  four  independent    equations    for    the    parameter 
values.  ^^      We  are  presently    attacking   the    estimation   problem 
with  the  objective  of  improving  our  analytic  tools  and  refining 
our  computer  procedures.  ^^ 

In  the  previous  section,    we  analyzed  the  effect  on  the  param- 
eters of  the  model  of  changing  a  boundary  condition  of  the  experi- 
ment.      We  now  want  to  ask  a  more  general  question;      namely, 
what   aspects  of  the  underlying    process    change    as  a  result   of 
changing  a  specific  condition  of  the  situation?     We  have  related 
the  parameters  to  two  different  modes  of  the  confederates'     re- 
sponses,   or  as  we  interpret  this  boundary  variable,    two  differ- 
ent levels  of  social  pressure.      But  modifying  other  features  of 
the  situation  may  require  us  to  alter  elements  of  the  model   in 
addition  to  the  values  of  the  parameters.      Or,    changing    some 
of  the  assumptions  of  the  model  may  require  us  to  construct  new 
experiments  that  depart  from  the  Asch  situation.      Of  these  two 
approaches,    we  have  adopted  the  latter;  our  procedure  is  to  use 
the  model  heuristically,     to  inquire  about  the    consequences    of 
changing  our  assumptions,  and  the  procedures  to  test  these  con- 
sequences. 

The  assumption  that  all  subjects  are  intially  in  state  2  is  our 
point  of  departure  for  generalizing  the  model.     In  Chapter  4,^® 
we  indicated  some  lines  of  further  experimentation.      The  inter- 
pretation that  all  persons  intially  "leaned  away  from  the  group" 
rested  on  the  presence  of  an  internal  standard  built  up  through 
previous  experience.      In  that  chapter  we  suggested  that  it  would 
be  fruitful  to  search  for   situations  where  the  initial  distribution 
of  subjects  would  differ  from  that  postulated  for  the  present  ex- 
periment.     Here  we  want  to  describe  two  specific  experiments 
where  the  model,    with  appropriate  modification  of  this  assump- 
tion,   should  apply.      The  first  involves  the  postulate  that  half  of 
the  subjects  are  in  Sj   and  half  in  S3  at  the  start  of  the  experiment. 
According  to  the  interpretation  in  Chapter  4,    this  postulate  should 
hold  when  there  were  no  internal  standards  and  two  alternative 
external  norms.      (It  would  also  hold  when  there  were  two  inter- 
nal standards  of  'tequal  strength,  "    but  this  would  be  difficult  to 
create  in  an  experimental  situation.  )     We  belive  that  a  modifica- 
tion of  the  autokinetic  experiments  will  produce  the   state  of  af- 
fairs our  assumption  describes.      Instead  of  judging  the  distance 
moved  by  the  pinpoint  of  light,    the  task  will  be  to  judge  the  di- 
rection of  movement,    i.  e.  ,    right  or  left,    up  or  down.    With  the 
naive  subject  there  will  be  two  groups  of  confederates,    one  of 
which  will  give  one  alternative  response,    e.g.,    "up,  "    while 
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the   second  will  give  the  opposite  response,    e.  g.  ,    "down.  "    Of 
course,    we   shall  require  an  equal    number    of   role    players    in 
each  group.       We  plan  a  sequence    of   experimental   trials    that 
could  be  analyzed  in  the   same  way  as  the  present  experiments. 
Working  out  the  details  of  this  experiment,    however,    is  not  triv- 
ial; equating  the  social  pressure  applied  by  the  two  groups    of 
confederates  and  controlling  the  order  of  the  confederates'  re- 
sponses are  only  two  of  the  problems.      If  we  are   successful   in 
carrying  out  this  experiment  and  in  analyzing  it  in  terms  of  a 
four- state  model,    our   success  would  indicate  greater  generality 
for  the  approach  we  have  taken. 

In  Chapter  4,    we  also  noted  the  difficulty  of  designing  a  non- 
trivial  experiment  where  subjects  all  began  in  state  3.    By  non- 
trivial  we  mean  a  situation  where  the  probability  of  moving  from 
S3    to  S2   was  greater  than  zero.     Including  a  "payoff"    in  the  sit- 
uation similar  to  that  used  by  Siegel^''  seems  appropriate  for  cre- 
ating the  desired  conditions.     In  this  experiment,    we  shall  use 
ambiguous  stimuli  with  two  response  alternatives  and  have    a 
single  unanimous  group  of  confederates.      The  confederates  will 
respond  consistently,    choosing  the  same  alternatives    at    each 
trial.      The  experimenter  will  announce  that  there  will  be  a  mon- 
etary reward  for  the  "correct"    response;  the  sum  of  this  reward 
will  be  fixed,    and  we  shall  make  it  clear  to  the  subject  that  the 
reward  will  be  divided  equally  among  those  members  of  the  group 
who  are  "correct.  "     If  our  view  is  correct,    in  this  experiment 
there  should  be  an  initial  predisposition  to  conform  to  the  group, 
but  also  some  pressure  to  "go  it  alone,  "     The  design  of  this  ex- 
periment is  at  present  in  a  beginning  stage;  nevertheless,     our 
preliminary  conception  does  illustrate  another  direction  for  ex- 
tending our  model. 

Perhaps  the  most  intriguing  research  questions  now   being  con- 
sidered are  those  directed  at  discovering  additional  overt  be- 
haviors that  can  be  tied  to  the  underlying  process.      It  is  in  this 
area  that  the  model  has  great  potential  utility.      If  we  can  define 
a  set  of  rules  relating  overt  behavioral  processes  to  the  under- 
lying states,    we   should  be  able  to  interrelate  these  manifest  proc- 
esses.     This  line  of  investigation  can  take  us  far  afield  from  the 
Asch  situation;  indeed,    we  believe  this  type  of  model  will  apply 
to  a  number  of  two- choice  decision- making  experiments. 

In  the  Asch  situation  itself,    there  are  other  observations  that 
we  plan  to  collect  and  to  relate  to  the  underlying  states.    Our  hy- 
pothetical process  involves  passage  from  conflict  states  to  res- 
olution states  and  describes  the  consistency  of  conforming  (non- 
conforming) responses    in   these    ternns.       But   there    are    other 
indicators  of  conflict.      Such  things  as  nervous  manifestations, 
hesitancy  in  responding  (latency  of  response),    and  confidence 
in  one'  s  answer  may  all  be  related  to  the  subject's  state  on  trial 
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n.     If  such  a  relationship  could  be  formulated,    then,    for  example, 
we  chould  show  that  when  the  subject  becomes  consistent,  he  also 
gives  his  responses  more  rapidly,    or  that  when  he  becomes  con- 
sistent,   his  signs  of  nervousness  disappear. 

In  addition  to  seeking  further  indicators  in  the  Asch  experiment, 
we  plan  a  new  study  that  does  not  deal  with  conformity  but  rather 
with  two- choice  decision  making  where  there  are  no  social  pres- 
sures operating.      If  we  can  create  a  situation  where  the  subject 
has  no  predisposition   to    choose    either    of   the    two    alternatives 
available  to  him  and  does  not  acquire  any  basis  for  his  choice 
as  the  sequence  progresses,    we  believe  a  special  case  of  our 
model  will  apply.     Since  the  subject  will  have  no  basis  for  his 
choices,    we  believe  that  he  will  never  become  consistent.      That 
is,    we  anticipate  that  a  model  with  zero  transition  probabilities 
to  the  absorbing  states  will  describe  this  experiment. 

We  hope  that  the  new  experiments  and  alternative  formulations 
presented  in  this  chapter  are  a  convincing  demonstration  of  the 
fertility  of  the  conflict  model.      Some  of  these  will  be  discarded, 
but  some  will  enable  us  to  supplant  present  conceptions.     As  we 
have  indicated,    there  are  many  unsolved  problems  both  in  the 
present  model  and  the  extensions  we  have  suggested.    But  gener- 
ating such  problems  is  one  function  of  model  building.    We  believe 
that  efforts  to  solve  these  problems  together  with  pursuit  of  the 
studies  we  have   discussed  will  open  up  paths  toward   more  cu- 
mulative understanding  of  conformity.      There  is  much  work  to 
be  done,    but  if  we  are  correct  in  our  belief,    then  the  conflict 
model  will  play  an  important  part  in  the  formulation  of  rigorous, 
empirically  supported  theories  of  conformity. 


NOTES 


1.     See  Chapter  1,    pp.    9  ff. 


2.  For  example,    Asch  was  concerned  with  the  issue  of  temporal 
trends,    lest  summing  individual  scores  over  trials  obscure 
an  important  property  of  the  experiment. 

3.  The  "individual  differences  model,  "     see  pp.    36-41. 

4.  It  should  be  emphasized  that  the  baseline  models  played  an 
important  role  in  this  investigation  and  can  play  such  a  role 
generally.      But  they  are  a  stage,    not  an  end  point  in  the  re- 
search process. 

5.  The  more  abstract  conceptualization  continues  to  serve  heu- 
ristically.      In  considering  extensions  of  the  model,    it  enables 
us  to  raise  questions  that  in  themselves  provide  direction 
for  future  work.      We  shall  return  to  this  point  later. 
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60      There  are  other  lines  along  which  to  explicate  the  concept 
of  conflict.      For  example,    if  withdrawal  from  the  field  were 
a  possible  mode  of  resolution,    in  addition  to  the  two  modes 
of  resolution  we  have  discussed,    then  we  might  want  to  pos- 
tulate a  fifth  state,    that  of  withdrawal  or  escape.    In  the  Asch 
experiment,    however,    subjects  were  forced  to  respond    on 
every  trial,    so  that  withdrawal  as  an  observable  mode  of  res- 
olution was  not  present.      Even  though  there  are  no  additional 
behaviors  to  tie  to  this  state,    it  might  be  fruitful  to  assume 
such  a  subjective  state.      The  problem  would  then  be  to  es- 
tablish rules  by  which  the  conforming  and  nonconforming  re- 
sponses are  related  to  presence  in  the  withdrawal  state. 

7.  It  is  conceivable  that  one  might  want  to  allow  for  sudden,  one- 
trial  resolutions  at  the  opposite  pole  of  the  conflict,    particu- 
larly in  situations  where  there  were  long  intervals  between 
trials  or  where  other  tasks  were  interpolated  between  suc- 
cessive judgments.      But  how  we  would  handle  the  complica- 
tions introduced  by  making  the  conceptualization  more  general 
is  not  clear  at  present. 

8.  The  implications  of  this  distinction  were  only  dimly  recognizee 
until  now.      Thus,    in  Chapter  4,    the  definitions  given  for  the 
state  are  not  definitions  but  rather  rules  by  which  to  relate 
the  underlying  conflict  process  to  overt  conformity  behavior. 
The  states  remain  to  be  defined  in  a  rigorous  fashion  that  ■ 
when  accomplished  should  further  explicate  the  notion  of  con- 
flict. 

9.  This  assumption  could  be  relaxed  somewhat  without  increas- 
ing theoretical  or  practical  difficulties  if  there  were  some 

a  priori  way  to  partition  the  sample  into  classes.       Such  a 
partition  would  be  equivalent  to  asserting  that  the  transition 
probabilities  are  functions  of  some  variable  characteristic 
of  the  subjects.      Since  the  number  of  subjects  in  each  class 
would  have  to  be  substantial  in  order  to  provide  stable  esti- 
mates of  the  parameters,    such  a  partition  was  not  feasible 
with  the  Moderate  and  Extreme  conditions.      We  had  hoped 
to  examine  such  a  partition  with  Experiment  3,    but  the  lack 
of  correlation  between  conformity  responses  and  our  person- 
ality measures  indicated  that  such  an  investigation  would  not 
be  fruitful  for  these  particular  tests. 

10.      An  alternative  model,    for  example,    should  assume  that  trial 
0  was  the  first  experimental  trial  and  that  Pi(0)  =  0;     P2(0)    = 
the  proportion  of  correct  responses  on  the  first  experimental 
trial;  P3(0)   =  the  proportion  of  conforming  responses  on  the 
first  experimental  trial;  P4  (0)    =  0,      This  model  is  presently 
being  investigated.    (For  the  rationale  behind  assun^ing  that 
no  one  is  initially  in  an  absorbing  state,    see  Chapter  4.) 
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11.  It  is  interesting  to  note  that  the  assumption  of  constant  trans- 
ition probabilities  did  not  create  the  same  difficulties  in  the 
analysis  of  the  Extreme  condition.     Although  the  stimulus 
sequence  in  both  conditions  was  the  same,    the  variation  in 
the  side  where  the  standard  was  presented  did  not  produce 
serious  discrepancies  between  the  model  and  the  data  in  this 
condition.      This  suggests  that  the  effect  of  position  of  the 
standard  may  be  an  interaction  effect  and  leads  us  to  the 
speculation  that  the  greater  discrepancy  between  the  line  the 
individual  perceives  as  correct  and  the  line  the  confederates 
choose  as  their  response,    the  less  the  effect  of  other  prop- 
erties of  the  stimulus  series, 

12.  See  especially  notes  6,    8,    9,    and  10  in  this  chapter. 

13.  In  Section  8.4,    we  shall  mention  several  other  boundary 
variables  that  seem  particularly  interesting. 

14.  See  Chapter  5. 

15.  By  duration,    we  mean  the  number  of  trials  before  absorption. 

16.  Several  approaches  to  deriving  new  properties  of  the  raodel 
are  under  investigation.      We  are  indebted  to  Jo    L.    Snell  for 
a  procedure  that  uses  part  of  each  subject's   sequence  of  re- 
sponses before  he  becomes  consistent  to  obtain  maximum- 
likelihood  estimates  of  the  parameters.     As  long  as  the  sub- 
ject continues  to  alternate,    we  have  complete  information 
tying  his  response   to    a    state    of   the   underlying    process. 
Snell'  s  procedure  uses  this  infornaation  to  describe  the  en- 
tire sequence  including  the  responses  after  absorption.  There 
is,    however,    some  question  about  the  utility  of  this  method. 
The  issue  is  whether  or  not  complete  information  about  part 
of  the  data  is  sufficient,    particularly  in  view  of  the  high  pro- 
portion of  subjects  who  do  not  alternate  at  all. 

17.  Another    approach   to    obtaining    additional    expressions    to 
solve  for  the  parameter  values  involves  an  unusual  appli- 
cation of  a  computer.      That  is,    we  intend  to  program  the 
computer  to  write  equations  for  the  estimation  of  param- 
eters.     Earlier,    we  derived  points  IIj^     of  the  distribution 

of  the  errors  by  examining  subsequences  of  the  forms  2 2 

or    23    and    noting    that   the    probability    of   the    former    is 
l/(a  +  (3)  and  the  probability  of  the  latter  is  (3.    The  proba- 
bility of  any  given  sequence  was  formed  by  taking  the  prod- 
uct of  the    probabilities    of  the    component    subsequences; 
the  probability  of  exactly  k  errors  was  then  found  by  taking 
the  sum  of  the  probabilities  of  all  sequences  leading  to  ex- 
actly k  errors.     In  the  earlier  analysis,    we  argued  that  it 
would  be  impractical  to  proceed  with  deriving  each  point 

of  this  function  because  the  number  of  differing  sequences 
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involved  soon  became  cumbersome.      The  computer,      how- 
ever,   eliminates  this  difficulty.      It  is  possible  to  program 
the  computer  to  generate  all  the   sequences  leading  to  pre- 
cisely k  errors  and  then  to  examine  each  sequence  for  its 
components.      Using  numerical  symbols  for  the  probabilities, 
the  coraputer  can  then  form  the  required  products.      Output 
would  be  these  products  whose  sums  could  easily  be  formed. 
It  would  be  necessary  to  simplify  these  algebraic  expressions 
to  obtain  equations  for  estimating  the  parameters,    and  this 
step  could  pose  the  most  serious  problem.      It  is  hoped,    but 
by  no  means  guaranteed,    that  examination  of  the  expressions 
for  the  points  of  the  distribution  function  would  lead  to  re- 
sults in  simple  form  so  that  we  could  solve  a  system  of  si- 
multaneous equations. 

18.  See  pp.    60    ff. 

19.  S.    Siegel,    personal  communication  with  the  author. 


APPENDIX  A 

A.  1  Instructions  to  Subjects 

This  is  an  experiment  in  visual  perception.       It  is  a  task  in- 
volving the    discrimination  of  lengths  of  lines.        I  shall  show    a 
pair  of  cards.  On  one  of  these  will  be  a  single  line;  on  the  other 
will  be  three  lines  differing  in  length.      Each    of   the    three  lines 
will   have    a   letter    beneath   it   to    identify   it.       One    of  the  three 
lines  will  be  exactly  equal  to  the  single  line  on  the  other  card  — 
you  will  decide  in  each  case  which    is    the    equal   line.      You  will 
state  your    judgment  in  terms  of  the  letter  identifying  the  line. 
Sometimes    the    card  with  the  single    line  will  be  on  your  right, 
and  sometimes  it  will  be  on  your  left. 

As  the  number  of  comparisons  is  few  and  the  group  small,  I 
shall  call  upon  each  of  you  in  turn  to  announce  your  judgments, 
which  I  shall  record  here  on  a  prepared  form.  Please  be  as 
accurate  as  possible.  Suppose  you  give  me  your  estimates  in 
order  starting  at  the  left.     Are  there  any  questions? 

A. 2  Examples  of  Experimental  Stimuli 


Standard 


Comparison  lines 
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B=l    Experimental  Data 

Moderate  Condition 

Subject  Sequence  of  Responses   (1   =  correct,   0  =  incorrect) 

Z02  111111111111111111101111111111111111 

203  100000100000000000000100000000000000 

205  111100111000111101111111111111111111 

206  1 10010000100000000100000000000000000 

207  111111111111111111111111111111111111 

208  110111010000000000000000000000000000 

209  111111111111111111111111111111111111 

210  100100000000000010000000000000000000 

211  111111111111111110111111111111111111 

212  111111101110111111111111111111111111 

213  111101111111111111111111111111111111 

214  101101011010101111101000010101110100 

215  1 1 1 1 1 1 1 1 1 1 1 0  1 1 1 1 1 1 1 1 11 1 0  1 1 1 1 1 1 1 1 1 1 1 1 

216  111111111111111111111111111111111111 

217  110  10  11 101 11 1001 1000000 110 1000000000 

219  110011011111101000110110110001110111 

220  101101101110101110101111110101111011 

221  111111100000111000100000000000000000 

222  111111101111011011111111111111111111 
22  3  10111100101000101 11110000011010111 11 

224  111111111111111111111111111111111111 

225  111111111111111111111111111111111111 

226  11 1101 010 1000 11 0000 100 1000 100000 1000 

227  11 111001 101 101 10011 10110001010000000 

228  111111111111111111111111111111111111 

229  101111101011101110101100010001111000 
2  30  110000000000000000000000000000000000 
2  31  111111111111111111111111111111111111 
2  32  111111111111111111111111111111111111 
2  33  10101 11001 11 1000101 10000010101 100001 
2  34  111111111111111111111111111111111111 
235  111111111111111111111111111111111111 
2  36  110011001111011101011110111111110111 
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Extreme  Condition 


Subject    Sequence  of  Responses  (1  =  correct,  0  =  incorrect) 


301 
302 
303 
304 
305 
306 
307 
308 
309 
310 
311 
312 
313 
314 
315 
316 
317 
318 
320 
321 
323 
324 
325 
326 
327 
328 
330 


100000010000000000000101 


11111111111 

11100110001 
11111011101 


111111111 

101101110 
111011111 
001100101 

111111111 

100101111 


111111111 

101100111 
110110111 

111111111 


10100011011111 


110110010001 

111111111111 
111111111111 
111111111111 


111111111111 

101101111111 

111111111111 
111111111111 


101100000010000011010001 


111111111111 

101111111111 

111111111111 
111111111111 


111011001010111001111111 
101000001010101000000000 
101000000000000000000000 
111111111111111101111110 

111111111111111111111111 

100000000000100000000001 

111111111111111111111111 

111111111111111111101111 

111111111111111111111111 

001111001111111111111111 
111110111111111111111111 
001111111111111111111111 


010000000000 
0111111111 
1111111101 
1101111111 

1111111111 
1111111111 
1111111111 
1111111111 
1111111111 
1111111111 

1001001101 

1111111111 
1111111111 
1111111111 
1111111111 

1101111111 

000000000000 

000000000000 

1111111111 

1011111111 
0000000001 

1111111111 
1111111111 
1111111111 

UllllllU 

1111111111 
UllllllU 


0 
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B.2  Analysis  of  Special  Devices 

Table  B.l.      Effect  of  Varying  the  Side  of  the  Standard  vyith 
Respect  to  the  Comparison  Lines 


Moderate   (M  =  33) 

Extr  e  me  ( M  =  27) 

Standard 
to  the 
Right 

Standard 
to  the 
Left 

Standard 
to  the 
Right 

Standard 

to  the 

Left 

Number  of 
Errors 

163 

192 

96 

110 

Per  Cent  of  Pos- 
sible Errors 

27„4 

32.3 

19.8 

22.6 

2  of  Ranks'''  of 
Less-  Frequent 
Sign 

237.5 

125.5 

z 

.76 

1.56 

P 

.60 

24 

"  Wilcoxon  Signed  Rank  Test.      See    Walker  and  Lev  (1953) 


Table  B. 

2.      Eff 

ect  of  Varying 

Stimulus  Labels 

Stimulus  Label:      ABC 

DEF 

CHI 

JKL 

MNO 

PQR 

STU 

Moderate  (M  =  33) 

2J  Ranks''' 
Mean  Rank 

131.5 
3.98 

123  =  0 
3.73 

146.0 
4.42 

132.5 
4.01 

129..  5 
3.92 

139.0 
4.21 

122.5 
3.71 

p  >    .75 

J 

Extreme  (M  =  27) 

/  .  Ranks 
Mean  Rank 

112.0 
4.15 

109. 5 
4.05 

117.0 
4.33 

97.0 
3.59 

110.5 
4.0Q 

117.5 
4.35 

Q2.5 
3.42 

X^  =  4.71 
p  >    .50 

Friedman's  Analysis  of  Variance  for  Ranked  Data.    See  Walker 
and  Lev  (1953). 
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